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PREFACE 


It  is  two  decades  since  Mitchell  Feigenbaum’s  landmark  papers  on  period  doubling  and 
the  modern  beginnings  of  what  is  now  called  "Chaos  Theory".  From  the  very 
beginning,  mechanics  has  been  a  central  focus  for  modem  nonlinear  dynamical  systems. 
Fluid,  structural,  machine  and  rigid  body  dynamics  has  been  a  fertile  field  for  nonlinear 
phenomena  and  chaos  in  particular.  Early  experimental  evidence  for  chaotic  phenomena 
in  mechanics  gave  the  new  chaos  theory  a  mark  of  credibility,  importance,  and  relevance 
that  its  earlier  sister  field,  catastrophe  theory,  did  not  achieve.  The  fact  that  mechanics 
straddles  both  physics  and  engineering  also  meant  that  mechanics  became  a  pathway  for 
direct  application  of  chaos  theory  to  applied  problems. 

So  what  is  new  in  nonlinear  dynamics  and  mechanics  today?  First  the  scope  of 
applications  in  solid  mechanics  has  broadened  to  cover  material  processing,  inelasticity 
and  fracture  mechanics.  In  rigid  body  dynamics,  more  complex  systems  such  as 
vehicles,  robotics  and  controlled  machines  have  come  into  the  purview  of  nonlinear 
dynamicists.  On  the  mathematics  side  of  nonlinear  dynamics,  it  is  now  recognized  that 
spatio-temporal  problems,  hysteretic  and  time  delay  problems  are  the  new  frontiers  in 
this  field.  Also  iht  term  "complexity"  has  been  added  to  the  lexicon  of  chaos  theory  to 
describe  the  dynamics  of  many  interacting  sub  systems  which  can  exhibit  self 
organization  and  evolution.  Complexity  analysis  has  gained  a  foothold  in  biological 
and  some  social  sciences  as  well  in  fluid  and  chemical  physics.  It  remains  to  be  seen 
what  impact  it  will  have  in  applied  mechanics  and  engineering. 

Linear  dynamics  is  a  mathematical  theory  that  reduces  all  motion  to  a  combination  of 
eigenmodes  and  associated  frequencies.  It  is  such  a  powerful  methodology  that  it  has 
dominated  the  analysis,  design  and  educational  courses  in  dynamical  systems  for  over  a 
century.  However,  in  the  last  20  years  this  reductionist  view  of  dynamics  has  been 
challenged  by  new  nonlinear  theory  and  accompanying  experimental  evidence.  Namely, 
there  exists  motions  of  physical  and  biologicsJ  systems  which  cannot  be  explained  by 
the  synthesis  of  modes.  Nonlinear  systems  exhibit  collective  phenomena  such  as 
solitons,  chaotic  transients,  strange  attractors,  quasi-periodic  motions  and  more.  The 
period  of  1975-90  was  one  of  analyzing  and  cataloging  these  new  types  of  motion. 
However,  in  the  last  decade  attention  has  been  focused  on  application  of  this  new 
knowledge. 

In  this  book  we  review  a  selection  of  applications  of  nonlinear  dynamics  and  chaos 
theory  in  mechanics  and  mechanical  systems.  These  applications  span  the  machining 
of  metals  to  vehicle  dynamics,  from  elastic  structures  to  plastic  deformation  and  impact. 
Unlike  linear  dynamics,  the  use  of  nonlinear  tools  by  industry  has  been  slow,  due 
perhaps  to  a  lack  of  trained  personnel  in  industry  who  have  a  working  knowledge  of 
nonlinear  dynamics.  But  as  evidenced  by  some  of  the  authors  in  this  book,  this  too  is 
changing  with  increasing  numbers  of  nonlinear  scientists  finding  positions  in  industrial 
and  government  laboratories. 

^  The  lUTAM  Symposium  in  Ithaca,  New  York  was  the  third  of  a  series  devoted  to  new 
\  discoveries  in  nonlinear  dynamics  and  chaos  related  to  mechanics,  with  Stuttgart  1990, 
)  and  London,  1993  the  prior  venues  for  this  meeting.  These  three  symposia  were 
C  focused  on  non-fluid  phenomena  especially  solid  and  structural  mechanics  and 


multibody  machine  systems.  However,  a  fair  number  of  papers  were  devoted  to  fluid- 
elastic  and  aero-elastic  nonlinear  dynamics.  Nonlinear  fluid  mechanics  is  usually 
dominated  by  the  quadratic  nonlinear  acceleration  in  the  Navier  Stokes  equation. 
However,  in  solid,  structural  and  machine  mechanics  there  exists  a  greater  variety  of 
nonlinearities  such  as  hysteresis,  delay,  nonsmooth  discontinuities  such  as  impact,  and 
higher  order  nonlinearities  in  elastic  structures  as  in  shells  and  buckled  structures. 

Mechanics  applications  have  been  in  the  forefront  of  modem  nonlinear  dynamics.  For 
example,  the  chaotic  dynamics  of  buckled  structures  first,  studied  by  Phillip  Holmes  at 
Southampton  and  Cornell  (1974-1979)  was  one  of  the  first  practical  applications  of 
homoclinic  bifurcation  theory  and  Melnikov  theory  was  used  to  obtain  the  first  criterion 
for  chaotic  behavior  in  a  physical  engineering  system.  Also,  in  this  time  period, 
Michael  Thompson  applied  the  new  chaos  theory  to  the  capsize  of  ships  and  Earl 
Dowell  applied  it  to  aeroelasticity.  Later  in  the  early  1980’s,  Friedrich  Pfeiffer  sought 
to  explain  machine  noise  in  gears  using  chaos  theory.  These  early  mechanics 
applications  of  modem  nonlinear  dynamical  theory  expanded  the  catalog  of  chaotic 
phenomena  and  paradigms  beyond  period  doubling  and  the  Lorenz  equations,  and  opened 
up  new  tools  of  analysis  and  experimentation  in  nonlinear  dynamics.  As  a  result  of 
this  earlier  research,  undergraduate  mechanical  engineers  at  Cornell  University  and  many 
other  engineering  schools  are  taught  how  to  take  and  use  a  Poincar6  map,  and  have 
basic  awareness  of  nonlinear  phenomena. 

The  present  volume  highlights  both  new  mathematical  ideas  as  well  as  new 
applications  of  nonlinear  dynamics.  The  authors  include  three  academic  generations 
including  the  early  pioneers,  the  first  generation  of  students,  now  quite  distinguished 
themselves  as  well  as  novitiates  to  the  field. 

Rather  than  present  the  papers  in  the  order  they  were  delivered  at  the 
Symposium,  I  have  chosen  to  group  them  according  to  topic  and  application.  This 
ordering  is  not  unique  as  some  papers  may  fit  in  several  categories.  The  order  of  these 
sub-sections  of  this  book  will  be  as  follows: 

I.  Analysis  Tools,  Bifurcation  Theory 
n.  Elastica,  Cables  and  Shell  Dynamics 
in.  Inelasticity  Materials  Processing 
rV.  Machine  System  Dynamics 

V.  Impact  and  Non-smooth  Systems 

VI.  Circuits,  Control,  Cardiac  Modelling 
Vn.  Vehicle  and  Ship  Dynamics 

Vin.  Fluid-elastic  and  Fluid  Systems 
IX.  Spatio-temporal  Chaos 

The  four  keynote  lectures,  lecture  and  poster  presentations  are  indicated  in  the  Table  of 
Contents. 

The  editor  wishes  to  acknowledge  the  excellent  administrative  help  of  Debbie  De 
Camillo,  as  well  as  Cora  Jackson  for  her  help  in  organizing  the  manuscripts  for 
publication. 


F.C.  Moon 


Welcome  Address  by  the  President  of  lUTAM 

Dear  Colleagues  from  all  over  the  world, 

Ladies  and  Gentlemen, 

True  science  does  not  recognize  economical  or  political  systems.  Cooperation  between 
scientists  from  different  countries  and  parts  of  the  world  has  a  long  tradition. 

Organized  meetings  between  scientists  in  the  field  of  mechanics  were  initiated  75  years 
ago,  namely  in  1922,  when  Prof.  Theodore  von  Kdrm^n  and  Prof.  Tullio  Levi-Civita 
organized  the  world’s  first  conference  in  hydro-  and  aero-mechanics.  Two  years  later,  in 
1924,  the  First  International  Congress  encompassing  all  fields  of  mechanics,  that  means 
analytical,  solid  and  fluid  mechanics,  including  their  applications,  was  held  in  Delft,  The 
Netherlands.  From  then  on,  with  exception  of  the  year  1942,  International  Congresses 
in  Mechanics  have  been  held  every  four  years. 

The  disruption  of  international  scientific  cooperation  caused  by  the  Second  World  War 
was  deeper  than  that  caused  by  the  First  World  War,  and  the  need  for  reknotting  ties 
seemed  stronger  than  ever  before  when  the  mechanics  community  reassembled  in  Paris 
for  the  Sixth  Congress  in  1946.  Under  these  circumstances,  at  the  Sixth  Congress  in 
Paris,  it  seemed  an  obvious  step  to  strengthen  bonds  by  forming  an  international  union, 
and  as  a  result  lUTAM  was  created  and  statutes  were  adopted.  Then,  the  next  year,  in 
1947,  the  Union  was  admitted  to  ICSU,  the  International  Council  of  Scientific  Unions. 
This  council  coordinates  activities  among  various  other  scientific  unions  to  form  a  tie 
between  them  and  the  United  Nations  Educational,  Scientific  and  Cultural  Organization, 
well  known  as  UNESCO. 

Today,  lUTAM  forms  the  international  umbrella  organization  of  nearly  50  national 
organizations  of  mechanics  from  nations  all  over  the  world.  Furthermore,  a  large 
number  of  international  scientific  organizations  of  general  or  more  specialized  branches 
of  mechanics  are  connected  with  lUTAM  as  Affiliated  Organizations.  As  a  few 
examples,  let  me  mention:  the  European  Mechanics  Society  (EUROMECH),  the 
International  Association  of  Computational  Mechanics  (lACM),  the  International 
Association  for  Vehicle  System  Dynamics  (lAVSD).  Within  lUTAM  the  only  division 
used  so  far  is  related  to  solid  and  fluid  mechanics  as  indicated  by  our  two  Symposia 
Panels.  But  recently  six  Working  Groups  have  been  established  by  the  General 
Assembly  devoted  to  specific  areas  of  mechanics.  These  areas  are: 


•  Mechanics  of  Non-Newtonian  Fluids, 

•  Dynamical  Systems, 

•  Fracture  Mechanics  and  Damage, 

•  Mechanics  of  Materials, 

•  Electromagnetic  Processing, 

•  Computational  Mechanics. 


It  is  expected  that  in  the  long  run  the  Working  Groups  will  be  developed  into  Standing 
Committees,  In  addition,  other  specific  areas  of  mechanics  may  be  identified  to  support 
the  international  cooperation  in  more  branches  of  mechanics. 

lUTAM  carries  out  an  exceptionally  important  task  of  scientific  cooperation  on 
mechanics  on  the  international  scene.  Each  national  organization  of  lUTAM,  like  the 
U.S.  National  Academy  of  Sciences,  is  represented  by  a  number  of  scientists  in 
lUTAM’s  General  Assembly.  In  particular,  the  U.S.  delegates  with  lUTAM  are 

Professor  Achenbach  from  Northwestern  University, 

Professor  Aref  from  the  University  of  Illinois  at  Urbana-Champaign, 

Professor  Dowell  from  Duke  University,  who  is  with  us  this  week, 

Professor  Hodge  Jr.  from  Stanford  University  and 

Professor  Leal  from  the  University  of  California,  Santa  Barbara. 

Mechanics  is  a  very  well  developed  science  in  the  U.S.  represented  at  most  universities 
and  national  laboratories.  Since  1949  there  has  been  held  229  lUTAM  symposia  world¬ 
wide.  Out  of  them  28  lUTAM  symposia  where  organized  in  the  U.S.,  and  one  lUTAM 
Symposium  was  hosted  before  here  in  Ithaca.  As  early  as  1959  the  lUTAM 
Symposium  on  Fluid  Mechanics  in  the  Ionosphere  took  place  at  Cornell  in  cooperation 
with  the  Unions  lUGG  and  lAU. 

As  I  mentioned  before,  lUTAM  organizes  international  congresses  and  symposia  all  over 
the  world.  Thus,  the  Twentieth  International  Congress  of  Theoretical  and  Applied 
Mechanics  will  be  held  in  Chicago,  USA,  from  27  August  -  2  September  2000,  what 
means  in  three  years  from  now.  Announcements  of  this  forthcoming  congress  will  be 
widely  distributed  and  published  in  many  scientific  journals,  and  in  due  time,  a  final 
announcement  of  the  congress  will  be  available  to  all  who  have  responded  to  prior 
announcements. 

The  present  Symposium  is  exceptionally  interesting  because  it  is  within  the  heart  of 
mechanics.  The  Symposium  covers  important  approaches:  Theory,  Experiments  and 
Application  of  Nonlinear  Dynamics  is  not  only  very  timely,  but  is  also  very  well  hosted 
given  the  outstanding  research  carried  out  in  this  field  at  Cornell  University.  The 
Cornell  proposal  for  the  Symposium  was  readily  accepted  and  granted  by  the  General 
Assembly  of  lUTAM.  This  is  the  third  lUTAM  Symposium  devoted  to  Nonlinear 
Dynamics  after  the  Symposium  held  1989  in  Stuttgart,  Germany  and  the  Symposium 
organized  in  London,  U.K.,  four  years  ago  as  already  mentioned  by  Professor  Francis 
Moon,  Thus,  there  is  no  doubt  that  lUTAM  considers  Nonlinear  Dynamics  as  an 
essential  field  of  mechanics. 

On  behalf  of  lUTAM,  I  wish  to  express  my  sincere  thanks  to  Cornell  University,  in 
particular  to  the  Dean  of  the  Engineering  College,  Professor  Hopcroft,  for  the  invitation 
to  host  this  significant  scientific  event,  and  I  wish  to  welcome  all  the  invited 
participants  for  their  readiness  to  come  and  to  contribute  to  the  success  of  the 
Symposium  by  very  active  participation  in  the  lectures  and  the  scientific  discussions,  as 
well  as  in  the  social  program. 

Finally,  I  would  like  to  mention  that  to  sponsor  a  scientific  meeting  is  one  thing,  to 
organize  one  is  another.  A  heavy  burden  is  placed  on  the  shoulders  of  the  Chairman 


who  is  in  charge  of  the  scientific  and  the  practical  local  arrangements,  and  of  the 
associates  who  are  assisting  him.  All  who  have  tried  this  before  know  perfectly  well 
how  much  work  has  to  be  done  in  organizing  a  meeting  like  this  one. 

Thus,  we  should  be  thankful,  not  only  to  the  International  Scientific  Committee,  but 
also  very  much  to  the  Local  Organizing  Conunittee,  and  in  particular  to  the  Chairman 
of  both  Committees,  Professor  Francis  Moon,  who  carried  the  heaviest  load  and 
responsibility. 

It  is  up  to  us  now.  Ladies  and  Gentlemen,  to  harvest  the  fruits  of  the  Organizer's  work. 
Let  us  contribute  our  share  to  make  this  lUTAM  Symposium  a  meeting  that  will  be 
long  remembered  as  a  very  successful  one! 

On  behalf  of  lUTAM,  I  greet  you  all  and  wish  you  great  success! 


Werner  Schiehlen 
Professor  of  Mechanics 
University  of  Stuttgart,  Germany 
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I.  ANALYSIS  TOOLS,  BIFURCATION  THEORY 


These  papers  explore  a  variety  of  new  analytical  tools  in  nonlinear  dynamical 
systems.  These  topics  include 

•bifurcation  theory  for  stochastic  systems 

•wavelets 

•cell  mapping 

•bursts  and  chaotic  transients 
•global  bifurcation  theory 
•reduction  of  order  techniques 
•internal  resonances 
•quasi-periodic  systems 

Certainly  in  the  future  we  should  expect  to  see  further  research  on  the  relation 
between  stochastic  nonlinear  systems  and  deterministic  chaos.  Also,  techniques  using 
wavelets  and  reduction  of  order  are  likely  to  see  further  applications. 


BIFURCATION  IN  STOCHASTICALLY 
PERTURBED  DYNAMICAL  SYSTEMS 


S.T.  Ariaratnam 

Department  of  Civil  Engineering,  University  of  Waterloo 
Waterloo,  Ontario,  Canada 


1  Introduction 

We  consider  first  a  deterministic  dynamical  system  governed  by  the  ordinary 
differential  equation 

X  =  /(i,  g),  x(0)  =  Xo  €  R'',  (1) 

where  /(xjq)  is  a  continuously  differentiable  function  with  respect  to  its  ar¬ 
guments.  Suppose  the  equation  possesses  a  steady-state  solution  a).  As 
the  parameter  a  is  varied  it  is  possible  that  this  solution  may  become  unstable 
at  some  value  ac  and  a  further  bifurcating  solution  emerges  for  a  in  the  vicin¬ 
ity  of  <Xc.  The  stability  of  the  original  solution  and  of  the  bifurcating  solution 
is  usually  examined  by  investigating  the  stability  of  the  trivial  solution  of  the 
linearisation  of  equation  (1)  around  each  of  these  solutions.  The  standard  pro¬ 
cedure  for  this  purpose  is  the  evaluation  of  the  maximal  Lyapunov  exponent 
which  determines  the  exponential  rate  of  growth  or  decay  of  some  norm  of  the 
solution;  the  sign  of  the  meiximal  Lyapunov  exponent  determines  the  stability 
of  the  trivial  solution. 

Now  suppose  that  the  parameter  a,  instead  of  being  constant,  is  subjected  to 
a  random  fluctuation  in  time.  The  resulting  dynamical  system  is  then  described 
by  the  stochastic  differential  equation 

X  =  /(x,  G  +  cr^t),  x(0)  =  Xo  €  R**,  (2) 

where  is  a  stochastic  process  and  cr  is  an  intensity  parameter.  The  stationary 
solution  Xs{tjOc)  of  equation  (2),  if  it  exists,  is  the  analogue  of  the  steady-state 
solution  of  the  deterministic  equation  (1).  Just  as  in  the  deterministic  case,  it 
is  natural  to  linearise  equation  (2)  around  the  steady-state  solution  Xs  (i,  a)  and 
investigate  the  stability,  in  some  sense,  of  the  trivial  solution  of  the  resulting 
linear  stochastic  differential  equation 

V  =  A(x,  (t,  t/(0)  =  Vo  €  R**,  (3) 

where  A(a;^,  is  the  dxd  Jacobian  matrix  (5/,’ /dxj)  evaluated  at  a;  =  a;, (<,  a). 
In  equation  (3),  the  random  processes  Xs(tja)  and^t  appear  as  coefliicients.  The 


average  exponential  rate  of  separation  of  neighboring  solutions  of  equation  (3)  as 
time  t  becomes  large  is  given,  with  probability  one,  by  the  Lyapunov  exponent 
A  defined  by 


A(a,  vq)  =  lim 

t~-yoo 


1 

t 


log|i;(<,a,  Vo)|. 


(4) 


In  general,  there  will  be  d  such  Lyapunov  exponents  depending  on  the  initial 
random  vector  vq  which,  under  certain  mild  ergodicity  conditions  on  the  random 
matrix  A,  are  deterministic  real  numbers  (Oseledec  [8]).  The  sign  of  the  maximal 
Lyapunov  exponent  determines  the  stability  with  probability  one  (w.p.l)  of  the 
trivial  solution  of  equation  (3)  and  hence  of  the  stationary  solution  of 

equation  (2).  A  dynamical  (or  D-)  bifurcation  from  x,(^,q)  is  said  to  occur  at 
the  value  Oc  of  »  at  which  the  maximal  Lyapunov  exponent  changes  sign  from 
negative  to  positive.  A  new  stationary  solution  may  now  emerge  for  a  near 
and  the  stability  of  this  new  solution  must  be  ascertained  by  a  similar  procedure. 
This  is  the  concept  of  stochastic  bifurcation  that  has  been  adopted  by  dynamical 
system  theorists  (Arnold  [1])  and  is  in  accord  with  the  concept  of  bifurcation 
for  the  corresponding  deterministic  system  when  stochastic  fluctuation  of  the 
parameter  is  set  to  zero. 

On  the  other  hand,  many  scientists  (Horsthemke  and  Lefever  [5])  have  for 
some  time  employed  a  different  criterion  which  is  based  on  a  change  in  the  form 
of  the  stationary  probability  density  function  of  the  system  response.  Under 
this  criterion,  a  stochastic  phenomenological  (or  P*)  bifurcation  is  said  to  occur 
when  this  probability  density  undergoes  a  qualitative  change  from  a  unimodal 
to  a  bimodal  or  multi-modal  density  function.  The  value  of  the  bifurcation 
parameter  at  which  such  a  transition  in  the  density  function  occurs  has  been 
shown  (Baxendale  [3],  Arnold  and  Crauel  [2])  to  be  related  to  the  nontrivial 
zero  of  the  moment  Lyapunov  exponent  A(p,cr)  of  the  solution  of  equation 
(3)  defined  as 

A(p,a)  =  lim  bog£'|t;(<,a,vo)|^,  p€R  (5) 

t  — ►OO  t 


where  E  signifies  the  mathematical  expectation  of  the  quantity  that  follows. 
The  function  A(p,  a)  is  a  convex  function  in  p  and  has  the  property  A'(0,a)  = 
Amar(c>)  where  Xmax  is  the  maximal  Lyapunov  exponent.  By  definition  A(0,  a)  = 
0  and  if  p*(o)  denotes  the  second  zero  of  A(p,  a)  then  the  value  a*  of  the  bi¬ 
furcation  parameter  at  w’hich  a  P-bifurcation  occurs  is  given  by  the  relation 
p*(a*)  =  — d,  where  d  is  the  dimension  of  the  linear  dynamical  system  described 
by  equation  (3).  The  number  p*  is  referred  to  as  the  stability  index.  This  re¬ 
markable  result  enables  one  to  determine  the  point  of  P-bifurcation  without  the 
need  to  consider  the  nonlinear  terms  in  the  governing  differential  equation. 

In  this  paper,  the  aforementioned  concepts  are  illustrated  through  the  ex¬ 
ample  of  the  Rayleigh- Van  der  Pol  oscillator  which,  in  the  absence  of  stochastic 
perturbation,  exhibits  a  Hopf  bifurcation.  A  noteworthy  feature  of  the  system 
considered  is  that  the  stationary  probability  density  of  the  response  can  be 
obtained  exactly  by  solving  the  associated  Fokker-Planck  equation.  From  this 
density  function  any  qualitative  change  in  its  form  can  be  readily  acertained  as 
the  parameter  a  is  varied. 


2  The  Rayleigh- Van  der  Pol  Oscillator 

The  deterministic  Rayleigh- Van  der  Pol  oscillator  is  described  by  the  equation 

i  —  [a  —  /?(x^  +  x^)]i  +  X  =  0  (6) 

where  are  constants  and  the  stiffness  parameter  is  normalized  to  unity 
by  a  suitable  scaling  of  the  time  t.  When  /?  is  kept  fixed  at  a  positive  value 
and  the  damping  parameter  a  is  increased,  the  system  exhibits  a  limit  cycle  of 
amplitude  for  small  values  of  oe^p.  If  the  system  is  perturbed  by  noise, 

the  resulting  system  will  be  governed  by  the  stochastic  differential  equation 

X  -  [a  “  p{x^  d-  x^)  d-  +  (1  -f  cr2r]t)x  =  (TqO  (7) 

where  (ri,(72,o'o  are  intensity  parameters  and  are  taken  to  be  inde¬ 

pendent  ‘physical’  white  noise  processes  of  unit  intensity  and  zero  mean  value. 
Equation  (7)  is  to  be  interpreted  in  the  sense  of  Stratonovich.  In  terms  of  state 
variables  Xi  =  x,  X2  =  i,  equation  (7)  can  be  written 

dxi  =  X2di 

dx2  =  [{a- 0{xl+xl)}x2- Xi]di  (8) 

d“criX2  o  dwit  ~  0*22^1  ^  dw2t  +  ctq  ^  dwzt 

where  are  independent  ‘unit’  Wiener  processes.  We  shall  first  con¬ 

sider  the  case  when  otq  =  Q,  i.e.  in  the  absence  of  additive  perturbation. 

When  0*1  =  cr2  =  o',  the  Fokker-Planck  equation  for  the  probability  den¬ 
sity  /(xi,X2)  of  the  stationary  solution  of  equation  (8)  has  been  obtained  by 
Dimentberg  [4]  as 

/j(a;i.a;2)  =  C(a:?  +  x^)"'^exp  +  ^2)  (9) 

provided  a  >  —<7^/2,  the  normalisation  constant  C  being  given  by 

-  7)  (10) 

where  27  =  In  terms  of  polar  coordinates  xi  =  acos$,  X2  =  — asin<&, 

$  =  t  d-  this  density  transforms  to 

fs{a,4>)  =  (11) 

where  a  =  (xf  -f  is  the  amplitude  and  also  the  Euclidean  norm  [x]  of 

the  response.  The  evolution  of  the  density  function  (9)  as  a  is  increased  from 
negative  to  positive  values  is  shown  in  Fig.  1  for  <7  =  0.8.  For  a  <  — 17^/2,  /, 
is  the  Dirac  delta  function  centered  at  the  origin;  for  —a^/'2  <  a  <  ^7^/2,  it  is 
unimodal  with  an  integrable  singularity  at  the  origin;  for  a  >  0*^/2,  it  is  zero 
at  the  origin  with  a  ring  of  peaks  given  by  xf  d-  x?  =  (2a  ~  cr^)/(2/?).  Thus  one 


may  infer  that  a  P-bifurcation  occurs  for  a  =  cr^/2.  The  mean  square  of  the 
amplitude  of  the  stationary  response  is  calculated  to  be 

=  (12) 

where  x  denotes  the  vector  It  may  be  noted  that  Exl  =  Ex^  = 

{E\xs\^)/2. 

In  order  to  determine  the  parameter  value  corresponding  to  a  D-bifurcation 
it  is  necessary  to  evaluate  the  Lyapunov  exponents  of  the  linearized  equation 
around  the  stationary  reference  sohition  From  the  linearisation  of  equa¬ 

tion  (8)  and  the  use  of  the  so-called  trace  or  Liouville  formula  (Oseledec  [8]),  it 
may  be  inferred  that  the  sum  of  the  two  Lyapunov  exponents  is 

A1  +  A2  (13) 

For  the  trivial  solution  x^  =  0,  we  get 

A?  +  A®=.rt,  (14) 

and  for  the  non-trivial  solution,  substituting  for  E\x^\'^  from  eq\iation  (12),  we 
have 

A;  + AJ  = -(a  +  ff").  (15) 

It  is  now  necessary  to  find  one  of  the  two  Lyapunov  exponents  so  that  the 
other  may  be  found  from  equations  (14)  and  (15).  For  this  purpose,  the  method 
of  stochastic  averaging  will  be  employed.  The  polar  coordinate  transformation 
from  (x,  i)  to  (a,  (f))  of  equation  (7)  leads  to 

a  =  (a  —  +  (J^t)a  sin^  <I>  -f  crr/^  a  sin  ^  cos 

<j)  —  (a  - -h  (T^t)  sin  ^  cos  -f  crr/t  cos^  (16) 

which  are  exactly  equivalent  to  equation  (7).  If  it  is  assumed  that  a,  p  and 

(T“  are  of  the  same  order  of  smallness  compared  to  unity,  say  0(£),  stochastic 
averaging  (Stratonovich  [9],  Kas’minskii  [6])  may  be  performed  on  the  right- 
hand  side  terms  of  equations  (16)  to  obtain  the  following  Ito  equations  for  the 
averaged  amplitude  and  phase: 

da  =z  i(of  -f-  —  pa^)adt  -f  2~^^^<7adhit  (17) 

d4>  =  2^^l^<jdh2t.  (18) 

where  dh^^  db2t  ^^re  independent  Wiener  processes  with  unit  intensity  parame¬ 
ter.  The  solutions  of  the  averaged  equation  converge  in  the  weak  sense  to  the 
solutions  of  the  original  equations  over  a  time  interval  of  length  0(6“^)  as  £  — 0. 
If  a^(i)  denotes  a  stationary  solution  of  equation  (17),  letting  a{t)  ~  a5(<)  +  7*(i), 
the  linearised  equations  in  r  and  p  =  logr  in  Ito  form  are 

dr  =  ^[a  —  Zpal)rdt -V  2~^^^r(7dhu 

=  ^(0+ icr2-3/JaJ)(if  +  2-^/W;i,. 


dp 


(19) 

(20) 


(21) 


From  equation  (20)  the  Lyapunov  exponent  A  is  obtained  w.p.l  as 

Ai  =  ^{ct  +  ^cr  -ZfiEa]) 
which  for  the  trivial  solution  a,  r=  0  gives 

Ai:=A;=i(«  +  ^cr2)  (22) 

and  for  the  non-trivial  solution  Ea]  —  [2ct  -f  (r^)/(2/i)  gives 

Xi:=X{  =  -{a  +  ^a^-).  (23) 

From  equations  (14)  and  (15),  the  remaining  Lyapunov  exponents  arc  found 
to  be 

A?  =  ^(«-^cr2),  A^  =  -^^^  (24) 

Thus  =  A(a  -f  |cr^)  and  <  0.  Hence  a  D-bifurcation  occurs  at 

the  parameter  value  a  :=  =  —a^f2  and  a  stable  nontrivial  solution  emerges 

for  a  >  a^. 

The  moment  Lyapunov  exponent  can  be  obtained  from  the  differential 
equation  satisfied  by  Ea^.  From  equation  (17),  satisfies  the  following  Ito 
equation  linearised  around  a  —  0: 

da^  =  ^p[oc  4-  \-cr  -f  -(T^p)aydt  +  2^^^'^a  pdF  dbu.  (25) 

Taking  the  expectation  of  both  sides  and  using  the  definition  (5),  we  obtain 
A(P,  q)  =  ^p(o;  +  +  ^cr^p)  (2C) 

whose  zero  other  than  p  0  is  p  :=  p*  —  (1  -f  2a/(j^). 

Since  the  dimension  d  of  the  system  considered  is  2,  according  to  Baxendale’s 
result,  a  P-bifurcation  should  occur  when  p*  —2,  i.e.  when  a  :=  (T^/2,  This 
is  exactly  in  accord  with  the  earlier  finding  from  the  exact  expression  for  the 
stationary  probability  density  function.  It  is  worth  noting  that  here  the  result  is 
obtained  simply  from  the  linearised  equation  around  the  trivial  solution  without 
consideration  of  the  nonlinear  terms. 

We  now  consider  the  system  defined  by  equation  (7)  with  the  additive  noise 
term  (JoCt  included.  When  ci  =  (T2  cr,  the  Fokker-Planck  equation  for  the 
probability  density  of  the  stationary  response  has  the  exact  solution  (Lin  and 
Cai  [7]) 

^2)  =  +  =^2)  +  ^0]”^  exp[-/i(xj  +  (27) 

where  27  =  1  —  2[arr'^  +  and  the  constant  C  is  given  by 


(28) 


Figure  2:  Stationary  probability  density  (cto  ^  0). 


Figure  3;  Bifurcation  diagram. 


where  r(a,  2;)  is  tlie  incomplete  gamma  function  defined  a.s 


(29) 


The  expected  value  of  the  square  of  the  norm  of  Xg  is,  from  equation  (27), 
found  to  be 


2  _  o-^r(2  - 


(30) 


Fig. 2  shows  the  evolution  of  the  density  function  /,  as  the  parameter  a  is 
varied.  It  may  be  observed  that  the  density  has  a  single  finite  peak  at  the  origin 
for  values  of  a  <  a*;  for  a  >  a*  it  has  a  crater  near  the  origin  and  a  ring 
of  peaks  along  the  circle  xl  +  a;?  =  (2a  —  cr^)/2/^.  Thus  the  P-bifurcation  is 
preserved  whereas  the  D-bifurcation  is  eliminated  by  external  additive  noise. 

The  bifurcation  diagram  is  shown  in  Fig. 3.  The  heavy  lines  correspond  to 
the  homogeneous  system  with  ctq  =  0  while  the  dotted  lines  are  for  the  system 
with  additional  additive  noise  (ao  ^  0). 


3  Conclusions 


Some  concepts  of  stochastic  bifurcation  are  illustrated  through  an  example  of  a 
two-dimensional  system  subject  to  parametric  and  external  noise  fluctuations. 
The  example  chosen  is  that  of  the  Rayleigh- Van  der  Pol  oscillator  which  exhibits 
a  Hopf  bifurcation  in  the  absence  of  noise.  As  the  mean  linear  viscous  damping 
parameter  is  increased  it  is  shown  that  first  a  dynamical  (or  D-)  bifurcation 
occurs  followed  by  a  phenomenological  (or  P-)  bifurcation.  The  addition  of 
noise  in  the  form  of  an  external  forcing  function  destroys  the  D-bifurcation  but 
preserves  the  P-bifurcation.  The  roles  of  the  Lyapunov  exponent  and  the  mo¬ 
ment  Lyapunov  exponent  of  the  linearised  system  in  determining  the  bifurcation 
parameter  values  are  illustrated. 
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Abstract  The  dynamics  of  two  degree-of-freedom  dynamical  systems  with  1:2 
subharmonic  internal  resonance  and  weak  quadratic  nonlinearities  is  analyzed  in 
the  neighbourhood  of  bifurcation  points,  when  the  excitation  frequency  varies 
slowly  through  the  region  of  primary  resonance.  The  slowly  evolving  averaged 
equations  are  numerically  studied  for  motions  initiated  in  the  vicinity  of  the  sta¬ 
tionary  responses.  An  analytical  technique,  based  on  the  Dynamic  Bifurcation 
Theory  is  then  developed  to  explain  the  numerical  observations  for  slow  frequency 
sweep  through  the  bifurcations,  and  the  effects  of  system  parameters  on  the  dy¬ 
namics  near  a  Pitchfork  Point  are  determined. 


1  Introduction 

Much  work  has  been  done  on  the  nonstationary  response  of  single  degree-of- 
freedom  nonlinear  systems  with  slowly  varying  parameters.  Interesting  effects 
have  been  observed  as  the  excitation  parameters  are  swept  slowly  through  regions 
of  resonant  response  (Lewis,  1932;  Mitropolskii,  1965).  Most  studies  in  engineer¬ 
ing  literature  have  used  the  asymptotic  method  of  averaging,  coupled  with  direct 
numerical  integration  of  the  nonautonomous  averaged  equations,  to  determine 
the  nonstationary  responses.  The  focus  of  these  investigations  has  been  to  char¬ 
acterize  the  deviations  of  system  responses,  due  to  a  slow  evolution  of  system  or 
excitation  parameters,  from  the  responses  in  the  stationary  case.  Nonstationary 
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vibrations  in  externally  excited  multi  degree-of-freedom  systems  have  received 
much  less  attention  in  the  literature,  with  Evan-Iwanowski  (1976)  and  Shyu  et 
a/(1993)  being  notable  exceptions.  In  the  mathematics  community,  much  effort 
has  been  made  to  understand  the  dynamics  of  Hamiltonian  systems,  as  some 
parameters  evolve  through  a  resonance  region  (Kevorkian  and  Cole,  1996). 

Many  investigators  have  studied  the  effects  of  slow  evolution  of  parameters 
through  regions  where  bifurcations  arise  in  the  stationary  case  (Haberman,  1979; 
Davies  and  Krishna,  1996).  A  concept  of  slowly  varying  equilibrium  solutions 
was  introduced,  and  in  the  neighborhood  where  the  expressions  for  the  slowly 
varying  equilibrium  solutions  break  down,  inner  layers  and  matched  asymptotic 
expansions  were  utilized  to  construct  approximations  to  the  slowly  varying  solu¬ 
tions.  Raman  et  al  (1996)  used  the  techniques  of  Dynamic  Bifurcation  Theory  to 
study  analytically  the  effects  of  linear  frequency  sweep  through  resonance  regions 
in  harmonically  excited  Duffing  and  Mathieu-Duffing  oscillators.  Their  analysis 
uses  the  results  for  first-order  time  varying  systems  (Haberman,  1979)  together 
with  Center  Manifold  Theory  (Carr,  1982;  Wiggins,  1991)  extended  to  systems 
with  slowly  varying  parameters.  Using  these,  they  were  able  to  predict  the  de¬ 
lay  in  jumps  and  penetration  into  regions  of  instability  observed  in  numerical 
simulations. 

Here,  we  apply  these  ideas  from  Dynamic  Bifurcation  Theory  to  study  the 
nonstationary  responses  in  weakly  nonlinear  multi  degree-of-freedom  systems  that 
exhibit  internal  resonances.  Specifically,  we  study  the  nonstationary  responses  for 
systems  with  quadratic  nonlinearities  and  harmonic  forcing  when  the  excitation 
frequency  slowly  evolves  through  the  resonance  region. 


2  Equations  of  Motion  and  Averaging 

Many  examples  of  mechanical  and  structural  systems  that  can  be  modeled  by 
two  degree-of-freedom  systems  with  quadratic  nonlincarities,  have  been  discussed 
by  Nayfeh  and  Balachandran  (1989).  The  equations  of  motion  for  a  general  two 
degree-of-freedom  system  subjected  to  a  slowly  evolving  external  excitation,  can 
be  written  in  generalized  modal  coordinates  Cj,  j  =  l,2,  as 

6+wKi  +  fCi(6.6)  +  fQi(Ci,Ci-C2,C2)  = 

C2  +  W2C2  +  fC'2(Cl  I  C2)  +  fQ2(Cl  1  Cl  I  C21  C2)  =  (1) 

where  e,  0  <  c  ^  1,  is  an  arbitrary  small  parameter;  Cj’s  are  the  linear  veloc¬ 
ity  proportional  damping  terms;  a;j’s  are  the  linear  natural  frequencies  of  the 
two  oscillators;  F/s  are  the  external  excitation  terms;  and  Qj’s  are  some  general 
quadratic  nonlinear  terms  dependent  on  the  generalized  coordinates  and  veloci¬ 
ties.  Also,  a  dot  over  Cj  denotes  the  derivative  of  Cj  with  respect  to  the  fast  time 
“t” .  The  forms  of  the  various  system  dynamic  terms  are 

Cl  (Cl,  6)  =  C126  +  chO,  C2(Cii6)  =  ^226  +  ^^246, 
Qi(Ci,6)C2,C2)  =  OllCl  +  ^laClCz  +  a22Cl  +  ^2460  -f  Q33C2  +  a44C2> 
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Q2(C1)Ci)C2)C2)  =  tllCl  +  ^13ClC2  +  622C1  +  ^24ClC2  +  +  ^44C|> 

where  cjk  (j.k  =1.2)  and  ajk,  bjk  (j.k  =  1,  2,  3,  4)  are  constants.  The  external 
excitations  are  chosen  to  be  harmonic  with  frequencies  and  amplitudes  that  slowly 
evolve  over  time: 

Fi  =  Fii  cos{r0{t))  +  Fi2  sin(r0(t)), 

F2  =  F21  cos{re{t)  +ip)  +  F22  sm{re{t)  +  rp) ,  (3) 

where,  the  amplitudes  Fjkj  (j,k  =  1,  2)  and  the  instantaneous  frequency  Q  = 
Q(d)  =  ^  are  a  function  of  the  slow  time  d,  and  r  is  a  positive  integer. 

The  method  of  averaging  was  applied  by  Mitropolskii  (1965)  to  multi  degree- 
of-freedom  systems  with  slowly  varying  parameters  and  mono  frequency  oscilla¬ 
tions,  where  he  considered  these  parameters  as  constants  during  the  averaging 
process,  and  cis  functions  of  slow  time  et  in  the  derivatives.  Essentially,  a  near 
identity  transformation  was  used  to  separate  the  motions  on  the  fast  time  t  from 
the  motions  on  the  slow  time  d.  Then,  the  equations  were  averaged  along  an  inte¬ 
gral  manifold  of  the  equations  which  have  been  put  in  the  standard  form  (Wiggins, 
1990)  for  averaging.  The  asymptotic  expansion  approach  of  Mitropolskii  (1965) 
was  extended  by  Evan-Iwanowski  (1976)  to  multi  degree-of-freedom  systems  ex¬ 
hibiting  some  combination  resonance  involving  more  than  one  degree-of-freedom. 
Essentially,  the  same  approach  is  followed  here  in  deriving  the  averaged  equations 
for  the  system  under  consideration.  Details  of  the  derivations  are  fully  described 
in  Banerjee  (1996).  This  process  ultimately  results  in  the  following  scaled  equa¬ 
tions  for  the  system: 


a'l  = 

— oi^i  —  sin(/?2  —  2/?i), 

ai^i  = 

oi  — ^  -1 — ^  cos (/?2  2/?i ) , 

(4) 

02  — 

—02^2  +  o\  —  Wi)  ~  Eism02, 

a2/?2  = 

020-2  +  Oj  COs(/32  —  2/?i)  —  j?4  005^2, 

0-2  =  fO'2r, 

(5) 

where  “/”  denotes  derivative  with  respect  to  the  slow  time  “et”;  (i=l,2) 

are  the  amplitudes  and  phases  of  responses  of  the  two  oscillators;  ai  and  cr2 
are  the  scaled  mistunings  (or  detuning)  of  the  excitation  frequency  Q  from  the 
linear  natural  frequencies  of  the  first  and  the  second  modes,  respectively;  fi  = 
0*2  “  2o-i  is  the  internal  mistuning  between  the  two  oscillators;  (i=l,2)  are  the 
dampings  in  the  two  modes;  (T2r  is  the  rate  of  sweep  of  the  mistuning  a2]  and 
Ea  is  a  scaled  amplitude  of  the  external  excitation.  The  initial  conditions  for  the 
averaged  system  are  denoted  by  some  (aio,/?iO)  ^20,^320)  and  <r2o-  It  is  interesting 
to  note  here  that  the  parameter  (72  has  been  assumed  to  vary  linearly  in  slow  time. 
This  averaging  process  is,  however,  valid  and  will  result  in  the  same  amplitude 
equations,  if  the  frequency  sweep  is  assumed  to  be  a  periodic  variable  of  slow 
time,  or  if  the  amplitude  of  the  external  excitation  is  also  assumed  to  be  a 
slowly  evolving  function  of  time. 
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Our  interest  now  is  in  the  study  of  solutions  of  equations  (4)  and  (5)  as  a 
function  of  the  system  parameters,  when  the  frequency  mistuning  rate,  a2r,  is 
nonzero.  The  solutions  for  the  stationary  case,  crjr  =  0.0,  have  been  well  studied 
in  the  literature  (Nayfeh  and  Balachandran,  1989;  Banerjee,  1996).  In  the  non¬ 
stationary  case  there  are  no  standard  techniques  available  and  most  investigations 
have  resorted  to  numerical  simulations  of  these  averaged  equations. 


3  Numerical  Studies  of  the  Averaged  System 

We  first  consider  a  typical  example  with  stationary  responses,  as  shown  in  Figure 
1.  For  cr2r  =  0.0,  the  averaged  equations  have  two  types  of  steady  state  solutions: 
the  single  mode  solution  where  oi,  the  amplitude  of  the  lower  frequency  mode,  is 
zero,  and  the  coupled  mode  solution  in  which  both  ai  and  Q2  are  nonzero.  The 
single  mode  solution  is  unique  resembling  the  response  of  a  linear  oscillator,  and 
it  exists  for  all  excitation  frequencies  tr2.  At  some  excitation  force  level,  the  single 


Figure  1.  Stationary  responses  for  the  coupled  oscillators;  Ei  =  1.0,  —  0.2. 

mode  solution  undergoes  a  Pitchfork  bifurcation  (Wiggins,  1990)  to  a  coupled 
mode  solution.  There  exist  two  coupled  mode  solutions  over  some  excitation 
frequency  (72,  and  the  two  solutions  join  at  a  turning  point.  Thus,  the  coupled 
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mode  solutions  arise  via  a  Pitchfork  bifurcation  from  the  single  mode  solution  and 
get  annihilated  by  each  other  at  a  turning  point.  The  steady  state  solutions  as  a 
function  of  the  excitation  frequency  a2  also  depend  on  the  dampings,  (i=l,2), 
the  internal  mis  tuning,  fi,  and  the  forcing  amplitude,  E4. 

In  Figure  1  are  shown  the  stationary  amplitude  response  curves  for  the  two 
modes  of  vibration  for  =  ^2  =  0.2,  and  £"4  =  1.0.  The  Pitchfork  points  in  the 
single  mode  branch  are  denoted  by  “x” ,  the  turning  points  in  the  coupled  mode 
solutions  are  denoted  by  ,  and  the  Hopf  bifurcation  points  in  the  coupled 
mode  branch  are  denoted  by  ‘V.  Between  the  two  Pitchfork  points,  the  system 
response  where  the  first  oscillator  is  not  responding  is  unstable.  Very  interestingly, 
when  the  two  given  oscillators  are  not  tuned  exactly  ^  0),  the  response  curves 
lose  their  symmetry  about  0*2  =  0.  Also,  the  frequency  interval  over  which  the 
single  mode  solution  is  unstable  shifts  to.  higher  values.  For  sufficiently  large  /i, 
there  arise  two  aditional  Pitchfork  bifurcation  points  on  the  single  mode  solution. 
For  negative  /i,  the  responses  are  mirror  images  of  those  for  positive  /i.  The 
dynamics  of  the  averaged  equations  for  parameter  values  in  the  Hopf  bifurcation 
interval  have  been  explored  extensively  in  the  literature  (Banerjee,  1996),  and  it  is 
known  that  limit  cycles,  periodic  doubling  bifurcations,  chaotic  solutions,  as  well 
as  Silnikov  type  phenomena  can  arise.  Thus,  in  the  frequency  interval  between 
the  two  Hopf  points,  complex  dynamics  exists  for  the  stationary  system. 

We  now  consider  solutions  of  equations  (4)  and  (5)  when  the  sweep  rate  o’2r 
is  nonzero.  The  response  depends  on  the  initial  conditions  (aio,j3i0j  020,^20)  for 
the  amplitude  variables,  and  on  the  frequency  mistuning  fi.  Since  oio  =  0.0  is 
always  a  solution  of  these  equations,  the  (02, /?2)  plane  is  an  invariant  set,  and 


Figure  2.  Nonstationary  responses  for  the  coupled  oscillators  for  different  sweep  rates; 

Oio  —  0.0,  £4  =  1.0,  =  ^2  =  0.2,  fjt  =  0,0. 

any  solution  started  with  initial  conditions  in  that  set  remains  within  the  set  for 
all  times.  Thus,  the  nonstationary  response  with  initial  condition  oio  =  0.0  is  the 
nonstationary  response  of  a  linear  oscillator  with  linear  frequency  sweep  through 
the  resonance  region  (Mitropolskii,  1965;  Kevorkian  and  Cole,  1996);  this  is  illus- 
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trated  in  Figure  2  for  different  sweep  rates  and  for  /i  =  0.0.  In  subsequent  figures, 
some  stationary  responses  are  shown  for  comparison.  Also,  the  nonstationary 
solutions  are  initiated  either  on  or  close  to  the  stationary  solution  away  from  the 
resonance  region  (at  cr2  =  —3.0). 

Nonstationary  responses  for  initial  conditions  out  of  the  (02,^2)  plane  are 
shown  in  Figures  3  and  4.  For  a  very  slow  positive  sweep  rate  (Figure  3),  = 

0.001,  the  solution  essentially  follows  along  the  single  mode  stationary  solution 
even  across  the  Pitchfork  bifurcation  point  near  0*2  ^  —1.0.  There  is  a  slow 
deviation  of  the  02  component  away  from  the  stationary  solution  until  cr2  « 
0,  at  which  point  the  solution  begins  to  deviate  from  the  single  mode  solution 
exponentially  and  approaches  the  stable  coupled  mode  solution.  It  then 


sig2  sig2 

Figure  3.  Nonstationary  responses  for  the  coupled  oscillators  for  different  sweep  rates; 
oio  =  0.001,  Ea  =  1.0,  ^1=^2=  0.2,  /i  =  0.0. 

overshoots  the  stationary  coupled  mode  solution,  and  finally  settles  down  near 
its  vicinity,  staying  in  the  neighborhood  of  the  stationary  coupled  mode  solution 
even  beyond  the  saddle-node  or  the  turning  point  in  the  coupled  mode  branch, 
where  it  jumps  down  to  the  stable  single  mode  solution.  For  a  slow  frequency 
evolution  through  the  Pitchfork  point,  there  is  penetration  into  the  so  called 
^unstable  region’.  After  the  transition  away  from  the  stationary  solution,  the 
nonstationary  solution  settles  to  a  neighborhood  of  the  stable  stationary  solution 
in  an  oscillatory  manner.  Similarly,  the  nonstationary  solution  persists  beyond 
the  turning  point  before  it  jumps  down  to  approach  the  stable  stationary  solution 
in  an  oscillatory  manner.  Similar  observations  can  be  made  for  the  higher  sweep 
rate,  =  0.05. 

The  faster  the  sweep  rate,  the  greater  is  the  penetration  into  the  region  of 
instability,  and  longer  is  the  time  taken  for  the  response  to  approach  the  neigh¬ 
borhood  of  the  stationary  and  stable  coupled  mode  equilibrium  solution.  The 
transition  from  the  neighborhood  of  one  stationary  solution  to  that  of  another 
is  less  abrupt  for  a  higher  sweep  rate.  The  nonstationary  solution  may  not  even 
approach  the  vicinity  of  a  stationary  solution,  if  the  sweep  rate  is  high  and  a 
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change  of  stability  occurs.  The  delay  in  a  jump  from  one  stable  stationary  branch 
to  another  stable  stationary  branch  in  the  vicinity  of  a  turning  point  is  strongly 
affected  by  the  sweep  rate. 


Figure  4-  Nonstation2Lry  responses  for  different  internal  mistunings;  oio  =  0.001, 

Ea  =  1.0,  6=6=  0.2,  <T2r  =  0.001. 

The  effects  of  the  internal  mistuning  /i  on  the  nonstationary  responses  are 
shown  in  Figure  4  for  /i  =  0.0  and  /x  =  2.0.  As  suggested  by  the  shift  in  Pitchfork 
points  for  the  stationary  responses  (Figure  1),  the  presence  of  internal  mistuning 
results  in  considerable  delay  in  transition  from  the  vicinity  of  the  unstable  single 
mode  solution.  Consequently,  the  maximum  response  attained  in  the  stationary 
case  can  also  be  achieved  in  the  nonstationary  case.  When  the  solution  does 
leave  the  neighborhood  of  the  single  mode  solution,  the  coupled  mode  stationary 
solutions  are  Hopf  unstable.  This  explains  the  complex  oscillatory  response  of 
the  system  as  the  excitation  frequency  is  slowly  evolving.  By  the  time  the  Hopf 
frequency  interval  is  traversed,  the  stationary  coupled  mode  solution  joins  the 
single  mode  solution,  and  the  nonstationary  solution  settles  in  the  neighborhood 
of  the  stable  single  mode  solution. 

When  the  two  oscillators  have  a  large  internal  mistuning,  /z  =  2.0,  the  effects  of 
different  sweep  rates  are  shown  in  Figure  5.  At  the  higher  sweep  rate,  o'2r  =  0.05, 
the  solution  contains  none  of  the  characteristics  of  the  Hopf  unstable  stationary 
solutions,  and  resembles  the  response  for  initial  conditions  with  oio  =  0.0.  Thus, 
at  high  sweep  rates,  one  can  pass  through  a  complex  dynamics  region  without 
initiating  the  internal  coupling  between  the  oscillators,  at  the  expense  of  increase 
in  the  amplitude  of  the  directly  excited  oscillator. 

Numerical  simulations  of  the  averaged  equations  for  different  initial  conditions, 
but  for  the  same  sweep  rate,  show  that  closer  the  initial  conditions  are  to  the 
single  mode  equilibrium  solution,  the  longer  the  response  of  the  system  stays  near 
this  equilibrium  after  the  bifurcation.  Thus,  there  is  more  penetration  into  the 
instability  region  when  initial  conditions  are  closer  to  the  stationary  solution.  The 
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effect  near  the  turning  point  in  the  nonstationary  response  is  much  less  significant 
(Banerjee,  1996). 


Figure  5.  Nonstationary  responses  for  different  sweep  rates  at  ^  ^  0;  oio  =  0.001, 
E,  =  1.0,  =6  =  0.2.  =  2.0. 


4  Slowly  Varying  Equilibrium  and  Center  Mani¬ 
fold  Analysis 

We  would  like  to  explain  analytically,  some  of  the  observations  made  above.  We 
are  specially  interested  in  the  solutions  with  slow  sweep  rates  and  those  that 
remain  near  the  stationary  solutions.  For  this,  wx  closely  follow  the  developments 
in  Raman  et  al  (1996).  The  amplitude  equations  (4)  and  (5)  for  the  system  with 
slowly  varying  parameters  can  be  written,  in  terms  of  the  slow  time  scale  T  ==  ef , 
as: 

f^=/(£,<T2(T)).  (6) 

When  e  =  0,  this  reduces  to  the  system  for  the  stationary  solutions.  Let  a  sta¬ 
tionary  solution  of  equations  (6)  be  denoted  by  Xq  =  ^o{0,T).  It  then  satisfies  the 
equation  /(^o>^2(^))  =  0.  For  small  and  nonzero  e,  some  solutions  of  equations 
(6)  can  be  constructed  in  terms  of  a  power  series  in  c,  with  the  0(1)  term  being 
given  by  one  of  the  branches  of  the  stationary  solution.  This  solution  is  called 
the  slowly  varying  equilibrium  solution. 

One  asymptotic  expansion  for  the  slowly  varying  equilibrium  solution  is 

£(f,T)=£o(0,T)  +  fx,(0.T)  +  ...  (7) 

Substituting  equation  (7)  into  equation  (6)  and  comparing  coefficients  of  different 
powers  of  e  results  in  a  sequence  of  nonlinear  and  linear  equations.  As  shown  by 
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Raman  et  al  (1996),  the  second  term  in  the  expansion 


Clearly,  around  bifurcation  points,  Xi  becomes  singular  and  hence  the  expansion 
in  equation  (7)  can  no  longer  be  used  to  approximate  the  nonstationary  response. 
If  the  singularity  of  the  Jacobian  arises  due  to  some  eigenvalues  going  through 
zero,  a  center  manifold  of  dimension  equal  to  the  number  of  zero  eigenvalues  can 
be  constructed  around  the  bifurcation  point.  The  essential  singular  behavior  is 
then  captured  by  the  equations  on  the  center  manifold,  and  the  solutions  for 
these  nonstationary  equations  on  the  center  manifold  can  be  used  to  obtain  an 
asymptotic  approximation  to  the  nonstationary  response  for  the  averaged  system. 
This  theory  for  systems  with  slowly  parameters  was  developed  by  Raman  et  al 
(1996). 

For  the  averaged  equations  (4)  and  (5),  the  breakdown  in  the  slowly  vary¬ 
ing  equilibrium  solutions  occurs  near  the  Pitchfork  and  saddle-node  bifurcation 
points.  The  subcritical  Pitchfork  bifurcation  points  in  the  single  mode  branch, 
as  well  as  the  turning  points  in  the  coupled  mode  branches,  arise  with  one  zero 
eigenvalue  of  the  Jacobian,  the  essential  local  behaviour  for  slow  parameter  vari¬ 
ation  is  captured  by  equations  on  a  1-dimensional  center  manifold.  The  form  of 
this  equation  depends  on  the  nature  of  the  instability  (a  Pitchfork  or  a  turning 
point).  For  details  of  this  analysis,  we  refer  the  reader  to  Banerjee  (1996),  and 
present  here  only  the  final  results  in  the  case  of  the  Pitchfork  points. 

The  lowest  order  approximation  to  the  equation  on  the  center  manifold  in  the 
neighborhood  of  a  Pitchfork  point  is  of  the  form 

z'l  =  <^2rJlTzi  +  73Zi  ,  (9) 


where  71  and  73  are  coefficients  dependent  on  the  system  parameters  at  the  Pitch- 
fork  bifurcation  point.  This  Bernoulli  equation  captures  the  essential  features  de¬ 
scribed  for  slow  transitions  across  Pitchfork  bifurcations  (Haberman,  1979).  Its 
solution  for  some  nonzero  initial  condition,  zi(ro)  =  A,  is 


zi(T)  = 


f 


df  + 


A2  ) 


(10) 


For  a  subcritical  pitchfork  bifurcation  the  solution  in  equation  (10)  becomes  un¬ 
bounded  at  a  finite  value  of  T  =  Tu,  given  by 


r 

JTo 


gllOirTl 

273A2  ■ 


(11) 


The  integral  increases  monotonically  with  Tu .  Hence,  for  a 

fixed  initial  time,  Jq,  and  sweep  rate,  er2r,  the  smaller  the  initial  displacement 
A,  the  larger  the  time  for  the  solution  to  become  unbounded.  For  a  fixed  initial 
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time,  To,  and  initial  displacement  A,  the  larger  the  sweep  rate,  <T2r,  the  larger  is 
Tu,  see  Figure  3.  The  time  for  the  solution  to  become  unbounded  can  be  related 
to  the  system  parameters  through  the  expressions  for  the  coefficients  71  and  72 
and  equation  (11),  and  these  details  can  be  found  in  Banerjee  (1996). 

5  Summary  and  Conclusions 

The  response  of  two  degree-of-freedom  nonlinear  systems  with  quadratic  nonlin¬ 
earities  and  l-to-2  internal  resonance  was  studied  when  the  external  excitation 
frequency  slowly  evolves  through  a  resonance.  The  asymptotic  method  of  av¬ 
eraging  was  used  to  derive  the  nonstationary  amplitude  equations.  Numerical 
solutions  of  the  averaged  equations  show  that  the  deviations  of  the  nonstationary 
responses  from  the  corresponding  stationary  solutions  arc  very  much  influenced 
by  the  frequency  sweep  rate,  the  initial  conditions,  and  the  internal  frequency 
mistuning.  The  effects  of  these  parameters  on  the  delayed  instability  near  the 
Pitchfork  points  are  explained  using  Dynamic  Bifurcation  Theory. 
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1.  Introduction 

Bifurcations  of  cfynamic  systems  m^  be  affected  in  a  variety  of  ways  if  the  parameter  that 
controls  the  bifurcation  is  varied  slowly.  The  variation  may  alter,  delay,  or  eliminate  the 
bifurcation,  introduce  new  ^pes  of  bifurcation,  or  change  stability  regions.  The  variation 
may  be  imposed  deliberately  to  control  the  response  of  the  ^stem.  Typical  applications 
include  passage  through  critical  speeds  of  machines,  through  laser  threshold  values, 
chemical  reactions  with  a  degrading  catalyst,  bursting  oscillations  and  control.  Here  we 
consider  sinusoidal  variation  through  a  period-doubling  bifurcation. 

Raman,  Bajaj  and  Davies  (1996)  have  treated  slow  linear  transition  across  bifurcations  in 
some  classical  nonlinear  ^sterns  by  reducing  the  ^sterns  to  generic  forms  on  centre 
manifolds.  Periodic  variation  of  similar  subcritical  and  supercritical  normal  forms  were 
studied  by  Davies  and  Rangavajhula  (1996).  These  forms  allow  exact  solutions 
(Haberman  (1979)),  and  both  local  and  global  stability  can  be  examined.  The  centre 
manifold  reduction  lends  itself  to  bifurcations  associated  with  fixed  points  of  systems. 
Limit  cycles,  including  in  particular  period-doubling  cascades  of  limit  cycles,  are  less 
easily  handled.  For  these  period-doubling  bifurcations  we  choose  to  study  associated  one 
dimensional  discrete  maps.  Numerical  simulations  show  that  a  periodically  varying  p-1 
response  may  be  maintained  even  when  penetrating  an  autonomous  period-doubling 
cascade,  provided  the  variation  is  sufficiently  rapid.  We  concentrate  here  on  an  analytic 
solution  for  such  a  sinusoidally  varying  response  just  in  the  neighbourhood  of  the  first  p-1 
to  p-2  bifurcation.  We  obtain  uniformly  valid  series  solutions,  and  the  conditions  which 
control  whether  or  not  the  bifurcation  takes  place. 


2.  A  Nonautonomous  Unimodal  Map 

We  consider  a  general  one  dimensional  map,  with  sinusoidal  variation  of  the  bifurcation 
parameter; 


with 


where  €  =  I'kIN  «  1 


(1) 


>'«.!  =  /(Vn.  *„) 

=  Xq  -  a  cos  €/» 


Baesens  (1991)  has  studied  the  case  of  linear  variation  rather  thoroughly.  By  following 
her  general  approach,  but  by  using  matched  asjTnptotic  expansions,  Davies  and 
Rangavajhula  (1997)  obtained  simple  explicit  uniformly  valid  expressions  for  the  p-1  and 
p-2  manifolds.  They  fiuther  used  a  triple-deck  MAE  to  describe  the  transition  of 
trajectories  fiom  the  vicinity  of  the  repelling  p-1  manifold  to  the  attracting  p-2  manifold. 
We  now  use  this  approach  for  sinusoidal  variation  of  the  parameter  x„. 


3.  Pcriod-1  Response 

A  Taylor  series  expansion  of  the  map  yields  the  purely  p-1  outer  expansion  with  sinusoidal 
variation  ofx„. 

>»»(x)  =  y*  ±  €0  >-•'  /  (y*.  X)  -  ij  +  0(6")  (2) 

where  (2  =  (“^  -  (x  -  Note  that  for  most  ofour  results  it  is  easier  to  work  with 

X  rather  than  n  as  ^e  independent  variable.  Away  from  critical  points,  y°  remains  0(e) 
close  to  the  corresponding  autonomous  value  y  *  =  J{y’,  x).  The  expansion  is  singular 
when  dfdy  =  1 .  If  the  x„  variation  reaches  this  point,  then  the  ^haviour  near  the 
singularity  (y„  xj  is  examined  by  stretching  the  variables  in  the  form 
X  =  X,  +  €"ii,  y  =y,-^  e"z(il). 


We  find  the  following  forms  of  bifurcations: 

(a)  saddle  node,  with  m  =  1,  n  =  1/2 

(2aii)''^  =  n;;  +  (3) 


(Throughout  this  paper,  subscripts  indicate  partial  derivatives  ev'aluated  at  the  bifurcation 
point.) 

(b)  transcritical,  with  m  =  n  =  2/3 

(2011)’'^  2'  = 


(4) 


(c)  pitchfork,  with  m  =  2/3,  n  =  1/3 


(2atiy«  z'  =  r,z4,  + 


(5) 


The  term  in  each  equation  results  from  the  sinusoidal  variation  of  x.  In  each  case,  the 
inner  solutions  y(q)  can  be  matched  to  the  outer  solution  (2)  in  the  usual  van  Dyke  (1964) 
marmer.  For  example,  the  solution  of  equation  (3)  can  be  written  in  the  form 

zCq)  =  fc(C/'  +  kV^  I  {U  ^kV)  (6) 


where  U(0,  aq'^  and  V(0,  aq'^)  are  parabolic  cylinder  functions  (using  the  notation  of 
Abramowitz  and  Stegun)  where  a  =  b  =  fl(2a)’^(^ and  k  is  a  constant  to 

be  determined  by  the  matching  process.  In  the  usual  way  we  expand  (2)  in  terms  of  the 
inner  variable  q  and  e;q)and  (6)  in  terms  of  the  outer  variable  x  using  two-term  aqmptotic 
expansions  of  U  and  V,  to  show  =  (yO®.  The  composite  expansion  y®  =  y® + y*  -  (y®)* 

is  imiformly  valid  for  x  i  x,. 

Composite  e^qansions  for  the  transcritical  and  pitchfork  bifurcations  are  found  in  a  similar 
way.  The  iimer  expansions  can  be  expressed  in  terms  of  the  integrals 

/*(q)  =  exp(¥pq^^)  j  exp(±PC^)C'’^  (7) 

0 

where  P  =  |4  (2ay^'^. 

4.  Period-2  Response 

A  period-1  to  period-2  bifurcation  occurs  when  ^dy  =  -1.  Within  the  p-2  region,  we  work 
with  the  iterate  of  the  map,  F(y,  x)  =  f(f(y,  x),  x).  The  p-2  expansion  is  similar  to  equation 
(2).  Again  stretched  variables  are  used  in  the  neighbourhood  of  the  period-doubling 
bifurcation  point.  In  this  case  we  find,  for  purely  p-2  motion,  a  pitchfork  bifurcation,  as 
expected,  with  m  =  2/3  and  n  =  1/3.  The  iimer  solution  satisfies 

2(2aq)>'2  z'  =  qzF^  +  iz’  (8) 


Solutions  are  obtained  in  terms  of  the  integrals  (7),  and  matched  as  before  to  the  outer  p-2 
solution.  Note  that  with  this  approach  we  obtain  just  one  of  the  p-2  branches.  Theotiier 
is  obtained  in  a  similar  way  or  by  using  equation  (1). 


5.  Combined  Pcriod-1  to  Period-2  Response 


Sinusoidally  varying  trajectories  as  they  sweep  through  the  p-1  to  p-2  bifurcation  may,  or 
may  not,  exhibit  transitions  to  p-2.  Whether,  and  where,  a  sometimes  rapid  transition 
occurs  depends  on  the  range  of  variation  parameters  Xo  and  a,  the  sweep  frequency  €,  and 
also  rather  critically  on  the  inherent  noise  level  of  the  system.  There  are  several  cases  to 
consider. 

5.1.  TRANSITION  FROM  WELL  BELOW  TO  WELL  ABOVE 

The  response  in  the  neighbourhck>d  of  the  bifurcation  point  is  described  in  a  boundary 
layer  of  0(€*'^.  There  are  two  distinguished  limits: 

(a)  an  inner  solution  y  ^(q)  =  >',  +  e’^'^zwhere  z  satisfies  equation  (8)  but  with  the  term 
(2aq)*^  replaced  by  the  constant  B  =  (a^  -  (x^  - 

(b)  an  inner-inner  solution  **“  0(€^)where 

2Bz'  =  z^r\F^  *  +  Bf^  (9) 


with  similar  equations  for  z,,  etc. 

Apart  fiom  the  addition  of  the  constant  B,  this  is  the  same  as  the  linear  case  (Davies  and 
Rangavajhula,  1997).  The  iimer  solution  is  written  in  terms  of  Dawson  integrals 
(sweeping  up)  or  error  functions  (sweeping  down),  and  matches  to  the  outer  solution  as 
before  with  (^‘  =  (y*)°.  Equation  (9)  has  solution 

V’l)  =  ^  \^x  (10) 


Now,  the  term  — Ti/],is  the  0(g''’)  description  of  the  period-1  manifold  near  the  p-1  to  p-2 
bifuicatioa  If  start  (at  =  0)  on  the  manifold,  then  y“  generates  the  p-1  manifold.  But 
noise  or  a  perturbation  of  0(e")  at  t)  =  0  grows  away  from  the  p-1  manifold  in  the  form 

>^"(11)  =  y”'  +  €"  exp(F^tiV4B)  (11) 


y*  then  matches  to  y*  in  an  overlap  region  (Bender  and  Orzag)  where  the  rapid  transition 
p-1  to  p-2  occurs, 

Figiue  1  shows  numerical  simulations  of  several  cycles  for  the  particular  case  of  the 
logistic  map  f(x,  y)  =  x(y  -  y^.  The  rapid  transition  occurs  in  our  simulation  near  x  = 


3.25;  the  scatter  indicates  that  random  noise  triggers  the  transition.  The  curves  marked 
e\  e^,  ^  are  fiom  equation  (11).  An  imposed  perturbation  ^  1.5  *  id*  at  x  =  3  during 

one  cycle  shows  excellent  agreement 

To  describe  the  sweeping  down  part  of  the  cycle,  only  the  outer  and  iimer  solutions  are 
required.  The  matching  imposes  an  “initial”  condition  at  x  =  x,.  The  value  is  marked  on 
Figure  1. 

5.2.  TRANSITION  TO  JUST  ABOVE  Xs 

The  boundary  layer  for  x  >  x,  is  0(€^,  with  the  upper  limit  x  =  Xo  +  a  within  this 
boundary  layer.  Irmer  and  irmer-irmer  0(€^)  solutions  are  used  to  describe  the 
response. 

5.3.  SINUSOIDAL  VARIATION  VERY  CLOSE  TO  Xg 

For  trajectories  within  an  0(6)  boundary  layer  about  x  =  x,  we  write  x  =  x,  +  cdj  and  a  = 
ed,.  It  is  now  more  convenient  to  work  with  the  original  independent  variable  C  =  eq.  We 
find  an  irmer-irmer  solution  y"  =  y,  +  ez  where 

2(0  =  z(0)exp(F^(d'oC  -  rijSinO)  +  -  ri,cosO  (12) 


The  second  term  is  the  p-1  manifold.  Now,  given  an  aibitraiy  perturbation  z(0),  we  have 
that  y*  either  reduces  to,  or  grows  away  fiom,  the  p-1  manifold  depending  only  on  the  sign 
of  do.  An  inner  solution  y*  =  y,  +  satisfies  a  modified  pitchfork  equation. 

2  =  z(d,  -  <f,cosOF^  +  (13) 


Similar  conclusions  apply.  To  this  order  the  autonomous  bifurcation  is  maintained.  Stable 
puretyp-1  or  purely  p-2  response  occurs  depending  only  on  whether  Xg  <  or  Xg  >  x^ 
respectively.  An  example  firom  the  logistic  map  is  shown  in  Figure  2. 


6.  Summary 

Period- 1  and  period-2  trajectories  described  by  a  one-dimensiorral  imimodal  map  have 
been  analyzed  as  a  control  variable  is  varied  sinusoidally.  Noise  is  seen  to  be  critical  in 
determining  whether,  and  where,  sometimes  rapid  transition  occurs  fi'om  p-1  to  p-2.  The 
autonomous  bifurcation  is  maintained  for  small  0(6)  motion  about  the  bifurcation  point. 
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Figure  I.  Numerical  simulation  of  several  cycles  of  the  logistic  map  with  x;  ••  3  -  0.3  cos  (an/800).  The  curves 
marked  €*,  €*  are  from  equation  (1 1).  The  rapid  transition  near  x  -  3.1 5  during  one  of  the  cyles  is  triggered  by 

an  imposed  perturbation  of  magnitude  €*  at  x  “  3. 


4>  =  y.y- 


X 


Figure  2,  Numerical  simulalioo  of  the  logistic  map  for  the  two  cases  \  *  2,99  -  0.025  oos  (icn/lOO)  and  x,  -  3.01  - 
0.025  008  (Tcn/100).  Dots  are  numerical  values.  The  lines  are  fromtbe  solution  of  equation  (13). 


3o 
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SYMPLECTIC  SCALES 
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Abstract.  We  present  the  applications  of  methods  from  wavelet  analysis  to 
polynomial  approximations  for  a  number  of  nonlinear  problems.  According 
to  the  orbit  method  and  by  using  approach  from  the  geometric  quantization 
theory  we  construct  the  symplectic  and  Poisson  structures  associated  with 
generalized  wavelets  by  using  metaplectic  structure.  We  consider  wavelet 
approach  to  the  calculations  of  Melnikov  functions  in  the  theory  of  ho¬ 
moclinic  chaos  in  perturbed  Hamiltonian  systems,  for  parametrization  of 
Arnold- Weinstein  curves  in  Floer  variational  approach  and  characteriza¬ 
tion  of  symplectic  Hilbert  scales  of  spaces. 


1.  Introduction.  In  this  paper  we  consider  the  application  of  power¬ 
ful  methods  of  wavelet  analysis  to  polynomial  approximations  of  nonlinear 
physical  and  mechanical  problems.  In  the  related  paper  in  this  volume 
we  considered  the  general  approach  for  constructing  wavelet  representa¬ 
tion  for  solutions  of  nonlinear  polynomial  dynamical  problems.  But  now 
we  are  interested  in  underlying  Hamiltonian  structures.  Therefore,  we  need 
to  consider  generalized  wavelets,  which  allow  us  to  take  into  account  the 
corresponding  hidden  symplectic,  Poissonian,  quasicomplex  structures,  in¬ 
stead  of  simple  compactly  supported  wavelet  representation.  By  using  the 
orbit  method  and  constructions  from  the  geometric  quantization  theory 
we  consider  the  symplectic  and  Poisson  structures  associated  with  Weyl- 
Heisenberg  wavelets  by  using  metaplectic  structure  and  the  corresponding 
polarization  in  §2-§6.  In  §7  we  consider  applications  to  construction  of  Mel- 


nikov  functions  in  the  theory  of  hoinoclinic  chaos  in  perturbed  Hamiltonian 
systems.  In  §8  we  consider  the  generalization  of  our  variational  wavelet  aj)- 
proach  [1]“[9]  to  the  symplectic  invariant  calculation  of  Arnold-Weinstein 
curves  (closed  loops)  in  Hamiltonian  systems.  In  §9  we  consider  wavelet 
characterization  of  symplectic  Hilbert  scales  of  spaces,  which  is  important 
in  problems  related  with  KAM  perturbations. 

2.  Metaplectic  Group  and  Representations.  In  wavelet  analysis  the  fol¬ 
lowing  three  concepts  are  used  now:  1).  a  square  integrable  representation 
of  a  group  G,  2).  coherent  states  over  G,  3).  the  wavelet  transform  asso¬ 
ciated  to  U. 

We  have  three  important  particular  cases:  a)  the  affine  {ax  +  b)  group, 
which  yields  the  usual  wavelet  analysis:  [7r(6,  a)f]{x)  ~  \/^f  ^ 

b).  the  Weyl-Heisenberg  group  which  leads  to  the  Gabor  functions,  i.e.  co¬ 
herent  states  associated  with  windowed  Fourier  transform:  [7r((]f, p,  v^)/](x) 
=  exp(fp(cp  —  p(a’  —  Q))f{x  —  q),  in  both  cases  time-frequency  plane  cor¬ 
responds  to  the  phase  space  of  group  representation,  c).  also,  we  have  the 
case  of  bigger  group,  containing  both  affine  and  Weyl-Heisenberg  grouj), 
which  interpolate  between  affine  wavelet  analysis  and  windowed  Fourier 
analysis:  affine  Weyl-Heisenberg  group  [10].  But  usual  representation  of  it 
is  not  square-integrable  and  must  be  modified:  restriction  of  the  re})resen- 
tation  to  a  suitable  quotient  space  of  the  group  (the  asso(‘iated  phase  space 
in  that  case)  restores  square  -  integrability:  GaWH — ►  homogeneous  space. 
Also,  we  have  more  general  approach  which  allows  to  consider  wavelets 
corresponding  to  more  general  groups  and  representations  [11].  [12].  Our 
goal  is  applications  of  these  results  to  problems  of  Hamiltonian  dynamics 
and  as  consequence  we  need  to  take  into  account  symplectic  nature  of  our 
dynamical  problem.  Also,  the  symplectic  and  wavelet  structures  must  be 
consistent  (this  must  be  resemble  the  symplectic  or  Lie-Poissoii  integrator 
theory).  We  use  the  point  of  view  of  geometric  quantization  theory  (orbit 
method)  instead  of  harmonic  analysis.  Bec  ause  of  this  we  can  consider  (a) 
-  (c)  analogously. 

Let  Sp{n)  be  symplectic  grouj),  A/p(n)  be  its  uniejue  two-  fold  covering 
“  metaplectic  grouj).  Let  V  be  a  symj)lectic  vector  sj)ace  with  symj)lectic 
form  (  ,  ).  then  RQV  is  nilpotent  Lie  algebra  -  Heisenberg  algebra: 

[R.  V]  =  0,  [v,  le]  =:  (u,  w)  E  R.  [V.  V]  =  R. 

5p(V')  is  a  grouj)  of  automorphisms  of  Heisenberg  algebra. 

Let  N  be  a  group  with  Lie  algebra  RB  V,  i.e.  Heisenberg  grouj).  By 
Stone-  von  Neumann  theorem  Heisenberg  group  has  unique  irreducible 


unitary  representation  in  which  1  i->  i.  This  representation  is  projective: 

=  ^(51, 52)  •  t^<7iS2)  where  c  is  a  map:  Sp{V)  X  Sp{V)  ->  5\  i.e.  c  is 
5^-cocycle. 

But  this  representation  is  unitary  representation  of  universal  covering, 
i.e.  metaplectic  group  Mp{V).  We  give  this  representation  without  Stone- 
von  Neumann  theorem.  Consider  a  new  group  F  =  N'  txi  Mp{V),  tx  is 
semidirect  product  (we  consider  instead  of  N  =  R®V  the  N'  =  x 
V,  =  (i?/27rZ)).  Let  V*  be  dual  to  V,  G{V*)  be  automorphism  group 
of  V’.Then  F  is  subgroup  of  G{V*),  which  consists  of  elements,  which  acts 
on  V*  by  affine  transformations. 

This  is  the  key  point! 

Let  5i, ...,  qn'tPi,  •■•iPn  be  symplectic  basis  in  V,  a  =  pdq  = 
da  be  symplectic  form  on  V* .  Let  M  be  fixed  affine  polarization,  then  for 
a  E  F  the  map  a  1-^  ©a  gives  unitary  representation  of  G:  Qa  '  H (M)  — > 
H{M) 

Explicitly  we  have  for  representation  of  N  on  H(M): 

(ejYix)  =  e-‘^V(x),  0p/(x)  =  fix  -  p) 


The  representation  of  N  on  H(M)  is  irreducible.  Let  Aq.Ap  be  infinitesimal 
operators  of  this  representation 

then  Aqf{x)  -  i{qx)f{x),  Apf{x)  = 

Now  we  give  the  representation  of  infinitesimal  basic  elements.  Lie  algebra 
of  the  group  F  is  the  algebra  of  all  (nonhornogeneous)  (luadratic  polynomials 
of  (p,q)  relatively  Poisson  bracket  (PB).  The  basis  of  this  algebra  consists 
of  elements  1, 51, ...,  pi,  qiqj,qiPj,  PiPj,  i,j  =  i  <j, 

PB  is  {/,</}  =  {1>5'}  =  0  for  all  g, 

^Pj  ^Pi 

■{P»?9i}  ^  {PiQjjQ/c}  ~  {PiQjiPk}  ~ 

{PiPj-.Pk}  =  0,  {piPj,  qig}  =  SikPj  +  SjkPu  UiQj-.  Qk}  =  0, 

{QiQjtPk}  “  ^^ikQj  “  ^jkQi 
SO,  we  have  the  representation  of  basic  elements 


This  gives  the  stiuctiiie  of  the  Poisson  manifolds  to  representation  of  any 
(nilpotent)  algebra  or  in  other  words  to  continuous  wavdet  tiansforni.  ^ 

S.  The  Segal-Bargman  Representation.  Let  z  =  l/v2  •  {p  —  ig),  ^  — 
l/^.(p+iqh  P  =  (pi,  -MPn),  -Fn  is  the  space  of  holoniorphic  functions 
of  n  complex  variables  with  {/,  /)  <  oo,  where 

=  (27^)-"!  f(z)^e-'^''(lpclq 

Consider  a  map  U  :  H  Fn  ,  where  H  is  with  real  polarization,  F„  is  with 
complex  polarization,  then  we  have 

{U'^){a)  =  j  A{a,q)'i'{q)(lq,  where  A{o,q)  = 

i.e.  the  Bargmann  formula  produce  wavelets. We  also  have  the  lepiesenta- 
tion  of  Heisenberg  algebra  on  F„  : 


and  also  :  u,’  =  dd  =  dp /\  dq,  where  f3  =  izdz. 

J^.  Orbital  Theory  for  Wavelets.  Let  coadjoint  action  be  <  </•/,  T  >— < 
/.  Ad{g)~^Y  >.  where  <,  >  is  pairing  ff  E  G,  f  £  g*,  Y  £  G-  The  orbit 
is  Of  =  G-f  =  G/G(/).  Also,  let  A=A(M)  be  algebra  of  functions,  V(M) 
is  A-modiile  of  vector  fields,  A^  is  A-module  of  p-forms.  Vector  fields  on 
orbit  is 

a{0,X)f{4>)  = 

where  <f>  G  A{0),  f  £  O.  Then  Oj  are  homogeneous  symplectic  manifolds 

with  2-form  0{a{0,X)f,a{0,Y')f)  =<  f,[X,Y]  >,  and  dQ  =  0.  PB  on  O 
have  the  next  form  {^'i,^'2}  =  p{'I'i)'5'2  where  p  is  A'(C9)  V(0)  with 

definition  n(p(a),  A)  =  Here  ,  ^'2  G  A{0)  and  A{0)  is  Lie  algebra 

with  bracket  {,}.  Now  let  N  be  a  Heisenberg  group.  Considei  adjoint  and 
coadjoint  repre.sentations  in  some  particular  case.  N  =  {z.t)  £  C  X  R.  z  = 
p  -|-  iq[  compositions  in  N  are  (z.t)  •  (z',t')  =  (2  -|-  z',t  -f  f  -1-  B{z,z  )), 
where  5(2.2')  =  pq'  -  qp' .  Inverse  element  is  {-t,-z).  Lie  algebra  n  of 
N  is  (C,r)  eC  xR  with  bracket  [(C,  t),  (C',  t')]  =  (0,5(C,C'))-  Centre  is 
2  G  n  and  generated  by  (0,1);  Z  is  a  subgroup  exi)2.  Adjoint  representation 
N  on  n  is  given  by  formula  Ad[z,t){G'>')  —  (Ci’’’  +  ■5(z,C))  Coadjoint:  foi 
/  G  n*,  g=  {z,t),  (.9-/)(C,C)  =  fiC-.r)  -  B{zX)f{0A)  then  orbits  for 


which  /li  ^  0  are  plane  in  n*  given  by  equation  /(0, 1)  —  ^  .  If  X 
0),  Y  =  (C',  0),  X,Y  en  then  symplectic  structure  is 

Q{a{0,  X)  f,  a{0,  Y)  j)  =<  /,  [X,  Y]  >=  /(O,  B(C,  C'))mB(C,  C') 

Also  we  have  for  orbit  =  N JZ  and  is  Hamiltonian  G-space. 

5.  Kirillov  Character  Formula  or  Analogy  of  Gabor  Wavelets. 

Let  U  denote  irreducible  unitary  representation  of  N  with  condition 
U{0,t)  =  exp{M)  •  1,  where  £  ^  0,then  U  is  equivalent  to  representation  T[ 
which  acts  in  t^{R)  according  to 

Tt{z,  t)4>{x)  =  exp  {i£{t  +  pi))  4>{x  -  q) 

If  instead  of  N  we  consider  E(2)/R  we  have  case  and  we  have  Gabor 
functions  on  5^. 

6.  Oscillator  Group.  Let  O  be  an  oscillator  group,  i.e.  semidirect  product 
of  R  and  Heisenberg  group  N.  Let  H,P,Q,I  be  standard  basis  in  Lie  alge¬ 
bra  o  of  the  group  O  and  H\P*,Q\  I*  be  dual  basis  in  o*.  Let  functional 
f=(a,b,c,d)  be  aP +bP*_+cQ* +  dH* .  Let  us  consider  complex  polarizations 
h  =  {H.,I,P  +  iQ),  h  =  {I,H,P  -  iQ)  Induced  from  h  representation, 
corresponding  to  functional  f  (for  a  >  0),  unitary  equivalent  to  the  repre- 
sentation 

W{t,n)f{y)  =  exp{it{h  -  1/2))  •  Ua{n)V{t), 

where  V{t)  =  exp[— +  C?^)/2a],  P  =  —d/dx^  Q  =  iaar, 

and  J7fl(n)  is  irreducible  representation  of  N,  which  have  the  form  Ua{z)  = 
expiiaz)  on  the  center  of  N.  Here  we  have:  U(n=(x,y.z))  is  Schrodinger  rep- 
resentation,  Utiji)  =  ^^(^(^))  the  representation  obtained  from  previous 
by  automorphism  (time  translation)  n  — >  Ut{n)  =  U{t{n))  is  also 

unitary  irreducible  representation  of  N.  V{t)  =  exp{it{P^  +  ^  1/2)) 

is  an  operator,  which  according  to  Stone-von  Neumann  theorem  has  the 
property  Ut{n)  =  V {t)U {n)V , 

This  is  our  last  private  case,  but  according  to  our  approach  we  can  con¬ 
struct  by  using  methods  of  geometric  quantization  theory  many  ” symplectic 
wavelet  constructions”  with  corresponding  symplectic  or  Poisson  structure 
on  it.  Very  useful  particular  spline-wavelet  basis  wdth  uniform  exponential 
control  on  stratified  and  nilpotent  Lie  groups  was  considered  in  [12].  In 
particular  case  of  Heisenberg  group  N  B  (p,  5,  t)  we  may  use  as  bases  in  our 
space  of  representations  L^(iV)  the  following  orthonomal  bases  [12] 


generated  from  a  finite  set  of  15  regular,  localized  and  oscillating  functions 
^  kuVq  -  /:2, 2H  ^  h  +  2^^?  - 

7.  Melnikov  Functions  Approach.  We  give  now  some  points  of  applica¬ 
tions  of  wavelet  methods  from  the  preceding  consideration  to  Melnikov  ap¬ 
proach  in  the  theory  of  hornoclinic  chaos  in  perturbed  Hamiltonian  systems. 
We  consider  some  points  of  our  program  of  understanding  routes  to  chaos 
in  Hamiltonian  systems  in  the  wavelet  approach  [1]“[9].  All  points  are:  1.  A 
model.  2.  A  computer  zoo.  The  understanding  of  the  computer  zoo.  3.  A 
naive  Melnikov  function  approach.  4.  A  naive  wavelet  description  of  (hetero) 
homoclinic  orbits  (separatrix)  and  quasiperiodic  oscillations.  5.  Symplectic 
Melnikov  function  approach.  6.  Splitting  of  separatrix...  ■ — ^stochastic  web 
with  magic  symmetry,  Arnold  diffusion  and  all  that. 

1.  As  a  model  we  have  two  frequencies  perturbations  of  two-mode  Ga- 
lerkin  approximations  to  beam  oscillations  in  liquid  [7]: 

Xi  -  X2,  ±3  =  2*4,  ±5  =  1,  ±6  =  1, 

±2  =  — flxi  —  6[cos(rx5)  +  cos(.s.Tfi)]Ti  —  —  mdx]xl  —  px2  “  V^(3:5) 

±4  =  ex3  -  /[cos(rxr,)  -f  cos(.<?Xfi)]x3  -  qx\  -  kx\x:i  -  gx^  -  VK^'r,) 

or  in  Hamiltonian  form 

x  =  J.yjf{x)+£t7(x,0),  0  =  (x,0)  E  xT^  7^  =  5^  x5\ 

for  £  =  0  we  have: 

x  =  J.V/7(x),  0=u.>  (1) 

2.  For  pictures  and  details  one  can  see  [4],  [7].  The  key  point  is  the  split¬ 
ting  of  separatrix  (homoclinic  orbit)  and  transition  to  fractal  sets  on  the 
Poincare  sections. 

3.  For  5  =  0  we  have  homoclinic  orbit  xo(0  to  the  hyperbolic  fixed  point 
xq.  For  e  ^  0  we  have  normally  hy{)erbolic  invariant  torus  and  condi¬ 
tion  on  transversally  intersection  of  stable  and  unstable  manifolds 

and  W^{Tc)  in  terms  of  Melnikov  functions  Af(0)  for  xo{t),  M(0)  = 

cx:: 

/  Vi7(xo(0)  A5(xo(0?^’^  +  This  condition  has  the  next  form: 

2 

M(0o)  =0,  (6o)  0.  According  to  the  approach  of  Birkhoff- 

Smale- Wiggins  we  determined  the  region  in  parameter  space  in  which  we 
observe  the  chaotic  behaviour  [7]. 

4.  If  we  cannot  solve  equations  (1)  explicitly  in  time,  then  we  use  the 


wavelet  approach  from  our  other  paper  for  the  computations  of  homoclinic 
(heteroclinic)  loops  as  the  wavelet  solutions  of  system  (1).  For  computa¬ 
tions  of  quasiperiodic  Melnikov  functions:  =  /o^  DH{xa{t))  A 

g{xa{t)^i  +  to)dt^  we  used  periodization  of  wavelet  solution  [3],  [4]. 

5.  We  also  used  symplectic  Melnikov  function  approach: 

Tj 

Mi{z)  =  limj^oo  f  {hi,h}ip^t^js)dt,di(z,£)  =  hi(z^)  -  ^,*(2:^)  =  €Mi(z)  + 

0(6^).  where  {,}  is  the  Poisson  bracket,  di(z,€)  is  the  Melnikov  distance. 
So,  we  need  symplectic  invariant  wavelet  expressions  for  Poisson  brackets. 
The  computations  are  produced  according  to  §2~§6. 

6.  Some  hypothesis  about  strange  symmetry  of  stochastic  web  in  multi- 
degree-of  freedom  Hamiltonian  systems  [8]. 

8.  SyTTiplectic  Topology  and  Wavelets.  Now  we  consider  the  generaliza¬ 
tion  of  our  wavelet  variational  approach  to  symplectic  invariant  calculation 
of  closed  loops  in  Hamiltonian  systems  [13]. 

We  also  have  the  parametrization  of  our  solution  by  some  reduced  al¬ 
gebraical  problem  but  in  contrast  to  the  general  case  where  the  solution  is 
parametrized  by  construction  based  on  scalar  refinement  equation,  in  sym¬ 
plectic  case  we  have  parametrization  of  the  solution  by  matrix  problems  - 
Quadratic  Mirror  Filters  equations  [14]. 

The  action  functional  for  loops  in  the  phase  space  is  [13] 

F{l)  =  J^pdq-  HiL'fimt 

The  critical  points  of  F  are  those  loops  7,  which  solve  the  Hamiltonian 
equations  associated  with  the  Hamiltonian  H  and  hence  are  periodic  orbits. 
By  the  way,  all  critical  points  of  F  are  the  saddle  points  of  infinite  Morse 
index,  but  surprisingly  this  approach  is  very  effective.  This  will  be  demon¬ 
strated  using  several  variational  techniques  starting  from  minimax  due  to 
Rabinowitz  and  ending  with  Floer  homology.  So,  (M,  a;)  is  symplectic  mani¬ 
folds,  H  :  M  R,  H  is  Hamiltonian,  Xh  is  unique  Hamiltonian  vector  field 
defined  by  v)  =  -dH{x){v),  v  G  x  G  M,  where  u;  is  the 

symplectic  structure.  A  T-periodic  solution  x{t)  of  the  Hamiltonian  equa¬ 
tions:  X  =  X}{{^)  on  M  is  a  solution,  satisfying  the  boundary  conditions 
x(T)  =  x(0),  T  >  0.  Let  us  consider  the  loop  space  Q  =  where 

=  i?/Z,  of  smooth  loops  in  Let  us  define  a  function  $  :  R  by 


setting 


$(x)  =  ri<  -Ji,  x>dt-  ['  H{x{t))dt,  xen 

Jo  2  Jo 

The  critical  pointvS  of  $  are  the  periodic  solutions  of  x  =  A'//(x).  Computing 
the  derivative  at  x  E  ^  in  the  direction  of  j/  E  fi,  we  find 

$'(x)(y)  =  +  e!/)lf=o  =  ^ 

Consequently,  $'(x)(j/)  =  0  for  all  t/  E  fl  iff  the  loop  x  satisfies  the  equation 


-Jx{t)-^H{x{t))=0, 

i.e.  a:(^)  is  a  solution  of  the  Hamiltonian  equations,  which  also  satisfies 
x(0)  =  a'(l),  i.e.  periodic  of  period  1.  Periodic  loops  may  be  represent¬ 
ed  by  their  Fourier  series:  a:(^)  =  ZliteZ  ^  where  J 

is  quasicomplex  structure.  We  give  relations  between  quasicoinplex  struc¬ 
ture  and  wavelets  in  §9.  But  now  we  use  the  construction  [14]  for  looj) 
parametrization.  It  is  based  on  the  theorem  about  explicit  bijection  be¬ 
tween  the  Quadratic  Mirror  Filters  (QMF)  and  the  whole  loop  group: 
LG  :  5^  G.  In  particular  case  we  have  relation  between  QMF-systems 
and  measurable  functions  y  :  5'  ->  U{2)  satisfying 


X(u,'  +  7r)  x(u.’) 


0  1' 
1  0 


in  the  next  explicit  form 


4>o(a.*)  4>o(^’  +  7r) 

$i(u,’)  $i(u,’  +  7r) 


X(-') 


0  1  ■ 
1  0 


+  x(^’  +  tt) 


■  0 
0 


0  ■ 

1  ’ 


I  .  |2  I  -  |2 

where  +  tt)  =2,  i  =  0, 1. 

Also,  we  have  symplectic  structure  on  LG 


‘-■(f.-i)  r < m.i'w > M 

Ztt  Jo 

So,  we  have  the  parametrization  of  periodic  orbits  (Arnold- -Weinstein  cur¬ 
ves)  by  reduced  QMF  equations. 


9,  Symplectic  Hilbert  Scales  via  Wavelets.  We  can  solve  many  impor¬ 
tant  dynamical  problems  such  that  KAM  perturbations,  spread  of  energy  to 
higher  modes,  week  turbulence,  growths  of  solutions  of  Hamiltonian  equa¬ 
tions  only  if  we  consider  scales  of  spaces  instead  of  one  functional  space. 
For  Hamiltonian  system  and  their  perturbations  for  which  we  need  take  in¬ 
to  account  underlying  symplectic  structure  we  need  to  consider  symplectic 
scales  of  spaces.  So,  if  u{t)  =  JVK{u{t))  is  Hamiltonian  equation  we  need 
wavelet  description  of  symplectic  or  quasicomplex  structure  on  the  level 
of  functional  spaces.  It  is  very  important  that  according  to  [16]  Hilbert 
basis  is  in  the  same  time  a  Darboux  basis  to  corresponding  symplectic 
structure.  We  need  to  provide  Hilbert  scale  {Zs}  with  symplectic  struc¬ 
ture  [15],  [17].  All  what  we  need  is  the  following.  J  is  a  linear  operator, 
J  :  Zoc  Zoo,  J{Zoo)  =  Zoo,  where  Zoo  =  J  determines  an  isomor¬ 
phism  of  scale  {Zs}  of  order  dj  >  0.  The  operator  J  with  domain  of  defi¬ 
nition  Zoo  is  antisymmetric  in  Z:  <  Jzi^Z2  >z=  -  <  z\,Jz2  >z^z\.,Z2  G 
Zoo*  Then  the  triple  {Z,  G  R},  a  =<  Jdz^dz  >}  is  symplectic 

Hilbert  scale.  So,  we  may  consider  any  dynamical  Hamiltonian  problem  on 
functional  level.  As  an  example,  for  KdV  equation  we  have  Zs  =  {'^{^)  ^ 
jys(j’i)|j27r  z=  0},  6  G  i?,  J  =  5/5a;,  J  is  isomorphism  of  the  scale 

of  order  one,  J  =  — (J)”^  is  isomorphism  of  order  —1.  According  to  [18] 
general  functional  spaces  and  scales  of  spaces  such  as  Holder-Zygmund, 
Tiiebel-Lizorkin  and  Sobolev  can  be  characterized  through  wavelet  coeffi¬ 
cients  or  wavelet  transforms.  As  a  rule,  the  faster  the  wavelet  coefficients 
decay,  the  more  the  analyzed  function  is  regular  [18].  Most  important  for 
us  example  is  the  scale  of  Sobolev  spaces.  Let  Hk{R^)  is  the  Hilbert  space 
of  all  distributions  with  finite  norm  +  1*5(0  P-  Let 

us  consider  wavelet  transform 

W,f{b,a)=[  dx^gi—)f{x),  heK',  «>0 
jR^  a"  a 

w.r.t.  analyzing  wavelet  g,  which  is  strictly  admissible,  i.e. 

^9,9=1  —  |5(afc)l^  <  oo. 

Jo  a 

Then  there  is  a  c  >  1  such  that 

This  shows  that  localization  of  the  wavelet  coefficients  at  small  scale  is 
linked  to  local  regularity. 


Extended  version  and  related  results  may  be  found  in  [l]-[9]. 
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1.  Introduction 

Nonlinear  dynamical  systems  are  characterized  by  a  variety  of  behavior 
ranging  from  periodic,  quasiperiodic  to  chaotic  motions.  Different  kinds 
of  motion  may  even  coexist  for  the  same  values  of  system’s  parameters. 
The  coexistence  of  different  long-term  behavior  of  dissipative  engineering 
systems  can  cause  practical  problems  because  it  depends  on  the  initial 
conditions  which  attractor  will  eventually  determine  the  motion.  Moreover, 
state  disturbances  may  result  in  a  transition  from  a  prescribed  motion 
to  a  different  neighboring  solution  if  the  domain  of  attraction  is  small. 
A  technical  system  should,  however,  be  robust  against  such  disturbances. 
Therefore,  it  is  of  practical  importance  to  know  both  the  different  types  of 
long-term  behavior  and  their  domains  of  attraction.  In  recent  years  a  lot  of 
work  has  been  devoted  in  order  to  understand  and  characterize  nonlinear 
dynamical  systems  in  this  respect. 

For  determining  the  attractors  and  their  domains  of  attraction  nume¬ 
rically  within  a  practically  relevant  range  of  state  variables  as  well  as  to 
analyze  the  behavior  on  the  attractor  and  the  transient  motion,  the  ge¬ 
neralized  cell  mapping  theory  (Hsu,  1980),  (Hsu,  1987)  proved  to  be  very 
helpful,  see  (Hsu,  1992),  (Kreuzer,  1987). 

Based  upon  a  Poincare  mapping,  the  generalized  cell  mapping  has  been 
developed  for  the  global  analysis  of  nonlinear  dynamical  systems.  The  ma¬ 
thematical  description  of  an  autonomous  generalized  cell  mapping  leads  to 
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birthday. 
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a  finitej  discrete,  stationary  Markov  chain  where  the  transition  probability 
matrix  completely  determines  the  behavior  of  the  system.  In  the  next  secti¬ 
on  we  will  briefly  introduce  the  generalized  cell  mapping.  For  more  details 
on  this  method  we  refer  to  (Hsu,  1987)  and  (Kreuzer,  1987).  A  problem  of 
the  generalized  cell  mapping  is  that  in  general  it  can  only  be  approximated. 
In  section  3  we  present  an  adaptive  method  for  the  approximation  of  the 
generalized  cell  mapping  where  the  adaption  is  controlled  by  an  adjustable 
error.  Specially  for  higher  dimensional  systems  the  computational  effort  for 
the  generalized  cell  mapping  is  enormous.  Therefore,  we  introduce  in  sec¬ 
tion  4  an  adaptive  refinement  algorithm  which  is  controlled  by  the  major 
dynamics  of  the  system.  This  algorithm  starts  on  a  very  rough  cell  space 
and  refines  only  those  cells  where  the  long-term  dynamics  of  the  system 
take  place. 

2.  The  generalized  cell  mapping 

This  section  supplies  some  motivation  and  a  brief  survey  on  basic  con¬ 
cepts  of  the  generalized  cell  mapping.  Since  cell  mapping  theory  is  not  a 
widespread  tool  in  applied  mathematics  or  is  used  under  other  names,  the 
following  introduction  is  intended  to  summarize  the  essential  ingredients  of 
the  generalized  cell  mapping. 

2.1.  BASIC  CONCEPTS  AND  THE  THEORY  OF  PROBABILITIES 

The  evolution  equations  of  dynamical  systems  may  be  described  by  the 
Poincare  map 

x(n  +  1)  =  T(x(n)),  r  :  R^,  x  £  R^,  n  G  N,  (1) 

where  one  should  think  of  n  as  the  discrete  time.  For  dissipative  systems, 
the  flow  of  the  system  contracts  the  volume.  We  shall  deal  exclusively  with 
dissipative  systems. 

Due  to  limitations  on  the  representation  of  numbers  in  the  computer, 
however,  it  is  not  really  possible  in  computer  simulations  to  treat  the  state 
space  as  a  continuum  of  points.  Considering  this  effect,  Hsu  (Hsu,  1980) 
developed  the  concept  of  the  cell  mapping  based  on  a  coarse  discretization 
of  the  state  space. 

After  choosing  a  domain  of  interest  fl  C  R^  in  the  state  space,  we 
partition  this  domain  in  N  sets  Jj  C  fi.  The  sets  Jj  are  the  so-called  regular 
cells.  The  region  Jq  =  outside  the  domain  of  interest  constitutes  one 

single  cell,  the  so-called  sink  cell  or  0th  cell.  Regular  cells  and  the  sink  cell 
form  the  cell  space  S  =  {0, 1, ...,  AT}.  With  this  procedure  the  continuous 
state  space  is  replaced  by  a  discrete  cell  space. 


ON  THE  GENERALIZED  CELL  MAPPING 

By  defining  a  discrete  state  or  random  variable  ^ 

^(n)  =  i  e  5  4^  x(n)  G  Jj,  (2) 

the  state  of  the  dynamical  system  at  time  t  =  n  is  no  longer  described  by 
a  point  x(n)  in  the  state  space,  but  by  the  probability  Ct(n)  that  the  point 
x(n)  lives  in  cell  Jj  at  time  n: 

Ci(n)  =  T7[an)  =  i],ie  S.  (3) 

Writing  the  probabilities  Ci{n)  as  the  cell  probability  vector  ^(n)  =  [Ci(»^)) 
the  evolution  of  the  system  is  described  by; 

C(n  +  l)  =  P^rC(n),  neN,  (4) 

where  Pjv  is  the  matrix  of  the  conditional  transition  probabilities  between 
the  cells,  that  is 

Pij  =  [Pwltj  =  W[^(n  +  1)  =  i|  ^(n)  =  i],  i,j  E  S.  (5) 

The  matrix  Pjv  is  called  the  transition  probability  matrix  of  the  generalized 
cell  mapping.  Clearly,  P//  is  a  stochastic  matrix  and  (4)  defines  a  finite, 
discrete,  stationary  Markov  chain  on  the  cell  space  S. 


2.2.  THE  GENERALIZED  CELL  MAPPING  AND  MEASURE  THEORY 

In  the  next  section  we  will  present  an  algorithm  to  approximate  the  stocha¬ 
stic  matrix  Pjv  for  a  given  cell-partition  of  fi.  For  this  it  is  useful  to  recall 
that  the  transition  probabilities  pij  can  be  described  in  terms  of  the  map¬ 
ping  T  by  a  discretization  of  the  Frobenius-Perron  operator  V  (Li,  1976). 
This  operator  V  :  — )•  L^{Q,)  is  implicitly  defined  by 

/  (Vh)  dm  =  /  h  dm  for  all  measurable  B  G  Cl 
Jb 


where  m  denotes  the  Lebesgue  measure,  that  is,  m{A)  =  dx.  Using  pie¬ 
cewise  constant  functions  (based  on  the  cell-structure)  for  the  discretization 
of  V  it  is  not  difficult  to  see  that  the  py’s  are  given  by 


Pij  = 


m(T  ^(Ji)nJj) 
m{Jj) 


(6) 


For  more  details  the  reader  is  referred  to  (Lasota  and  Mackey,  1994). 
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3.  An  Adaptive  Method  for  the  Approximation  of  the 
Generalized  Cell  Mapping 

In  general  the  computation  of  the  corresponding  transition  probabilities  pij 
in  (6)  cannot  be  done  analytically.  In  fact,  as  soon  as  r  is  a  mapping  on 
MP  with  p>2  the  set  fl  Jj  could  in  principle  have  a  very  complica¬ 

ted  geometric  shape.  Therefore,  we  have  to  compute  the  pij’s  numerically. 
A  new  developed  algorithm  allows  to  approximate  these  numbers  in  an 
adaptive  way. 

We  will  compare  the  efficiency  of  our  method  with  Monte-Carlo  approa¬ 
ches.  These  approaches  have  the  major  advantage  that  they  are  very  easy  to 
implement,  e.g.  (Hunt,  1993).  All  Monte-Carlo  approaches  use  single  points 
to  approximate  sets,  and  correspondingly  they  have  the  disadvantage  that 
no  deterministic  a  priori  error  estimate  is  available.  In  (Guder  et  al.,  1996) 
we  overcome  this  problem  in  two  steps  by  using  an  exhaustion  technique: 
first  we  determine  a  criterion  which  guarantees  that  the  image  of  a  subset  I 
of  Jj  is  completely  contained  in  some  Jj,  that  is  t{I)  G  J,.  Then  we  proceed 
recursively  to  construct  an  adaptive  algorithm.  For  details  of  the  adaptive 
algorithm  we  refer  to  (Guder  et  al.,  1996). 

By  means  of  an  example  the  efficiency  of  our  algorithm  is  demonstrated 
next.  Moreover,  we  compare  its  performance  with  the  Monte-Carlo  method 
described  in  (Hunt,  1993). 

We  consider  the  two-dimensional  mapping  r  :  [0, 1]^  [0, 1]^, 

T{x,y)  =-  (r5(a:),T5(y)), 

where  Ts  :  [0, 1]  — >  [0, 1]  is  the  so-called  spike  mapping  (Hunt,  1993) 

-  f.'  -  /tS  ~  ~^l _  ^  I®' Tsl 

The  two-dimensional  mapping  r  has  an  absolutely  continuous  invariant 
measure  with  the  density  /  :  [0, 1]^  R+, 

/(x,y)  =  (2-|2-4a:|)(2-|2-4y|).  (8) 

The  exhaustion  technique  is  used  to  compute  an  approximation  of  the 
transition  probabilities  pij.  Hence,  a  first  choice  for  a  comparison  of  the 
different  numerical  methods  would  be  to  compare  the  approximated  tran¬ 
sition  probabilities.  However,  we  directly  compare  the  L^-error  made  in  the 
computation  of  the  stationary  density  of  the  generalized  cell  mapping,  sin¬ 
ce  this  is  a  significant  quantity  of  the  dynamics  of  the  system.  Moreover, 
typically  these  errors  are  much  bigger  than  the  errors  in  the  entries  of  the 
matrices. 
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We  denote  the  approximation  of  the  densities  obtained  via  the  exhausti¬ 
on  technique  and  the  Monte-Carlo  method  by  fadap  and  Jmc  respectively. 
In  Table  1  the  following  characterizing  quantities  for  the  description  of  the 
numerical  results  are  used: 


ttcells 


Sadap  [%] 
^pointSadap 


Smc  [%] 
^pointsMC 


The  total  number  of  cells  in  each  coordinate  direction. 
All  computations  axe  based  on  uniform  cells. 

The  relative  error  in  percent. 

The  total  number  of  r-evaluations  needed  by  the  ex¬ 
haustion  algorithm. 

The  relative  error  in  percent. 

The  total  number  of  r-evaluations  needed  by  the 
Monte-Carlo  method. 


TABLE  1.  Comparison  of  numerical  results  obtained  by  the  adaptive  algorithm  and 
a  Monte- Carlo  approach. 


licells 


Sadap  [%]  I  ipointSadap 


Smc  [%] 


^lipointSMC 


16  X  16 

10.8 

51 

19.33 

110 

16  X  16 

0.52 

127 

1  9.46 

5,000 

16  X  16 

0.03 

298 

7.73 

10,000 

32  X  32 

16.3 

51 

1  21.0 

80 

32  X  32 

1.58 

124 

9.14 

4,000  1 

32  X  32 

0.05 

298 

6.95 

10,000 

The  results  illustrate  that  for  this  example  our  method  is  much  more 
efficient  than  the  numerical  technique  based  on  the  Monte-Carlo  approach. 
Taking  into  account  that  in  applications  the  number  of  r-evaluations  is  the 
most  time-consuming  part  in  the  computations,  the  numbers  in  Table  1  axe 
particularly  convincing. 

4.  Adaptive  refinement  algorithm 

For  many  dynamical  systems,  especially  for  systems  with  a  state  space  di¬ 
mension  bigger  than  two,  it  is  not  useful  to  work  with  a  collection  of  uniform 
cells,  because  the  computation  of  the  transition  propability  matrix  becomes 
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very  time  consuming.  Therefore,  it  is  more  appropriate  to  work  with  cells 
of  different  sizes.  Starting  with  a  coarse  discretization  of  the  state  space, 
the  problem  is  to  make  an  appropriate  choice  which  cells  should  be  refi¬ 
ned.  The  main  distinctive  mark  between  cells  are  their  transient  behavior. 
There  are  the  transient  cells  and  the  persistent  cells.  With  respect  to  the 
cell  mapping  approach  persistent  cells  are  considered  to  be  the  attractors. 
On  this  attractor  the  system  has  a  given  propability  approximated  by  the 
stationary  density  of  the  generalized  cell  mapping.  In  order  to  approximate 
parts  of  the  attractor  which  are  highly  frequented  by  a  typical  trajecto¬ 
ry  of  the  dynamical  system,  it  is  useful  to  subdivide  just  cells  where  the 
stationary  density  of  the  generalized  cell  mapping  is  not  zero. 


Figure  1.  The  exact  density  function  /  of  the  logistic  mapping  with  parameter  4. 

Now  the  question  is,  should  all  of  the  cells  that  belong  to  the  support 
of  the  stationary  density  function  of  the  generalized  cell  mapping  be  sub¬ 
divided?  In  order  to  illustrate  the  situation,  we  take  a  look  at  the  density 
function  of  the  logistic  mapping  r  :  r  :  x  Ax{\  —  x).  The 

graph  of  the  associated  density  function  of  the  invariant  measure  of  the 
logistic  mapping  is  drawn  in  Fig.  1.  The  density  has  the  property  that  it 
has  a  very  small  derivative  in  the  middle  part  and  high  derivative  at  both 
ends  of  the  intervall  [0, 1].  Since  the  approximation  of  this  density  by  the 
stationary  density  of  the  generalized  cell  mapping  means  that  the  function 
is  approximated  by  a  piecewise  constant  function,  it  might  be  appropriate 
to  subdivide  those  cells  where  the  derivative  of  the  density  function  is  high. 

We  assume  that  the  intervall  [0, 1]  is  subdivided  into  N  uniform  cells 
G  =  { Ji,  J2,  ■  •  • ,  Jn}  Sind  that  the  cells  are  so  small  that  the  exact  density 
function  /  can  be  approximated  by  a  linear  function  fun  on  each  cell  with 
the  property  fiin{^)\x^Ji  =  where  mi  is  the  midpoint  of  Ji.  Further¬ 

more,  on  each  cell  there  has  to  be  at  least  one  point  which  belongs  to  fun  as 
well  as  to  the  stationary  density  function.  The  stationary  density  function 
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/tv  of  the  generalized  cell  mapping  is  described  by 

N 

/n  =  X]  OiXt, 
i=l 

where  Oj  £  and  Xi  is  the  characteristic  function  of  the  cell  Jj.  The 
upper  bound  for  the  local  error  A,-  of  ||/tv  -  fimWLHJi)  on  Jj  is  Af  = 

^diam?{Ji)\f'{mi)\.  Accordingly,  the  upper  bound  for  the  total  error  A  is 
then  computed  to 


A  =  I;  (9) 

t=l  ^ 

In  practice  the  density  functions  /  or  fun  are  not  given,  so  we  need  to 
approximate  the  terms  |//j„(mj)|.  In  order  to  do  that,  we  define  the  index 
set  of  all  adjacent  cells  of  Jj  with  N{Ji)  =  {/  e  {1, . . . ,  AT}  :  dJi  n  dJj  ^ 
^  0-  Since  the  stationary  density  of  the  generalized  cell  mapping  is 
an  approximation  of  the  exact  density  function,  we  approximate  the  terms 
l//tn(”^i)l  by 


l//tnK-)l 


max 

i€N(J0 


|/jv(Tnt)  -/Tv(mj)[ 

|mi  —  rrijl 


(10) 


We  take  the  maximum  in  order  to  get  an  upper  bound  of  the  error  (9).  We 
use  (10)  to  approximate  the  local  error  Aj  and  the  total  error  A  and  denote 
the  associated  approximations  by  At  and  A. 

In  order  to  determine  which  cells  should  be  subdivided,  we  compute  the 
mean  error  A  of  the  approximation,  that  is  A  =  ^A  and  define  the  index 
set  of  all  cells  which  will  be  subdivided  Sub{S)  by: 


Sub{S)  =  {ie{l,...,N}:Ai>A}.  (11) 

The  adaptive  refinement  algorithm  works  as  follows.  First,  we  choose  an 
initial  cell  space  Si.  Then  we  compute  with  the  algorithm  from  section  3 
the  generalized  cell  mapping  and  the  associated  stationary  density  function. 
With  eq.  (10)  we  obtain  Aj,  A,  and  A  and  determine  the  set  Sub{S). 
Finally,  all  cells  Ji,i  E  Sub{S)  are  subdivided  to  obtain  the  new  cell  space 
S2,  and  by  recursion  S3,  S^,  ...  . 

It  is  convenient  to  illustrate  the  efficiency  of  the  adaptive  refinement 
algorithm  by  two  examples.  First,  we  consider  a  one-dimensional  mapping 
where  the  associated  density  function  is  known  analytically  and  also  heis 
been  solved  in  (Dellnitz  and  Junge,  1996).  Furthermore,  we  compare  our 
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method  with  the  one  obtained  by  the  adaptive  refinement  described  in 
(Dellnitz  and  Junge,  1996).  Additionally,  we  consider  the  Duffing  equation 
as  a  two-dimensional  system  and  show  the  cell  refinement  process  at  certain 
steps  and  the  stationary  density  function  obtained  by  the  generalized  cell 
mapping. 

The  following  steps  are  used  in  the  computation: 

—  For  the  computation  of  the  transition  probability  matrix  the  exhausti¬ 
on  technique  described  in  chapter  three  is  employed. 

—  The  refinement  is  always  done  just  in  one  coordinate  direction  in  order 
to  keep  the  storage  requirement  small. 

—  The  geometry  of  the  cells  is  not  stored.  Instead  of  that  we  store  the 
cells  in  a  binary  tree.  The  only  geometric  information  considered  is  the 
initial  hypercube  ft. 

Let  us  first  consider  the  map  ri  :  [0, 1]  — >  [0, 1], 


Tl(l)  = 


X  - 


1 

2 


with  the  invariant  density  /i(a:)  =  12(2:-  In  (Dellnitz  and  Junge,  1996) 
this  map  is  denoted  with  /a  and  the  associated  density  with  /13.  In  Fig.  2 
the  graph  of  the  map  tj  and  the  density  function  /j  are  shown. 


Figure  2.  The  Graphs  of  ri  (a)  and  its  density  function  /i  (b). 

In  Table  2  we  present  the  results  obtained  by  the  two  algorithms.  In 
the  first  two  columns  are  the  number  of  cells  and  in  the  last  two  columns 
the  L^-error  of  the  two  algorithms.  We  use  Box  as  a  synonym  for  the  algo¬ 
rithm  described  in  (Dellnitz  and  Junge,  1996)  and  Cell  for  the  algorithm 
described  in  this  paper. 
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TABLE  2.  Comparison  of  the  results  for  the  map  n. 


number  of  cells 

-error 

Box 

Cell 

Box 

Cell 

30 

1  32 

0.2015 

0.0489 

174 

179 

0.0571 

0.0079 

816 

728 

0.0064 

0.0019 

Finally,  we  apply  the  adaptive  refinement  algorithm  to  a  Poincare  map 
of  the  Duffing  equation 

±2^  Xi-xl-  dx2+acoscjj9, 1  {xi,X2,0)  G  x  5^ 

e=  1,  J 

with  the  paramaters  a  =  0.3,  d  =  0.15,  and  a;  =  1.0.  For  these  values 
the  Duffing  equation  has  a  period  one  solution  and  a  strange  attractor 
depending  on  the  initial  condition.  Figure  3  (b)  —  (c)  show  discretizations 
of  the  square  [—2, 2]^  obtained  by  the  adaptive  refinement  algorithm  for  the 
initial  cell  space  (a).  In  addition  each  cell  is  shaded  with  its  associated  value 
of  the  stationary  density  function  of  the  generalized  cell  mapping.  Black 
means  the  stationary  density  function  on  this  cell  is  zero  and  white  means 
the  stationary  density  function  on  this  cell  is  the  maximum.  The  stationary 
density  function  is  computed  with  the  algorithm  described  in  section  3. 
Furthermore,  we  present  in  Fig.  4  a  perspective  view  of  the  stationary 
density  function  of  the  generalized  cell  mapping.  The  stationary  density 
function  is  visualized  with  gray  shaded  cubes  where  the  height  of  a  cube  is 
10%  of  the  value  of  the  stationary  density  function. 
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1.  Introduction 

A  thorough  understanding  of  imperfections  is  critical  for  many  engineering 
applications.  At  the  linear  level,  local  imperfections  can  trap  modes  and  be 
responsible  for  a  new  class  of  potential  instabilities.  At  the  weakly  nonlinear 
level,  imperfections  are  known  to  play  an  important  role  near  degeneracies 
in  parameter  space.  Nominally  symmetric  systems  are  always  degenerate 
in  this  sense  since  the  presence  of  symmetries  typically  eliminates  certain 
terms  from  the  amplitude  equations  describing  the  evolution  of  instabilities 
in  such  systems.  Consequently,  such  systems  are  almost  always  sensitive  to 
small  symmetry-breaking  imperfections.  Particularly  dangerous  are  imper¬ 
fections  that  destroy  continuous  symmetries,  such  as  translation  or  rotation 
invariance.  Such  imperfections  are  typically  responsible  for  the  introduction 
of  global  bifurcations  into  the  dynamics,  and  these  are  likely  to  be  respon¬ 
sible  for  the  appearance  of  chaos  in  the  imperfect  system  (Knobloch  1996). 
However,  in  certain  cases  the  loss  of  discrete  symmetry  can  have  a  similar 
effect,  at  least  if  the  symmetry  group  is  large  enough.  This  is  the  case  in 
the  class  of  systems  discussed  below. 

We  consider  here  systems  with  approximate  D4  symmetry  undergoing 
a  Hopf  bifurcation.  This  symmetry  arises  frequently  in  applications.  As  an 
example,  consider  a  system  of  partial  differential  equations  defined  on  a 
square  domain,  and  suppose  that  the  equations  (and  boundary  conditions) 
are  invariant  under  reflections  and  rotations  of  the  square  by  90°.  A  Hopf 
bifurcation  in  such  a  system  wiU  be  described  by  the  amplitude  equations 
for  the  Hopf  bifurcation  with  D4  symmetry.  In  normal  form  these  equations 
have  an  additional  phase  shift  symmetry  which  allows  an  essentially  com¬ 
plete  discussion  of  their  dynamics.  In  particular,  it  is  possible  to  show  that 
the  third  order  truncation  of  this  normal  form  cannot  exhibit  chaotic  dy¬ 
namics.  The  proof  proceeds  by  showing  that  the  resulting  equations  can  be 
written  as  a  dynamical  system  defined  on  the  surface  of  a  three-dimensional 
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sphere  in  phase  space,  together  with  two  other  decoupled  equations  (Swift 
1988).  When  the  D4  symmetry  is  broken  by  turning  the  domain  into  a  rect¬ 
angular  one,  albeit  with  a  nearly  square  cross-section,  this  decoupling  no 
longer  occurs,  and  the  dynamics  becomes  fundamentally  three-dimensional. 

A  closely  related  problem  is  provided  by  the  Faraday  system  in  a  nearlj 
square  container.  In  this  system,  gravity-capillary  waves  are  excited  on  the 
surface  of  a  viscous  fluid  by  vertical  vibration  of  the  container,  usually  as 
a  result  of  a  subharmonic  resonance.  Because  of  the  parametric  forcing  the 
5^  symmetry  is  now  absent,  but  the  amplitude  equations  describing  the 
interaction  of  roll-like  states  oriented  parallel  to  the  sides  continue  to  have 
approximate  D4  symmetry.  In  a  square  container,  careful  experiments  by 
Simonelli  and  Gollub  (1989)  uncovered  no  chaotic  dynamics  in  this  system. 
On  the  other  hand,  in  a  rectangular  but  nearly  square  container  the  situa¬ 
tion  is  quite  different.  Here  Simonelli  and  Gollub  uncovered  the  presence  of 
a  new  class  of  oscillations,  hereafter  called  “bursts’".  These  are  oscillations 
in  the  amplitudes  of  the  two  competing  modes  in  which  the  energy  builds  up 
to  a  high  value  before  undergoing  an  abrupt  collapse  to  a  small  amplitude 
state.  Such  bursts  can  occur  either  periodically  or  irregularly,  depending 
on  parameters.  It  is  this  behavior  that  is  of  interest  in  the  present  paper^ 
Similar  behavior  was  also  noted  in  experiments  on  convection  in  He  /He 
mi.xtures  at  cryogenic  temperatures  (Sullivan  and  Ahlers  1988).  In  these 
experiments,  performed  in  a  34  :  6.9  :  1  cell,  the  heat  transport  ^through 
the  system  exhibited  irregular  large  amplitude  bursting  only  0.03%  above 
threshold  for  the  convective  instability.  Here,  however,  the  origin  of  the 
approximate  D4  symmetry  is  quite  different.  Because  of  the  slender  shape 
of  the  container  we  may  idealize  the  system  as  effectively  two-dimensional. 
Such  a  system  will  undergo  an  oscillatory  instability  to  either  a  mode  of 
even  or  odd  parity  with  respect  to  reflection  in  the  extended  direction.  In 
the  (formal)  limit  in  which  the  aspect  ratio  of  the  system  is  allowed  to 
become  large,  the  distinction  between  even  and  odd  modes  is  lost,  and  the 
amplitude  equations  describing  the  interaction  of  these  two  modes  acquire 
an  additional  “interchange”  symmetry  (Landsberg  and  Knobloch  1996).  As 
discussed  further  below,  this  interchange  symmetry  together  with  the  re¬ 
flection  generates  the  group  D4.  In  a  finite  container  this  symmetry  is  never 
exact,  however,  since  one  or  other  of  the  two  competing  modes  sets  in  first. 
Consequently  the  mode  interaction  in  a  system  of  large  but  finite  extent 
is  described  by  the  normal  form  equations  for  the  Hopf  bifurcation  with 
broken  D4  symmetry.  This  picture  is  supported  by  numerical  simulations 
of  the  partial  differential  equations  describing  two-dimensional  binary  fluid 
convection  in  systems  with  aspect  ratio  L  =  16.2.5  (Jacqmin  and  Heminger 
1994).  These  simulations  also  reveal  the  presence  of  bursts,  typically  ir¬ 
regular  and  sometimes  of  very  large  amplitude,  but  in  addition  provide 
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diagnostics  that  demonstrate  convincingly  that  they  involve  primarily  two 
adjacent  modes  of  opposite  parity.  These  results  provide  the  primary  mo¬ 
tivation  for  studying  the  Hopf  bifurcation  with  broken  symmetry. 

2.  Derivation  of  the  Equations 

In  this  section  we  sketch  the  derivation  of  the  amplitude  equations  describ¬ 
ing  the  interaction  of  adjacent  Hopf  modes  in  a  one-dimensional  container 
of  length  L  with  identical  boundary  conditions  at  z  =  ±LI2.  Such  a  sys¬ 
tem  has  a  reflection  symmetry  about  z  =  0;  the  primary  Hopf  modes  are 
either  even  or  odd  under  under  this  reflection  (Dangelmayr  and  Knobloch 
1991).  We  consider  the  interaction  of  an  even  mode  with  an  adjacent  odd 
mode  in  the  formal  limit  L  oo.  Let  (2+,z_)  be  the  complex  amplitudes 
of  the  two  modes.  The  requirement  that  a  reflected  state  also  be  a  state 
of  the  system  translates  into  the  requirement  that  the  amplitude  equations 
be  equivariant  with  respect  to  the  group  action 

Ki  :  {z+,z-) {z+,-z-).  (1) 

Moreover,  as  argued  by  Landsberg  and  Knobloch  (1996),  the  equations  for 
the  formally  infinite  system  cannot  distinguish  between  the  two  modes,  i.e. 
in  this  limit  the  amplitude  equations  must  also  be  equivariant  with  respect 
to  the  group  action 

K2:{z+,z-)-^{z-,z+).  (2) 

These  two  operations  generate  the  group  D4  =  (ki,K2)-  For  a  container 
with  large  but  finite  length,  this  symmetry  will  be  weakly  broken;  in  par¬ 
ticular,  the  even  and  odd  modes  may  become  unstable  at  slightly  differ¬ 
ent  Rayleigh  numbers  and  with  slightly  different  frequencies.  The  resulting 
equations  are  thus  close  to  those  for  a  1:1  resonance,  but  with  a  special 
structure  dictated  by  the  proximity  to  D4  symmetry.  Because  of  the  nor¬ 
mal  form  symmetry 


d :  (^+,^_) e“^(2+,jj_),  CTG[0,27r),  (3) 

the  resulting  equations  have  an  additional  symmetry.  If  these  equations 
are  truncated  at  third  order  we  obtain  (Landsberg  and  Knobloch  1996) 

Z4.  =  [A -f  AA -f i(w-|- Acj)]z.(. -}- |z_ p)2+ -|- 1  z4.-j-Oz4.z_  (4) 

i_  =  [\  —  - /^u))]z_-j-  A{\z4.^ ■j-\z_\^)z-  -j- B\z_^z-  -j-Cz-z"^  (5) 

Here  Acj  measures  the  difference  in  frequency  between  the  two  modes  at 
onset,  and  AA  measures  the  difference  in  their  linear  growth  rates.  Un¬ 
der  appropriate  nondegeneracy  conditions  (which  we  assume  here)  we  may 
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neglect  all  interchange  symmetry-breaking  contributions  to  the  nonlinear 
terms.  In  terms  of  new  variables  defined  by 

z+  =  cos(0/2)e•(^+''’)/^  z_  =  p-^'^  sin(0/2)e•(-^+^'’)/^  (6) 

and  a  new  time  r  defined  by  dr/dt  =  these  equations  take  the  more 
convenient  form 

^  =  -p[2AH  +  £fi(l  +  cos^^)  +  Cfisin2  0cos2^i]-2(A  + AAcos%2 

dr 

—  =  sin0[cos0(-5/j  -f  Ch cos 2^5)  -  C/sin2d)]  -  2AAsin6>^  (8) 
dr 

^  =  cos  0(5/  -  C/  cos  2(^>)  -  Cr  sin  2<i>  +  2 Aw/),  (9) 

dr 

where  A  —  A/j-ftA/,  etc.  Equations  ( ^-9)  are  invariant  under  the  operations 
0  _>  0  q-  27r  and  (f)  <f>  +  n,  symmetries  which  are  related  to  the  (broken) 

D4  X  symmetry  of  the  full  system.  A  consequence  of  these  symmetries  is 
that  if  {po,&o^4>o)  is  a  fixed  point  of  equations  (7-9),  then  so  are  the  points 
(/>Oi^o  +  ‘rmr,4>o  +  2)2"),  where  m  and  n  are  integers.  This  is  so  also  for 
periodic  solutions.  We  say  that  such  fixed  points  and  periodic  solutions  are 
symmetry-related. 

The  behavior  of  the  decoupled  variable  may  be  found  by  solving 
the  appropriate  differential  equation  for  V’  evaluated  at  the  solutions  to  the 
three-dimensional  system.  In  particular,  (modulo  4")  is  periodic  for  fixed 
points  and  periodic  solutions  to  the  three-dimensional  system;  thus,  fixed 
points  and  periodic  solutions  in  the  three-dimensional  system  correspond 
to  periodic  solutions  and  tori  in  the  full  four-dimensional  system  (4,.5), 
respectively.  In  the  following  we  use  the  variable  r  =  p~^  —  |z+|^  +  |^-|  as 
a  useful  measure  of  the  energy  in  a  burst. 

3.  Fixed  points  and  periodic  solutions  of  the  three-dimensional 
system 

3.1.  THE  PERFECT  SYSTEM  AA  =  Aw  =  0 

The  Zl^-symmetric  equations  AA  =  Aw  =  0  have  been  analyzed  by  Swift 
(1988).  In  this  case  the  (0(r),<^(r))  equations  decouple  from  the  rest,  and 
describe  dynamics  on  the  surface  of  a  sphere  of  variable  radius.  For  fixed 
points  {0o,<po)  of  this  two-dimensional  system  this  radius  becomes  constant 
as  r  00,  and  depends  on  the  quantity 

F{e,4>)  =  2 An  -\-Br{1  +  cos^e)  -F  CRsm'^ecos2(f>.  (10) 


Specifically, 
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(a)  if  A  <  0,  F{do,  <f>o)  <  0  then  r  0, 

(b)  if  XF{0o,4>o)  <  0  then  r  — *•  tq  >  0, 

(c)  if  A  >  0,F{6o,<l>o)  >  0  then  r  oo. 

Provided  case  (b)  holds,  there  are  three  types  of  fixed  points  (0O)<^o)  with 
nontrivial  symmetry  which  exist  for  aU  coefficient  values  (Swift,  1988).  In 
addition  there  are  open  regions  of  coefficient  space  with  nonsymmetric  fixed 
points  (that  is,  fixed  points  with  trivial  isotropy)  and  others  with  a  unique 
limit  cycle  (0*(r),</>*(r)).  For  the  limit  cycles  we  define 

r  ^(^‘(’■')>  W))dT',  ..  (11) 

It  Jo 

where  Tr  is  the  period,  and  conclude  (cf.  van  Gils  and  Silber  1995)  that 

(a)  if  A  <  0,  ^  <0  then  r  — *■  0, 

(b)  if  AjP  <  0,  there  exists  a  nonzero,  finite  r(r)  with  r(r  +  Tt)  =  r(r), 

(c)  if  A  >  0,  jP  >  0  then  r  — >  oo. 

Because  the  associated  spherical  system  (8,9)  is  two-dimensional,  no  com¬ 
plex  dynamics  is  possible  unless  the  normal  form  symmetry  is  broken, 
as  in  the  Faraday  system.  We  do  not  pursue  this  possibility  here,  and  in¬ 
stead  focus  on  the  eflfects  of  breaking  the  symmetry.  We  find  that  the 
possibilities  (c)  are  responsible  for  the  bursts  present  in  this  system. 

3.2.  THE  IMPERFECT  SYSTEM  AA  #  0  AND/OR  Aw  #  0 

For  the  equations  with  broken  D4  symmetry  (AA  ^  0  and/or  Aw  /  0) 
only  the  fixed  points  with  even  and  odd  parity  remain  as  primary  branches; 
the  analogs  of  the  remaining  primary  branches  may  bifurcate  in  secondary 
bifurcations  from  these,  and  are  most  easily  found  numerically  (Landsberg 
and  Knobloch  1996).  However,  there  is  another  class  of  fixed  points  as  well; 
these  are  crucial  for  understanding  the  bursting  behavior.  Their  existence 
follows  from  the  restriction  of  equations  (7-9)  to  the  invariant  subspace  p  = 
0.  The  resulting  equations  are  identical  to  equations  (8,9)  with  AA  =  Aw  = 
0;  thus  the  fixed  points  of  the  associated  spherical  system  that  governs 
the  dynamics  of  the  perfect  system  continue  to  have  significance  for  the 
imperfect  system  but  now  correspond  to  infinite  amplitude  fixed  points. 
Infinite  amplitude  nonsymmetric  fixed  points  and  infinite  amplitude  limit 
cycles  may  also  exist  depending  on  the  values  of  the  parameters,  exactly 
as  in  the  perfect  problem.  Indeed,  for  AA  =  Aw  =  0,  infinite  amplitude 
fixed  points  are  amplitude-stable  for  A  >  0,F{9o,4>o)  >  0,  while  infinite 
amplitude  limit  cycles  are  amplitude-stable  for  A  >  0,  F  >  0. 

It  is  a  simple  matter  to  obtain  the  eigenvalues  si,  of  the  fixed  points 
(p,  6, 4>)  of  equations  (7-9)  and  the  corresponding  eigenvectors.  For  the  in- 
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finite  amplitude  fixed  point  {p,6,<f>)  =  (0,  f  ,0)  we  obtain 

with  eigenvectors 

+  BjCi  -  C?  -{■  AnC^  BfjCfj  (C^  -7An  -  P/^)A>  4  2C/Au-  \ 
(C/  -  B/)AX  +  2(  A/?  +  Bfi)Au>  ’  (C;  ~  B/)AX  +  2(A,j  +  B/^)A;**  / 


The  corresponding  results  for  (0,  f )  follow  from  the  parameter  symme¬ 
try  C  — ^  —C.  Since  Si  can  be  negative  and  the  corresponding  eigen%’ector 
has  a  nonzero  component  in  the  p  direction,  a  trajectory  starting  near  the 
stable  manifold  will  approach  infinite  amplitude.  Moreover,  since  the  eigen¬ 
vectors  of  the  remaining  eigenvalues  lie  in  the  invariant  plane  p  =  0  such  a 
trajectory  will  evolve,  after  reaching  infinite  amplitude,  in  this  plane  until 
it  encounters  a  fixed  point  (limit  cycle)  possessing  an  unstable  eigenvalue 
(Floquet  multiplier)  that  ejects  it  from  it.  This  is  our  picture  of  the  bursting 
mechanism,  and  we  now  substantiate  it  with  explicit  computations. 


4.  Genesis  of  a  burst 

As  an  illustrative  example,  consider  the  following  parameter  values: 
Ar  =  1.0,  Br  =  -2.8,  Bi  =  5.0,  Cr  =  1.0,  Cj  =  1.0, 


with  A  treated  as  the  bifurcation  parameter.  We  do  not  need  to  specify 
Ai  w'hich  enters  into  the  equation  for  V’  only.  When  AA  =  Aw  =  0,  the 
(pO)fjf)  and  0  =  0  fixed  points  are  supercritical,  while  the  (poji>0)  is 
subcritical;  all  are  unstable.  For  these  parameter  values  nonsymmetric  fixed 
points  do  not  exist.  For  A  >  0  there  is,  in  the  associated  spherical  system, 
a  stable  periodic  solution  surrounding  the  (poif’f)  fixed  point. 

As  symmetry  breaking  parameters  we  choose  AA  =  0.03  and  Aw  =  0.02. 
The  results  of  a  detailed  numerical  study  of  these  parameter  values  are 
summarized  in  the  remarkable  bifurcation  diagram  shown  in  Fig.  1.  This 


figure  shows 


<  r  > 


4/: 


rdt  = 


Tr 

fo^  pdr 


(12) 


as  a  function  of  the  bifurcation  parameter  A  for  finite  amplitude  fixed  points 
and  finite  amplitude  periodic  solutions  only.  Here  T  is  the  appropriate  pe¬ 
riod  of  the  solution  in  the  original  time  t,  and  Tj  is  the  period  of  the 
solution  to  equations  (7-9)  found  in  terms  of  the  rescaled  time  r.  In  the 


Figure  1.  Bifurcation  diagram  for  Ar  =  1.0,  Br  =  -2.8,  Bi  =  5.0,  Cr  =  1.0,  Cj  =  1.0 
and  AA  =  0.03,  Aw  =  0.02. 


figure  solid  (broken)  lines  indicate  stable  (unstable)  solutions;  circles,  di¬ 
amonds,  and  squares  indicate  Hopf,  saddle-node,  and  period-doubling  bi¬ 
furcations,  respectively.  Many  period-doubled  branches  are  omitted.  The 
periodic  branches  all  correspond  to  periodic  bursts  since  the  corresponding 
trajectories  make  periodic  excursions  towards  the  invariant  plane  p  =  0,  as 
shown  in  Figs.  2  and  3.  Note  that  because  the  bursts  are  fast  events  in  the 
original  time  t  the  average  (r)  for  a  sequence  of  large  amplitude  bursts  may 
in  fact  be  quite  small.  At  some  values  of  A,  such  as  A  =  0.072,  no  stable 
periodic  branches  are  present,  and  irregular  bursts  are  found  as  shown  in 
Fig.  4.  This  figure  includes  a  plot  of  successive  maxima  against  one  an¬ 
other;  the  map  appears  one-dimensional,  and  shows  unambiguously  that 
the  bursts  are  chaotic.  A  number  of  global  bifurcations  in  which  a  periodic 
solution  approaches  a  finite  amplitude  fixed  point  are  found  to  occur  near 
A  =  0.0965  and  manifest  themselves  as  cusps  in  Fig.  1. 

Fig.  1  omits  a  very  important  class  of  global  bifurcations  involving 
infinite  amplitude  solutions,  i.e.  solutions  with  p  =  0.  For  these  coef¬ 
ficients,  5i(0,|,0)  =  —0.2  with  eigenvector  (-3.96,-0.49,1).  Moreover, 
5-|-(0,f,0)  =  0.068  and  s--(0,|,0)  =  —5.87;  consequently  the  infinite  am¬ 
plitude  fixed  point  is  a  saddle  point  whose  unstable  manifold  forms  a  struc¬ 
turally  stable  connection  with  an  infinite  amplitude  limit  cycle  around 
(0,|,|).  This  limit  cycle  is  attracting  in  the  p  =  0  invariant  plane  but 
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Figure  2.  Periodic  bursts  from  successive  excursions  towards  symmetry-related  infinite 
amplitude  fixed  points.  For  this  burst  sequence  A  =  0.1,  (r)  Si  0.7. 


Figure  S.  Periodic  bursts  from  successive  excusrions  towards  the  same  infinite  amplitude 
fixed  point.  For  this  burst  sequence  A  =  0.1253,  (r)  0.75. 


BURSTS 


Figure  4-  Chaotic  bursts  for  A  =  0.072. 


for  these  coefficient  values  possesses  an  unstable  Floquet  multiplier  in  the 
p  direction  and  hence  has  a  two-dimensional  unstable  manifold.  These  man¬ 
ifolds  together  describe  a  single  infinite  amplitude  burst  (see  Fig.  5).  Recur¬ 
rent  bursts  occur  if  this  unstable  manifolds  intersects  the  stable  manifold 
of  the  fixed  point  or  its  translates  (cf.  Figs.  2,3).  This  is  a  codimension- 
one  phenomenon,  and  can  be  studied  using  a  Shil’nikov-like  analysis;  this 
analysis  bears  substantial  similarity  to  that  carried  out  by  Hirschberg  and 
Knobloch  (1993)  for  the  Shil’nikov-Hopf  bifurcation,  and  is  particularly  rel¬ 
evant  to  very  large  bursts  such  as  those  present  at  AA  =  0.06,  Au  =  —0.01 
(Fig.  6).  A  similar  geometrical  scenario  is  responsible  for  the  generation 
of  chaotic  traveling  waves  in  systems  with  0(2)  symmetry  (Knobloch  and 
Moore  1991).  In  the  present  case,  however,  the  trajectories  typically  also 
approach  close  to  a  A-dependent  finite  amplitude  fixed  point  and  conse¬ 
quently  the  analysis  of  the  global  bifurcations  at  infinity  provides  only  a 
partial  description  of  the  bifurcation  diagram  of  Fig.  1.  Further  details  can 
be  found  in  Moehlis  and  Knobloch  (1997). 


Figure  5.  Heteroclinic  cycle  involving  an  infinite  amplitude  fixed  point  and  an  infinite 
amplitude  limit  cycle  for  A  =  0.0974. 
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Figure  6.  Very  large  amplitude  burst  for  A  A  =  O.OG,  Au-’  =  -0.01,  A  =  0.1. 


5.  Conclusion 

The  bursting  mechanism  outlined  above  arises  in  a  natural  way  in  slender 
systems  supporting  oscillations  of  even  and  odd  parity.  The  resulting  dra¬ 
matic  response  can  lead  to  material  fatigue  or,  in  the  fluid  context,  to  the 
breakdown  of  laminar  motion  into  intermittent  turbulent  bursts.  Although 
neither  development  is  captured  by  the  “frozen”  spatial  structure  respon¬ 
sible  for  the  burst  mechanism,  we  have  invoked  such  potential  applications 
in  naming  this  interesting  phenomenon. 
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1.  Introduction 
Mathieu’s  equation  [6], 

®  +  (^  +  e  cost)  ®  =  0,  (1) 

is  the  paradigm  for  problems  in  parametric  excitation  in  which  an  au¬ 
tonomous  linear  structure  is  driven  by  a  periodic  forcer,  usually  in  a  di¬ 
rection  perpendicular  to  the  direction  of  motion  (e.g.,  the  vertically  forced 
pendulum,  dynamic  buckling  of  an  elastic  column,  water  waves  in  a  verti¬ 
cally  driven  channel). 

This  work  concerns  a  natural  extension  of  such  problems  to  cases  in 
which  the  forcer  is  quasiperiodic.  We  investigate  the  quasiperiodic  (QP) 
Mathieu  equation, 

X  -f  -f  e  cost  +  €  coswt)  X  =  0.  (2) 

For  a  given  set  of  parameters  (^,a;,c),  eq.(2)  is  said  to  be  stable  if  all  solu¬ 
tions  are  bounded,  and  unstable  otherwise.  We  use  numerical  integration 
and  Lyapunov  exponents  to  determine  regions  of  stability  in  the  6-u  plane 
for  fixed  c.  In  addition,  we  obtain  approximate  analytic  expressions  for  the 
transition  curves  bounding  regions  of  stability  using  two  distinct  methods: 


RICHARD  RAND  ET  AL. 


regular  perturbations  and  harmonic  balance  [8], [9],  [10].  Finally,  we  use  sin¬ 
gular  perturbations  to  study  the  stability  of  eq.(2)  for  small  u  and  c  when 
6  is  close  to  ^  [4]. 

Eq.(2)  has  been  investigated  by  perturbation  methods  in  [1],  [3],  [7]. 
These  authors  have  noted  the  failure  of  perturbations  for  small  e  when 
w  takes  on  resonant  values  due  to  small-divisors.  We  shall  show  how  the 
method  of  harmonic  balance  can  be  used  to  avoid  these  difficulties. 

2.  Numerical  Integration 

In  order  to  obtain  an  approximate  stability  chart,  we  numerically  integrated 
eq.(2)  forward  in  time  from  arbitrarily  chosen  initial  conditions  at  t  =  0 
up  to  t  =  20,000.  At  each  step  we  computed  the  amplitude  \/x{ty  -f  x(t)^ 
and  judged  a  motion  to  be  unstable  if  its  amplitude  became  greater  than 
a  million  times  its  initial  value  for  any  t  between  0  and  20,000,  and  stable 
otherwise.  Our  results  are  displayed  in  Fig.l. 

We  note  that  the  structure  of  the  stability  regions  for  the  QP  Mathieu 
equation  is  much  more  complicated  than  for  the  Mathieu  equation  [6]. 

3.  Lyapunov  Exponents 

Lyapunov  exponents  [5]  provide  a  second  approach  based  on  numerical  inte¬ 
gration  with  which  we  can  obtain  an  approximate  stability  chart  for  eq.(2). 
The  Lyapunov  exponent  of  the  solution  i(t)  is  defined  as  the  following  limit: 

A  =  limsup-ln  |a;(<)|.  (3) 

oo  t 

A  positive  Lyapunov  exponent,  A  >  0,  corresponds  to  an  unstable  solution, 
and  since  there  is  no  dissipation  in  eq.(2),  stable  solutions  correspond  to 
A  =  0.  After  numerically  integrating  eq.(2),  we  found  it  difficult  to  distin¬ 
guish  between  small  positive  Lyapunov  exponents  and  those  which  were 
truly  zero.  We  resolved  this  by  noting  that  Lyapunov  exponents  which  are 
genuinely  nonzero  should  maintain  their  values  as  the  time  of  integration 
is  increased.  On  the  other  hand,  Lyapunov  exponents  that  are  genuinely 
zero  will  have  computed  approximations  that  tend  to  zero  as  the  time  of 
integration  is  increased.  Our  results  are  displayed  as  a  contour  plot  in  Fig. 2. 

4.  Regular  Perturbations 

In  the  case  of  Mathieu’s  equation,  regular  perturbations  have  been  used  to 
provide  approximate  analytic  expressions  for  the  transition  curves  in  the 
6-€  plane  which  separate  regions  of  stability  from  regions  of  instability  [6]. 
The  procedure,  which  is  valid  for  small  values  of  f,  is  based  on  the  result 


A  QUASIPERIODICALLY-FORCED  MATHIEU  OSCILLATOR 

from  Floquet  theory  that  along  a  transition  curve,  there  exist  solutions  with 
period  2^^  or  4ir.  This  leads  to  the  conclusion  that  when  c  =  0,  regions  of 
instability  (“Arnold  tongues”)  emanate  from  the  S  axis  at  points  pven  by 

6  =  60  =  ^,  n  =  1,2,3,...  (4) 

4 

Thus  in  the  case  of  Mathieu’s  equation,  we  set 

S  =  Sd-  €61  +  €^62  +  •  •  •  (5) 


x(t)  =  ®o(<)  +  €Xi{t)  +  e^X2{t)  +  '  •  •  (6) 

where  Xo(0  is  separately  equated  to  sinnt/2  and  cosnt/2,  and  together 
with  eq.(4),  each  yields  a  transition  curve.  The  pair  of  curves  associated 
with  a  given  value  of  n  yields  an  approximation  to  the  corresponding  Arnold 
tongue.  (In  the  case  of  n  =  0,  however,  a  single  transition  curve  occurs  cor¬ 
responding  to  xo(t)  =  !•)  After  substituting  these  power  series  expansions 
into  Mathieu’s  equation,  the  coefficient  6;  is  obtained  by  eliminating  secular 
terms  from  the  differential  equation  for  x,(f). 

We  shall  apply  a  similar  scheme  to  the  QP  Mathieu  equation.  The  key 
ansatz  is  the  generalization  of  the  transition  points  of  eq.(4)  to 


^0  = 


(n  -f  rmoy 


71  —  0,1,2,...,  Tn  —  0,  dll,  zli2, .. .. 


(7) 


The  expansions  (5),  (6)  are  substituted  into  the  QP  Mathieu  equation  where 
xo(t)  is  separately  equated  to  sin(”'^^-f)  and  cos(”'^^-f),  and  together 
with  eq.(7),  each  yields  a  transition  curve.  Once  again,  the  coefficient  Si 
is  obtained  by  eliminating  secular  terms  from  the  differential  equation  for 
x,(t). 

As  an  example  of  the  kind  of  results  obtained  under  this  method  (using 
computer  algebra),  take  the  case  (n,Tn)  =  (1,-1): 


5  = 

6  = 


4^  ^  2  w  (2a;  -  1)  (u>  —  2) 

1.1  3  eMa>^-3a>  +  l) 

4'^  ^  2  a;  (2a;- 1)  (a; -2) 


+  0(€") 

(8) 

+  0(£') 

(9) 

Plots  of  transition  curves  generated  under  this  method  for  n  =  0, 1, 2 
and  m  =  0,±1,±2,  all  valid  to  O(f^),  are  displayed  in  Fig.3.  Note  that 
the  expressions  for  the  transition  curves  are  not  valid  in  neighborhoods  of 
a;  =  0,  |,  5,  1,  |,  2,  and  3  since  there  are  terms  that  have  vanishing 

denominators  at  these  resonant  values,  cf.,  eqs.(8),  (9).  For  this  reason, 
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these  portions  of  the  transition  curves  are  onaitted  in  Fig.3.  Additional 
resonances  will  show  up  at  higher  order  truncations. 

5.  Harmonic  Balance 

Another  approach  which  has  been  applied  successfully  to  Mathieu’s  equa¬ 
tion  is  harmonic  balance  [6].  This  method  is  again  based  on  the  result  from 
Floquet  theory  that  along  a  transition  curve  there  exist  solutions  with  pe¬ 
riod  27r  or  47r,  leading  to  the  following  Fourier  expansion  for  solutions  i(t): 

°°  k  k 

x{t)  =  Ao  +  '^Ak  cos -t  + Bk  sin -t.  (10) 

k=i  ^  ^ 

Substitution  of  eq.(lO)  into  eq.(l)  and  collecting  terms  (i.e.,  balancing  har¬ 
monics)  leads  to  an  infinite  set  of  linear,  homogeneous  equations  for  the 
coefficients  {Ak,Bk}-  For  a  nontrivial  solution,  the  infinite  (or  Hill’s)  de¬ 
terminant  of  the  associated  coefficient  matrix  must  vanish.  By  truncating 
this  infinite  system,  we  obtain  an  approximate  implicit  equation  for  the 
transition  curves  in  the  S-e  parameter  plane. 

We  shall  apply  a  similar  scheme  to  the  QP  Mathieu  equation.  The  key 
ansatz  is  the  generalization  of  the  Fourier  series  eq.(lO)  to  the  quasipcriodic 
form: 

/  \  A  yU-l-rncj.  ..n-}-  ttho  .  i  ^ 

a;(0  =  X/  XI  >lnm  COs( - - - 1)  -h  Bnm  Sin{ - - - 1).  (H) 

n=0  m=— 00 

In  practice,  approximate  results  arc  obtained  when  the  infinite  sums  in 
eq.(ll)  are  replaced  by  sums  from  0  to  iV  and  from  —N  to  iV,  respectively. 
Since  the  forcing  term  in  eq.(2)  is  an  even  function  of  t,  the  solution  space 
can  be  spanned  by  an  even  solution  and  an  odd  solution.  This  permits  us 
to  take  first  Bnm  and  then  Anm  as  zero  in  eq.(ll),  thereby  reducing  the  size 
of  the  (truncated)  determinant  by  half.  In  the  former  cetse,  we  substitute 
eq.(ll)  with  Bnm  =  0  into  eq.(2).  Using  computer  algebra,  we  perform  a 
trigonometric  reduction  and  collect  terms  to  give  the  following  system  of 
equations  for  the  Anm* 

6  -  ~(n  +  +  2  +  An-7, m  +  An,m  +  2  +  =  0* 

(12) 

Eqs.(12),  when  truncated  at  the  harmonic,  represent  2N^  +  2N  +  1 
simultaneous  equations.  For  example,  in  the  case  of  =  4,  the  matrix  of 
coefficients  has  dimension  41,  and  the  evaluation  of  the  corresponding  de¬ 
terminant  and  the  generation  of  graphical  plots  took  an  hour  using  Maple 
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on  a  Sun  SPARCstation  10.  As  an  example  of  the  kind  of  results  obtained 
by  this  method,  we  present  the  determinant  corresponding  to  the  cosine- 
series  solution,  displayed  in  factored  form  for  the  truncation  N  =  2: 

det  =  0=  512(-16£2_2a;2-i-l-8^-8w2^-H6^^-l-a;‘‘) 

(Se^-b  (32w2  -48^-1- 12) 
-f-(-16a;2-|-32^2_64a;2^_i6^-b2-t-32a;‘‘)  € 

+  64a;^  ^  -  48  _  16 -  128a;2  _  1  +  54 ^3  ^  g^2  ^  12 

(- 86^ -t- (-12w2  +  48 ^  -  32)  £2 

-b  (16^2  _  32  +  16(^2  ^  ^  04^  _  _  32^2)  ^ 

-  12^“  S  -b  128  ^2  _  -b  48  _  04^  _  04  p  +  le ^2  4. 

((Sw-* ^  -  1  -b  4^3  -  8a;2 ^2  4. ^2  4. +  5^  -  -b  2a;2^  -  8^2) 

-b  2w6  ^2  4.  2^2  _  20,2  ^  4.  4(^4  ^  4.  0^4^^2  _  0  ^3  _  2a;6  5 

-b  2w2  ^2  _  0^3^^2  4.  0^4  _  2^5  _  0J^4  g3  4.  2a;4^2) 

Fig.4  shows  both  the  sine  and  cosine  solutions  for  AT  =  4.  Note  the  ab¬ 
sence  of  the  smaU-divisor  problem,  in  contrast  to  the  perturbation  method 
results  of  Fig.3. 

6.  Singular  Perturbations 

In  order  to  better  understand  the  nature  of  the  dynamics  of  the  QP  Mathieu 
equation,  we  present  the  following  singular  perturbation  method,  valid  for 
small  values  of  the  parameter  w  and  for  values  of  S  which  are  close  to 
We  set 

u  =  ke  and  ^  -  -b  £  H -  (13) 

4 

and  we  use  the  two-variable  expansion  method  [2]  in  which  ^  =  t  and  t)  =  et, 
whereupon  eq.(2)  becomes, 

-b  2£X4,  -b  -b  (^  +  c  cos  ^  -b  £  cos  kr])  x  =  0.  (14) 

Expanding  z  =  a:©  -b  c  -b  •  •  •  and  collecting  terms,  we  obtain 

+  -*0  =  0  (15) 

^  =  -2  xo(r,  —  Si  xo  -  (cos  ^  -b  cos  krj)  Xq.  (16) 

Eq.(15)  has  the  solution 

xo  =  R  cos(|  -b  6), 


(17) 
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where  R  and  9  are  functions  of  the  slow  time,  i).  Substituting  eq.(17)  into 
eq.(16),  we  obtain 

^  +  +  cos(i  +  ^) 

-^1  R  cos(|  +  0)  -  i?  cos  kt)  cos(^  +  9)  (18) 

2  ^ 

-f  |cos((|+«)  +  cos((^-«)l. 

Removal  of  secular  terms  dictates  that  we  set  to  zero  the  coefficients  of 
sin(f  +  9)  and  cos(|  +  9),  giving 


—  -  —  sin  20  =  0,  R  ^  -  6i  R  -  R  cos  ki]  -  ^  cos  20  =  0,  (19) 
dr)  2  dT)  2 

where  we  have  used  the  identity 

cos(^-^)  =  cos(|  +  ^  -  20)  =  cos(^  +  0)  cos2^  +  sin(|  +  0)  sin 20.  (20) 
2  2  2  2 

The  first  of  eqs.(19)  can  be  solved  in  closed  form, 

i?  =  C  e  2/*!"25  (21) 

where  C  is  an  arbitrary  constant.  Eq.(21)  gives  i?  as  a  function  of  9,  and  9 
itself  is  determined  by  the  second  of  eqs.(19),  i.e.,  by 

^  =  Si  +  ^  cos20  +  cos  1:7?  .  (22) 

dr}  2 

Although  the  R  and  9  variables  are  therefore  uncoupled,  the  boundedness 
of  xq  is  governed  by  the  behavior  of  R{Tj),  cf.,  eq.(17).  We  are  therefore 
interested  in  how  the  behavior  of  9,  determined  by  eq.(22),  influences  the 
boundedness  of  R  via  eq.(21). 

The  answer  is  this:  If  eq.(22)  exhibits  a  limit  cycle  on  the  9  -  rj  phase 
torus,  then  R  is  an  exponential  f^unction  of  t/  and  the  xq  motion  is  unstable. 
This  follows  because  if  0(7?)  is  a  periodic  function  mod  nx,  then  so  is  sin  20, 
but  with  non-zero  average  value  taken  over  one  orbit  of  the  limit  cycle  (in 
general).  Thus  the  integral  in  eq.(21),  f  sin  20  drj,  taken  over  one  cycle, 
will  not  in  general  be  zero,  and  R  will  grow  or  decay  exponentially  in  r?. 
Since  the  Wronskian  of  eq.(2)  is  constant  in  t,  an  exponentially  decaying 
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solution  must  be  accompanied  by  a  second  linearly  independent  solution 
which  is  exponentially  growing.  Thus  a  limit  cycle  in  eq.(22)  corresponds 
to  the  occurrence  of  an  unbounded  solution  in  eq.(2).  If,  on  the  other  hand, 
the  torus  flow  eq.(22)  is  equivalent  to  an  irrational  flow,  then  the  integral 
/  sin  29  dr}  will  tend  to  zero  on  the  average,  R  will  remain  bounded  as 
t  oo,  and  the  xq  motion  will  be  stable. 

So  the  question  of  the  stability  of  the  QP  Mathieu  equation  (2)  is  re¬ 
duced  to  the  question  of  whether  eq.(22)  has  a  limit  cycle.  Unfortunately, 
a  closed  form  solution  of  eq.(22)  is  unavailable.  Nevertheless,  we  may  nu¬ 
merically  integrate  eq.(22)  for  given  values  of  the  parameters  Si  and  k,  and 
determine  whether  the  phase  flow  exhibits  a  limit  cycle  by  inspection.  Be¬ 
fore  doing  so,  we  change  variables  so  that  the  phase  torus  is  2jr  x  2ir:  we 
set  4>  —  29  and  t  =  krj,  giving 

d<f>  _  2Sl  -i-  cos  -1-  2  cos  T 

d^~  k  ■  ^  ^ 

The  process  of  deciding  whether  a  given  phase  portrait  exhibits  a  limit 
cycle  can  be  automated  by  numerically  generating  a  Poincare  map  corre¬ 
sponding  to  the  surface  of  section  r  =  tt.  A  stable  limit  cycle  then  corre¬ 
sponds  to  a  stable  fixed  point  of  the  associated  one-dimensional  circle  map. 
Fig.5  shows  the  result  of  such  a  procedure,  in  which  thousands  of  points 
were  chosen  at  random  in  the  (^i,fc)  parameter  space,  and  the  presence  of 
a  dot  represents  stability,  i.e.,  the  absence  of  a  stable  limit  cycle. 

7.  Conclusions 

A  comparison  of  Figs. 1-4  reveals  general  agreement  between  the  numeri¬ 
cal  and  analytical  approximations  to  the  stability  charts  of  the  quasiperi- 
odic  Mathieu  equation.  The  method  of  Lyapunov  exponents  in  Fig.2  shows 
greater  detail  than  the  simple  numerical  integration  of  Fig.l,  although  Fig.l 
involved  four  times  more  computation  than  Fig.2!  Fig.3,  based  on  the  per¬ 
turbation  method,  displays  gaps  where  portions  of  the  transition  curves 
(which  lie  near  the  resonant  values  of  w)  have  been  omitted,  while  Fig.4 
generated  by  the  method  of  harmonic  balance  does  not  suffer  from  this 
singular  behavior.  All  four  methods  show  that  for  small  e  the  two  largest 
instability  regions  lie  in  the  neighborhood  of  the  curves  S  =  ^  and  ^ 
each  of  which  represents  a  2:1  resonance  between  the  respective  driving  fre¬ 
quency  (1  and  u>)  and  the  unforced  frequency  {VS).  The  analytical  methods 
show  that  the  thickness  of  these  two  instability  regions  is  approximately  c. 
However  it  is  evident  from  both  the  numerical  plots  as  well  as  from  the  an¬ 
alytical  results  that  there  are  many  additional  smaller  instability  regions. 
For  example,  the  point  of  intersection  between  these  two  largest  instability 
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regions,  namely  6  =  =  1,  is  the  birthplace  of  a  number  of  smaller 

instability  regions;  (see  Figs.l  and  2).  For  this  choice  of  parameters,  both 
driving  frequencies  are  in  2:1  resonance  with  the  unforced  frequency  and 
we  may  expect  the  unfolding  of  such  a  degeneracy  to  be  accompanied  by  a 
diversity  of  bifurcations. 

We  also  presented  a  singular  perturbation  method  which  is  valid  for 
small  w,  in  the  neighborhood  of  ^  =  5.  The  criterion  for  stability  was  the 
presence  of  an  irrational  torus  flow  in  eq.(23),  (cf.,  Fig.5).  These  results  may 
be  compared  with  those  obtained  by  numerical  integration  by  enlarging 
the  region  around  ^  ^  in  Fig.l,  as  shown  in  Fig.6.  We  note  that  there 

is  excellent  agreement  between  the  perturbation  results  of  Fig.5  and  the 
direct  numerical  treatment  of  Fig.6. 
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Fig.l.  Stability  of  eq.(2)  with  e  =  0.1  as 
determined  directly  from  numerical  in¬ 
tegration.  Points  (5,0;)  in  the  blackened 
regions  of  the  5-o;  parameter  plane  cor¬ 
respond  to  stable  (bounded)  solutions. 
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Fig.3  TVansition  curves  of  eq.(2)  as  de¬ 
termined  by  the  perturbation  method 
with  e  =  0.1.  The  regions  around  reso¬ 
nant  values  of  a;  have  been  omitted. 


Fig.2.  Contour  plot  of  Lyapunov  expo-  Fig.4.  TVansition  curves  of  eq.(2)  with 
nents  for  eq.(2)  with  €  =  0.1.  The  level  c  =  0.1  as  determined  by  the  method  of 
curves  correspond  to  constant  values  of  harmonic  balance  for  truncation  order 
A  >  0  for  which  eq.(2)  is  unstable.  TNT  =  4. 
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Fig. 6.  Stability  of  Eq.(2)  for  e  =  0.1  from  numerical  integration. 


IMPROVED  GALERKIN  METHOD  IN  THE  DIMENSION 
REDUCTION  OF  NONLINEAR  DYNAMICAL  SYSTEMS 


Alois  Steindl,  Hans  Troger  and  Josef  V.  Zemann 
Vienna  University  of  Technology 
A-1040  Vienna,  Austria 

Abstract.  We  apply  the  Karhunen-Loeve  modes  to  improve  the  usual  Galerkin  reduction  and 
compare  this  result  with  various  other  choices  of  ansatz  functions.  Moreover  we  also  compare 
results  obtained  from  a  flat  Galerkin  reduction  with  those  from  a  nonlinear  Galerkin  reduction 
making  use  of  the  Approximate  Inertial  Manifold  method. 


1.  Introduction 

An  introduction  into  the  problem  of  dimension  reduction  of  high  dimensional 
or  even  infinite  dimensional  dissipative  nonlinear  dynamical  systems  can  be 
found  in  Coullet  and  Spiegel  (1983),  Aceves  et  al.  (1986)  and  specifically 
related  to  this  paper  in  Steindl  et  al.  (1998).  There  it  is  explained  that  in  cases 
where  Center  Manifold  theory  is  not  applicable  basically  either  a  nonlinear 
Galerkin  reduction  may  be  performed  via  the  Approximate  Inertial  Manifold 
(AIM)  method  or  a  flat  Galerkin  reduction  may  be  performed  making  use  of 
Karhunen-Loeve  (KL)-modes  (Holmes  et  al.  (1996),  Rodriguez  and  Sirovich 
(1990)).  The  presentation  of  this  latter  method  in  its  engineering  application 
is  the  main  aim  of  this  paper. 


2.  Galerkin  approximation 

Some  general  comments  referring  to  Galerkin  methods  may  be  found  in  Holmes 
et  al.  (1996)  and  specifically  related  to  this  paper  in  Steindl  et  al.  (1998). 

In  general,  applying  Galerkin  methods  the  field  variable  u{x,  t)  is  pro¬ 
jected  onto  a  set  of  basis  vectors  (functions)  ipj{x)  called  the  Galerkin  basis 
in  the  form 

m 

u{x,t)  =  Y^qj{t)il)j{x).  (1) 

i=l 

The  m  basis  vectors  rftj,  the  ansatz-f unctions,  belong  to  a  complete  set  of 
functions  and  are  usually  chosen  to  satisfy  the  boundary  conditions.  Their 
proper  choice  is  the  first  question  to  be  answered.  A  second  important  ques¬ 
tion  concerns  the  choice  of  m. 
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The  Karhunen-Loeve  method  supplies  answers  to  these  two  questions  in¬ 
sofar  that  if,  first,  KL-functions  are  chosen  as  t/^j,  a  better  approximation  is 
achieved  than  with  any  other  set  of  ansatz  functions  of  the  same  dimension  m 
and,  second,  information  on  how  large  m  should  be  taken  is  supplied  in  form 
of  an  energy  estimate. 

2.1.  Karhunen-Loeve  METHOD 

The  Karhunen-Loeve  method,  which  in  the  mathematical  literature  is  also 
called  Proper  Orthogonal  Decomposition  method  has  been  quite  successfully 
applied  for  the  study  of  turbulence  and  coherent  structures  in  fluid  flow  prob¬ 
lems  (Sirovich  (1987),  Holmes  et  al.  (1996)).  From  an  ensemble  of  p  data 
functions  Uj,  obtained  from  experiments  or  by  simulation,  it  generates  a  set 
of  deterministic  basis  functions  (f)j  based  on  second-order  statistics.  These 
basis  functions  can  be  used  in  a  Galerkin  approximation.  In  Sirovich  (1987), 
Rodriguez  and  Sirovich  (1990)  it  is  pointed  out  that  this  method  is  especially 
important  if  the  experiment  or  the  simulation  is  done  at  a  fixed  set  of  param¬ 
eter  values  but  then  with  the  reduced  low  dimensional  system  the  dynamic 
investigation  can  be  extended  to  a  wide  range  of  parameter  values,  for  exam¬ 
ple,  to  perform  a  bifurcation  analysis.  However,  our  results  indicate  that  this 
might  not  be  generally  true. 

It  is  not  necessary  to  present  the  basic  ideas  of  the  KL-method  here  be¬ 
cause  this  is  excellently  done  in  section  3.1  in  Holmes  et  al.  (1996).  We  only 
remark  that  an  eigenvalue  problem  of  the  form 

(J?(x,a:'),(/>(x'))-  f  R{x,x^)(f>{x^)dx^  =^X4>{x).  (2) 

Jd 

has  to  be  solved.  The  generalized  function  R{xjX^)  =  E{u{x)u{x^)}  is  the 
covariance  or  the  autocorrelation  of  u{x).  It  is  assumed  that  u{x)  is  a  regular 
function  absolutely  integrable  on  any  finite  region  D, 

We  will  show  in  the  following  section  that  the  solution  of  (2)  supplies, 
first,  the  set  of  optimal  modes  (pi  and,  second,  the  corresponding  eigenvalues 
Aj  which  can  be  interpreted  as  a  measure  of  the  energy  content  carried  by 
the  corresponding  mode.  By  optimal  modes  or  vectors  it  is  understood  that 
they  approximate  the  data  in  such  a  way  that  they  are  parallel  to  the  axis  of 
the  inertia  ellipsoid  of  the  cloud  of  data  points  (see,  for  example,  Fig.  1).  We 
note  that  mathematically,  besides  the  statistical  aspect,  a  problem  is  given 
analogous  to  the  calculation  of  the  principal  moments  of  inertia  of  a  body  in 
IR^  (Parkus  (1966),  section  2.5). 

2.1.1.  Karhunen-Loeve  method  applied  to  Galerkin  approximation 

In  this  section,  following  Kirby  (1993),  we  explain  in  detail  how  one  has  to 

treat  a  specific  dynamic  problem  for  which  the  equations  of  motion  are  given. 
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We  assume  that  an  ensemble  of  p  pattern  vectors  is  obtained  from 

numerical  simulation,  where  each  itj  G  F  =  iR".  Let  S  be  an  arbitrary  basis 
B  =  {vi,. . . ,  -Un}  such  that  any  u,  can  be  represented  by 

n 

Ui  =  bijVj  .  (3) 

We  define  now  the  ensemble  average  of  a  set  of  p  pattern  vectors  by 

=  =  (4) 

^  i=l 

Often  in  practical  problems  a  time  continuous  quantity  u{t)  is  either  mea¬ 
sured  or  computed  as  we  have  done  it  for  the  examples  to  follow.  Then,  typ¬ 
ically,  values  of  this  quantity  are  stored  at  discrete  time  steps  U.  If  the  time 
steps  are  equidistant,  one  can  write  u{ti)  =  averaging 

process  {u)  =  limt_^oo  t  Io  yields  now,  replacing  the  integral  by  a 

finite  sum,  {u)  =  (w(ii))  =  ^  Y,i=i  Since  At  can¬ 

cels  out  we  again  end  up  with  the  notation  of  (4)  if  we  use  ttj  =  u{ti).  The 
aim  of  our  analysis  is  to  choose  a  new  basis  B  =  («^i, . . . ,  ^„)  in  which  we 
represent  tzj  in  the  form 

n 

Ui  =  '^aij(f>j.  (5) 

j=i 

This  new  basis  {<f>j}  should  be  optimal  in  the  sense  that  the  ensemble  average 
error  Cms  of  the  truncated  expansion  ui  »  tijm  = 
minimal  error.  In  the  general  theory  (Holmes  et  al.  (1996),  Lumley  (1970)) 
it  is  explained  that  in  order  to  formulate  a  meaningful  minimization  problem 
the  quadratic  expression  ems  =  (11  w  ~  ^mlP)  for  the  mean  square  error 
Cms  of  an  ensemble  of  pattern  vectors  must  be  introduced.  The  task  to  be 
performed  can  now  be  formulated  such  that  we  want  to  perform  an  optimal 
decomposition  of  the  vectors  itj  =  Uim  +  ej,  where  Uim  G  Wm,  Cj  G 
with  V  =  Wm  ©  W’^,  such  that  the  mean  square  error  of  the  truncation  is 
minimal.  With  (5)  we  obtain  ej  =  tti  -  «im  =  Sj=m+i  Inserting  into 
the  expression  for  Sms  we  have 


^ms 


^  aij4>j,  ^  0.ik(l>k  I  /  “  ( 

A:=m+1  J  /  \j,A;=m+l  i 

(j=m+l  /  \j=m+l  / 


(6) 
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Here  we  have  assumed  that  =  6jk-  We  further  note  that  we  may 

write  {u,4>Y  =  =  <p^uu^(l)  —  (0,uu^</>).  This  expres¬ 

sion  allows  to  introduce  the  ensemble  averaged  covariance  matrix 

C  =  {uu^),  (7) 

where  u  is  given  by  (3).  Provided  the  vj  in  B  are  orthonormal  the  entries  of 
the  matrix  C  are  given  by  the  quadratic  terms  bijhik. 

Example  1:  Let  it,  =  +  ^>12^2.  where  ui  =  (1,0)^  and  U2  =  (0,1)^ 

.  Then 

Itjlif  =  (6ii)^t;iV^  +  bi\bi2V\V2  +  bi2bi\V2vJ  +  {bi2)^V2V2  • 


one  obtains 

,,  babi2\ 

Averaging  over  i  according  to  (4)  results  in  the  matrix  C  given  by  (7). 

We  continue  now  with  the  formulation  of  the  minimization  problem  of 
Cfns  by  rewriting  ems  in  the  form 

ems  =  /  \  =  XI 

\j=m+l  /  +  l  j~m+l 

For  the  minimization  of  Cms  addition  the  orthonormality  condition  for  the 
<t>j  must  hold.  Hence,  we  form  the  functional  of  a  constrained  minimization 
problem  by  means  of  the  Lagrange  multiplier  method 

n 

j=m+l 


j=m+l 


The  necessary  condition  for  an  extremal  value  is  given  by  setting  the  (Fr^chet) 
derivative  equal  to  zero.  This  yields 

(C-AjT)^j  =0,  j  =  m  +  l,..-,n . 
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The  solution  of  the  problem  of  the  search  for  the  optimal  eigenvectors  yields 
for  all  vectors  (pj  the  same  eigenvalue  problem  Ccj)  =  A0,  where  the  n  x  n 
matrix  C  is  defined  by  (7). 

We  mention  two  useful  properties  of  the  KL-method: 

Property  1:  Since  o*  =  (w,  <f>i^)  we  obtain 

{akaj)  =  {{u,  4>k){u,  <Pj))  =  uu'^<t>j))  =  {4>k^ 

Hence  the  eigenvalue  Aj  =  {ajcij)  corresponds  to  the  statistical  vari¬ 
ance  or  can  be  considered  to  be  a  measure  of  the  “kinetic  energy”  in 
the  j-th  KL-mode.  If  the  eigenvalues  are  normalized  as  probabilities  the 
percentual  energy  content  of  an  approximation  can  be  estimated. 

Property  2:  The  eigenvalues  of  C  are  non-negative.  From  Property  1  we 
have 

Xj  =  {aj)>0,  j  =  l,...,m. 

The  basis  {4>j}  generated  by  the  eigenvectors  of  C  is  ordered  in  accor¬ 
dance  to  the  spectrum  of  C  such  that  Ai  >  A2  >  •  •  •  >  A^  >  0,  where 
corresponds  to  Aj.  Obviously  e^s  will  be  a  minimum  due  to  the  or¬ 
dering  since 

n  n  n 

ems=  E  E  E  V 

j=m+l  t=m+l  j—m+1 


3.  Applications 

3.1.  Double  pendulum  with  follower  force 

We  study  the  planar  large  amplitude  motion  of  a  double  pendulum  (Fig.  1) 
consisting  of  two  rigid  rods  of  same  length  i,  connected  by  linearly  viscoelas¬ 
tic  hinges  and  loaded  by  a  follower  force  F,  which  always  has  the  direction 
of  the  second  rod  (Troger  and  Steindl  (1991),  section  4.1).  As  degrees  of  free¬ 
dom  the  angles  and  ^2  measuring  the  deflection  of  the  two  rods  against 
the  unstrained  vertical  position  are  introduced.  The  equations  of  motion  are 
given  in  (Troger  and  Steindl  (1991),  section  4.1). 

To  study  the  stability  problem  of  the  equilibrium  =  V’2  =  0  the  equa¬ 
tions  of  motion  are  linearized  about  the  equilibrium  position.  Fixing  the  stiff¬ 
ness  and  damping  parameters  to  71  =  72  =  ^1  =  1-0  ^2  =  0.6  the 

eigenvalue  problem  yields  the  critical  value  of  the  follower  force  F  =  Fc  = 
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Figure  ].  Left:  Double  pendulum  with  tw'o  degrees  of  freedom  ipi  and  xp2,  lodaded  with  a 
follower  force  F;  right:  Cloud  of  simulation  results  given  by  the  limit  cycle  and  the  dots 
marking  the  the  initial  transient  motion  and  the  corresponding  KL-eigenvcctors  <f)^  and  02 

2.196  for  loss  of  stability  of  the  streched  state.  It  is  well  known  (Troger  and 
Steindl  (1991))  that  for  such  a  double  pendulum  due  to  a  Hopf  bifurcation  at 
F  =  Fc  a  stable  (supercritical)  limit  cycle  bifurcates  from  the  equilibrium. 
Now  we  simulate  the  nonlinear  equations  of  motion  for  F  =  3.0  >  Fc,  that 
is  in  the  domain  where  the  stable  limit  cycle  exists.  Using  the  representation 
u  —  (V'i)V’2)^  we  takep  =  2000  samples  with  the  stepsize  At  =  0.25  sec 
from  the  simulation  data.  According  to  Uj  =  u{ti)  and  (4)  we  calculate  the 
covariance  matrix  (7)  for  minimizing  the  error  in  position  (p)  and  velocity 
(u).  These  covariance  matrices  are 

„  _  /  0.2952  0.5587  \  r  -  f  ^ 

~  0.5587  1.1000  )  '  ^  0.1965  0.3946  J  ' 

Solving  the  respective  eigenvalue  problem  yields 


A? 

=  1.386, 

=  ( 

'  .4559  \ 
.  .8900  j 

-  0.8974  •  10-2, 

•^5  =  ( 

'  -.8900  \ 
^  .4559  ) 

=  .4939, 

«  = 

(  .4510  ^ 
.8925  ) 

=  .5693  •  10-2, 

*2  =  ( 

<  -.8925  \ 
,  .4510  ) 

The  vector  ^>2  is  rotated  by  90°  against  0j.  We  see  that  the  flutter  motion  is 
strongly  coupled  and  that  the  first  mode  is  more  significant  than  the  second 
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Figure  2.  Left:  Simulation  of  the  fluid  conveying  tube  for  q  =  10.0  for  a  discretization  with 
n  =  32  elements;  right:  Comparison  of  the  simulation  results  with  4-dimensional  approxima¬ 
tions  with  flat  Galerkin  (KL-modes  and  eigenmodes)  and  AIM  (eigenmodes) 


one.  This  is  best  seen  by  normalizing  the  eigenvalues  as  probabilities; 

ip)  A^  =  0.9778,  A^  =  0.0222,  (u)  Ajf  =  .9886,  A^  =  .0113. 

Moreover  from  Fig.  1  it  can  be  nicely  seen  how  the  KL-vectors  (the  opti¬ 
mal  vectors)  point  into  the  direction  of  the  axes  of  the  inertia  ellipsoid  of 
the  simulation  data  (the  cloud  of  data  points).  The  scattered  points  in  Fig.  1 
represent  the  transient  motion,  after  loss  of  stability  of  the  straight  position, 
which  finally  runs  into  the  limit  cycle  which  is  given  by  the  full  line.  The 
slight  differences  between  the  results  following  from  the  position  and  veloc¬ 
ity  data  can  be  explained  by  the  fact  that  higher  modes  may  be  of  different 
significance  in  one  or  the  other  of  these. 

3.2.  Oscillation  of  a  fluid  conveying  tube 

We  study  the  self  excited  planar  large  amplitude  oscillations  of  the  fluid  con¬ 
veying  tube  treated  also  in  Steindl  et  al.  (1998)  where  a  short  description  of 
the  mechanical  model  and  the  derivation  of  the  equations  of  motion  is  pre¬ 
sented. 

Analogously  to  the  behaviour  of  the  double  pendulum  for  the  dimension¬ 
less  flow  rate  g  =  Qc  =  8.027,  a  loss  of  stability  of  the  downhanging  tube  by 
a  supercritical  Hopf  bifurcation  takes  place  (Troger  and  Steindl,  1991). 

In  the  left  frame  in  Fig.  2  we  present  simulation  results  for  the  tube  oscil¬ 
lations  at  the  flow  rate  g  =  10.0  >  Pc  =  8.027.  These  results  were  obtained 
from  a  Finite  Difference  dicretization  of  the  continuous  tube  with  16  ele¬ 
ments  resulting  in  a  32  dimensional  system.  From  these  data  the  KL-basis  is 
calculated  from  1000  data  points  taken  at  equidistant  intervals  At. 

In  the  right  frame  of  Fig.  2  results  of  the  full  32-dimensional  model  des¬ 
ignated  by  FULL  are  compared  with  a  flat  Galerkin  (Gal)  approximation 
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with  m  =  4,  a  nonlinear  Galerkin  with  m  =  4  following  from  the  Approxi¬ 
mate  Inertial  Manifold  method  (Steindl  et  al.  (1998)).  In  these  cases  the  first 
eigenmodes  of  the  linearized  problem  zi  q  =  Qc  have  been  used  as  ansatz 
functions.  Further  a  flat  Galerkin  using  the  first  four  KL-modes  is  shown. 
The  reason  that  we  had  to  use  four  KL-modes,  instead  of  two,  is  that  with 
two  modes  the  trajectory  converged  to  a  steady  state  solution.  We  see  that  the 
KL  approximation  gives  the  best  match  to  the  simulation  data  but  also  the 
AIM  approximation  gives  a  very  good  result.  Worst  is  the  flat  Galerkin.  As 
a  third  possibility  for  ansatz  functions,  besides  the  KL-modes  and  the  eigen¬ 
modes  we  also  use  in  the  results  below  the  beam  modes  of  the  clamped  tube 
(without  flowing  fluid)  for  comparison. 

In  order  to  see  which  modes  make  relevant  contributions  to  the  motion 
of  the  tube  we  consider  the  limit  cycle  of  Fig.  3  and  calculate  the  average 
contribution  of  the  A:-th  mode  by 

=  7 

1=1 

Hero  J  =  1000  is  used.  The  results  are  shown  for  three  different  choices 
of  modes  in  Fig.  3.  Namely  for  the  eigenmode  basis  in  the  left  upper  frame, 
for  the  beam  modes,  which  are  sorted  according  to  their  node  number,  in 
the  right  upper  frame  and  for  the  Karhunen  Loeve  modes  in  the  left  lower 
frame.  Obviously  there  are  strong  qualitative  differences.  Whereas  for  the 
beam  modes  (right  upper  frame)  and  for  the  Karhunen  Loeve  modes  (left 
lower  frame)  the  contribution  of  the  higher  modes  decays  monotonically,  this 
is  not  the  case  for  the  eigenmode  basis,  obtained  from  the  solution  of  the 
linearized  fluid  conveying  tube  problem  and  which  is  sorted  according  to 
the  magnitude  of  the  realparts  of  the  eigenvalues  at  Qc  (left  upper  frame). 
It  is  clearly  visible  that  there  are  some  eigenvectors  (e.  g.  modes  19  and  20) 
located  further  left  in  the  complex  plane  which  in  average  contribute  more 
than  several  ones  located  closer  to  the  imaginary  axis.  To  try  to  explain  this 
remarkable  phenomenon  in  this  frame  also  the  contribution  of  the  various 
modes  at  larger  values  of  the  flow  rate  are  depicted.  It  is  clearly  visible  that 
for  a  Center  Manifold  reduction  at  p  =  the  relevant  contribution  comes 
from  the  first  two  modes.  However  for  increasing  values  of  the  flow  rate  q  the 
contribution  from  modes  corresponding  to  eigenvalues  located  further  left 
in  the  complex  plane  at  Qc  increases.  This,  certainly,  is  a  nonlinear  effect. 
Our  explanation  is  that  these  eigenvectors  are  a  small  perturbation  of  low  or¬ 
der  beam  modes  and  are  strongly  excited  by  the  nonlinearities.  Finally  we 
present  the  normalized  eigenvalues  of  the  KL-approximation  in  the  table  in 
Fig.  3.  The  energy  distribution  of  the  approximation  on  the  various  modes  is 
clearly  visible. 
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Figure  3.  Averaged  contribution  of  each  of  the  first  32  eigenvectors  (modes)  to  the  limit  cycle 
oscillation.  Left  upper  frame:  eigenmodes  at  various  values  for  the  flow  rate  p;  right  upper 
frame:  beam  modes  at  p  =  10;  left  lower  frame:  KL  modes  at  p  =  10  and  12;  right  lower 
frame:  normalized  KL  eigenvalues  at  p  =  10 


4.  Conclusions 


The  numerical  results  show  that  for  the  large  amplitude  oscillations  of  a  fluid 
conveying  tube  modelled  by  an  infinite  dimensional  mechanical  system  and 
described  by  a  set  of  nonlinear  partial  differential  equations  a  reduction  to  a 
finite  dimensional  system  of  amplitude  equations  is  possible  using  different 
sets  of  ansatz  functions  and  different  methods  of  reduction.  Among  the  dif¬ 
ferent  sets  of  ansatz  functions  the  Karhunen-Loeve  modes  in  our  case  are  by 
far  the  best  choice  for  a  flat  Galerkin  approximation,  because  the  contribution 
of  the  higher  modes  decays  most  rapidly.  Selecting  the  method  of  reduction 
certainly  the  nonlinear  Galerkin  method  will  be  superior  to  the  flat  Galerkin 
method  for  an  arbitrary  choice  of  the  ansatz  functions.  This  is  especially  im¬ 
portant  if  the  dimension  of  the  reduced  system  is  chosen  to  be  very  small, 
which  always  will  be  the  goal  of  an  reduction  process,  because  only  for  a  low 
dimensional  system  a  reasonable  qualitative  analysis  can  be  performed.  That 
the  results  of  the  KL  approximation  for  the  tube  oscillations  are  so  good  could 
be  a  consequence  that  the  limit  cycle,  from  which  we  have  taken  the  data,  can 
be  very  well  approximated  by  a  planar  structure.  Therefore  only  two  modes 
make  an  essential  contribution  to  the  energy  content. 
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Concerning  the  computational  effort  the  KL-method  requires,  first,  the 
generation  of  simulation  data  and  the  solution  of  an  eigenvalue  problem. 
Then,  however,  only  a  flat  Galerkin  reduction  must  be  performed.  For  the  non¬ 
linear  Galerkin  method  the  ansatz  functions  are  usually  given.  In  the  case  that 
the  eigenfunctions  of  the  linearized  problem  are  used  they  are  obtained  from 
the  calculation  of  the  stability  problem.  However  for  the  nonlinear  Galerkin 
reduction  the  calculation  of  the  reduced  system  is  at  least  twice  as  expensive 
as  for  the  flat  Galerkin  method. 
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ABSTRACT:  In  the  paper  we  study  the  phenomena  of  multiple  chaotic  transient  motions  in  a  driven, 
dissipative  nonlinear  oscillator.  The  numerical  analysis  shows  how  the  occurrence  of  multiple  chaotic 
transients  is  related  to  development  of  various  patterns  of  the  fractal  structure  of  basins  of  attraction  of 
coexisting  attractors,  and  how  the  metamorphoses  of  the  basin  boundaries  are  dictated  by  a  sequence  of 
various  t>pes  of  global  bifurcations. 

1.  Introduction 

The  phenomenon  of  chaotic  transient  motion  can  be  dangerous  for  the  dynamic 
engineering  systems  which  are  exposed  to  sudden  perturbations,  such  as  blows  of  wind, 
water  waves  or  other  sources.  In  linear  or  weakly  nonlinear  vibrating  system  the  transient 
motion  is  predictable:  one  can  estimate  the  rate  of  decay  and  the  time  the  transient 
motion  lasts  if  the  coefiBcient  of  damping  and  the  magnitude  of  perturbation  are  given.  In 
contrast,  the  transient  motion  that  is  chaotic  is  unpredictable:  one  is  unable  to  foresee 
how  long  it  will  last  and  what  is  the  final  outcome.  This  type  of  „transients”  can  look  like 
steady-state  chaos  for  a  long  time  and  suddenly  can  settle  onto  one  or  another  coexisting 
attractor.  Moreover,  the  phenomenon  can  be  generated  at  the  level  of  amplitude  of 
forcing  term  which  is  significantly  lower  than  that  at  which  the  system  exhibits 
permanent  chaos.  This  makes  the  question  of  necessary  conditions  for  the  chaotic 
transient  to  occur  to  be  an  essential  point  in  the  analysis  of  dynamic  responses  in 
engineering  systems. 

It  is  known  that  the  chaotic  transients  are  strictly  related  to  the  existence  of  a  fi*actal 
structure  of  basins  of  attraction  of  the  coexisting  attractors  and  that  the  fractal  basin 
boundaries  are  generated  by  global  (homoclinic  and  heteroclinic)  bifurcations.  It  follows 
that  the  two  basic  concepts  of  the  theory  of  nonlinear  dynamics:  the  global  bifurcation 
and  the  metamorphoses  of  basins  of  attraction,  play  an  essential  role  in  the  investigations 
of  the  critical  thresholds  in  the  system  control  parameter  values,  for  which  chaotic 
transients  can  occur. 

In  this  paper  the  global  bifurcations  and  the  related  new  types  of  chaotic  transients 
are  exemplified  by  using  an  archetypal  twin-well  potential  Duffing  oscillator  governed  by 
the  equation: 


//+  kii-  aw+  Pw^  =  >lcosTZJt,  /:,a,  p>  0,  T-  2tc/co  .  (1) 

At  F  =  0  the  system  has  the  two  stable  rest  positions  i/f;  =  ±  */ct/P  unstable 

one  wj  =  0. 

An  attention  is  focused  on  the  control  parameters  region  at  which  the  single-well 
T-periodic  attractors  do  exist,  that  is,  at  the  driving  frequency  lower  than  that  of  the 
saddle-node  bifurcation  of  the  nonresonant  attractor  ( to  the  left  of  ihtfold  A  in  Fig.  lb). 
In  particular,  two  domains  of  the  control  parameters  are  studied  in  detail  [l]-[4]; 

-  the  domain  where  the  hysteresis  of  the  primary  resonance  occurs; 

-  the  domain  where  the  T-periodic  cross-well  attractor  exists  and,  due  to  a  codimension- 
two  bifurcation,  coexists  with  one  of  the  two  different  types  of  attractors  (cross-well 
chaotic  attractor  or  the  single-well  T-periodic  nonresonant  attractor). 


2.  Multiple  chaotic  transient  motions  in  the  region  of  the  primary'  resonance 


hysteresis 

To  reduce  the  number  of  parameters  we  transform  the  equation  (1)  to  the  standard 
form  by  introducing  new  time  scale  and  a  new  independent  space  variable  We  do  this  by 
applying  the  nondimensional  time  t  -  where  fio  “  stands  for  the  natural 

frequency  of  small  oscillations  around  the  stable  equilibrium  position;  the  nondimensional 
displacement  is  assumed  as  x  =  u^fa  . 

The  twin-well  Duffing  equation  reduced  to  the  standard  form  is: 


x+  hx  -  -  F'cosco/, 


(2) 


where:  h  = 


la 


A  P 


o  = 


2a  V  a 


TJ 

via  ■ 


The  two  stable  rest  positions  (at  F  =  0)  are  now  situated  at  the  values  Xj  2  =  ±  1,  and 
the  natural  frequency  of  small  oscillations  within  a  single  potential  well  takes  the  value 

=  1 .  We  fix  throughout  on  the  value  of  damping  coefficient  A  =  0. 1 . 

First  we  consider  the  region  of  the  control  parameters  F ,  0  where  the  primary 
resonance  hysteresis  occurs.  Due  to  the  softening  nature  of  the  stiffness  the  nonlinear 
amplitude-frequency  response  curves  skew  towards  lower  frequencies  than  that  of  the 
linear  natural  frequency  and  thus,  in  a  certain  zone  of  the  driving  frequency,  there  coexist 
two  attractors  within  each  potential  well:  resonant  attractor  and  nonresonant  attractor 
S„  (Fig.  la).  In  the  system  control  parameter  plane  F  -  co  the  two  T-periodic  attractors 
coexist  within  the  triangle-like  domain  confined  by  the  arcs  denoted  zs  fold  B,  fold  A  and 
PD  (Fig.  lb).  Within  the  narrow  strip  -  between  the  PD  and  crisis  lines  -  the  resonant 
attractor  undergoes  cascade  of  period-doubling  bifurcations,  turns  into  a  single-well 
chaotic  attractor,  and  finally  is  destroyed  in  a  boundary  crisis  scenario.  Therefore,  the 


smooth  response  curve  with  the  fold  B  at  the  top  of  the  resonance  occurs  only  within 
the  region  of  the  forcing  parameter  Fq  <F  <Fj  ,  and  the  curve  where  the  period¬ 
doubling  and  vanishing  of  the  resonant  attractor  is  observed  occurs  at  F/  <F  <F^ .  The 


Fig.2.  F  =  0.058 ,  o  =  0.77 ;  (a)  basins  of  attractor  at  Fhom  <  F  <  ^hct  *>  (^)  ^  blow-up  of  the  basin 
boundaty  in  the  neighborhood  of  the  attractor  Sj ;  (c)  chaotic  transients  for  initial  conditions 
x(0)  =  0.7941 ,  x(0)  =  -0.377  ;  (d)  chaotic  transients  for  initial  conditions  x(0)  =  0.7941 , 
x(0)  = -0.3768. 


two  response  resonance  curves  which  refer  to  the  two  regions  of  the  forcing  parameter 
are  depicted  in  Fig.  la.  Note,  that  at  F  >F2  the  boundary  crisis  of  the  single-well  chaotic 
attractor  generates  the  cross-well  chaotic  attractor,  and  both  single-well  periodic  orbits 
cease  to  exist. 

To  determine  the  necessary  conditions  for  an  occurrence  of  chaotic  transient  motion, 
we  find  numerically  the  sequence  of  the  global  bifurcations  that  occurs  due  to  a 
coexistence  of  tlie  hilltop  saddle  and  the  single-well  saddles  D  and  D  (in  the  left  and 
right  potential  well,  respectively),  and  then  explore  effects  of  the  bifurcations  on  the 
development  of  a  fi'actal  structure  of  the  basins  of  attraction  The  sequence  is 
demonstrated  in  the  F  -  co  plane  (Fig.  lb).  The  curv'e  M  denotes  the  homoclinic 
bifurcation  of  the  hilltop  saddle  Dh  (known  as  the  Melnikov  criterion),  and  this  is  the 
only  global  bifurcation  which  occurs  in  the  domain  of  the  resonance  hysteresis  as  well  as 
in  the  domain  on  the  right  of  the  fold  A,  where  only  single  resonant  attractor  exists  in 
each  potential  well.  With  an  increase  of  the  forcing  parameter  F  the  homoclinic 
bifurcation  of  each  of  the  single-well  saddles  (Z)  /)  )  is  observ^ed  and  denoted  as  horn.  It 
is  followed  by  the  heteroclinic  bifurcation  which  involves  the  insets  of  the  hilltop  saddle 
Dh  and  one  of  the  outsets  of  each  single-well  saddle,  namely  that  one  which  tends 
towards  the  resonant  attractor  S, .  The  latter  bifurcation  is  denoted  as  het  in  Fig.  lb. 

To  explore  effects  of  the  sequence  of  global  bifurcations  on  the  generation  of  the 
fractal  structure  of  basins  of  attraction  we  demonstrate  and  discuss  separately  the  basin- 
phase  portraits  at  the  values  of  the  control  parameters  F,  o)  in  three  subdomains,  I.  the 
subdomain  between  the  Melnikov  (A^/)  and  in-well  (honi)  homoclinic  bifurcation, 
Fy^f  <F  <F},om\  D-  subdomain  between  the  in-well  homoclinic  {horn)  and  the 
heteroclinic  (hei)  bifurcation,  F^,^  <F  <F^^. ;  III  the  subdomain  above  the  heteroclinic 
bifurcation  {het)^  but  prior  to  the  loss  of  stability  of  both  single-w'ell  attractors  (FA  fold 
AX  Fi,,,  <F  <Fp^r^F^,  <F 

It  turns  out  that  the  effects  of  the  homoclinic  Melnikov  bifurcation  within  the 
subdomain  I  on  the  fractal  structure  of  the  basins’  boundaries,  although  emerging, 
remain  negligible  on  a  macroscopic  level  of  observation,  and  therefore,  the  related  basin- 
phase  portraits  are  not  presented  in  the  paper.  Significant  effects  are  brought  by  the  horn 
bifurcation  in  the  subdomain  IT:  the  regular  basin  boundary  that  separated  in  each  well 
the  basins  of  attraction  of  the  resonant  S,  and  nonresonant  S„  attractors  is  broken  and  a 
layer  of  the  fractal  basin  boundary'  is  formed  (Fig  2a, b).  This  leads  to  sensitivity  of  the 
system  response  to  initial  conditions  and  so,  to  the  unpredictability  of  the  final  outcome, 
the  trajectories  that  start  fi'om  the  fractal  area  exhibit  chaotic  transient  motion  until  they 
restabilize  onto  the  resonant  or  nonresonant  attractor  (Fig.  2c, d).  Note,  that  this  type  of 
chaotic  transient  is  confined  to  the  motion  within  a  single  potential  well  and,  therefore, 
the  phenomenon  is  not  restricted  to  the  twin-well  potential  oscillator. 

One  may  expect  that  due  to  the  Melnikov  homoclinic  bifurcation  the  system  has  also 
possibility  of  generating  the  cross-well  transient  chaos.  But  the  fractal  layer  of  the  basin 


Fig.3.  F  =0.075 .  o?  =0.79  :  (a)  basins  ofatlraction  of  the  four  coexisting  attractors;  (b)-(e)  samples  of 
chaotic  transients  for  initial  conditions:  (b)  .v{0)  =0.1 1.  .v(0)  =4),009  :  (c)  x{0)  =0.1102, 
i:(0)  =-0.00885  ;(d)  .r(0)  =0.1099.  .r(0}  = -0.009  :  (c)  .v(0)  =0.1097.  .v(0)  =-0.0095. 


boundary  which  involves  the  basins  of  attractors  from  both  potential  wells  is  so  thin  (and 
situated  close  to  the  edges  of  the  basins),  that  this  type  of  transients  is  neglected  in  the 
subdomain  considered. 

The  fractal  structure  of  the  basin-phase  portrait  that  form  a  tangled  mixture  of  the 
basins  of  all  four  coexisting  attractors  (two  attractors  in  each  well)  develops  dramatically 
after  crossing  the  threshold  values  F,  co  which  correspond  to  the  heteroclinic  bifurcation 
(line  het  in  Fig.  lb)  -  subdomain  UI.  As  the  parameters  F,  co  become  more  distant  from 
the  critical  het  values,  the  effects  of  the  heteroclinic  bifurcation  are  growing,  that  is,  the 
subset  of  initial  conditions  corresponding  to  the  fractal  domain  of  the  basins  is  increasing, 
and  gradually  begins  to  cover  a  significant  area  of  the  phase  space  x(0)-  x(0).  To 
highlight  the  effect  we  display  the  basins  of  attraction  for  the  forcing  parameter  value 
which  significantly  exceeds  the  critical  F^,  threshold,  but  still  remains  within  the 
triangle-like  domain  where  all  four  periodic  attractors  coexist  (Fig  3a).  In  this  case,  the 
highly  intertwined  structure  of  the  basins  gives  rise  to  cross-well  chaotic  transients,  which 
can  result  in  as  many  as  four  different  final  outcomes  Four  examples  of  the  time  history 
of  chaotic  transients  which  settle  finally  onto  each  of  the  four  coexisting  attractors,  are 
displayed  in  Fig.  3b-e.  They  are  obtained  for  sets  of  slightly  different  initial  conditions  in 
the  close  neighborhood  of  x(0)  =  0.1 1,  x(0)  ==  -  0.009 . 

The  sensitive  dependence  on  initial  conditions,  induced  by  the  global  bifurcations  of 
the  basins,  is  also  illustrated  by  the  chaotic  transient  motion  that  accompanies  the  strict 
loss  of  stability  of  the  nonresonant  attractor  5„  in  a  saddle-node  bifurcation  (fold  A)  at 
the  forcing  level  F  >  (F=  0.075,  Fig  4a, b).  Here,  the  vanishing  attractor  finds  itself 

on  the  fractal  basin  boundary  and,  therefore,  the  final  outcome  after  the  catastrophe  is 
unpredictable.  The  bifurcation  was  realized  numerically  by  setting  the  system  on  the 
nonresonant  solution  just  prior  to  the  saddle-node,  and  then  adding  a  small  increment  of 
the  driving  frequency,  Ao.  It  is  clearly  seen  that  under  a  very  small  difference  in  the 
increment  value  (0.001)  the  outcome  is  essentially  different:  after  long  chaotic  cross-well 
transient,  the  ensuing  trajectory'  restabilizes  onto  the  resonant  attractor  in  the  same  or  in 
the  opposite  well  (Fig.  4c, d). 

3.  Effects  of  the  homoclinic  bifurcation  on  chaotic  transients  in  the  region  of 
existence  of  the  cross-well  T-periodic  attractor  (Large  Orbit) 

In  this  section  we  focus  on  the  phenomena  of  transient  chaos  in  the  region  of  system 
control  parameters,  where  the  cross-w'cll  T-periodic  attractor  (called  „Large  Orbit”  in  the 
subsequent  text)  exists,  and  can  coexist  with  the  cross-well  chaotic  attractor  or  with  the 
nonresonant  single-well  attractors  (see  Fig.  2  in  [2]).  In  this  region  the  homoclinic 
bifurcation  of  the  saddle  Dl  ,  that  is,  the  saddle  associated  with  the  Large  Orbit  5^,  gives 
rise  to  new  types  of  cross-well  chaotic  transients.  We  consider  the  domain  off  -  co  plane 
where  a  codimension-two  bifurcation  occurs,  that  is,  where  there  is  an  intersection  of  the 
fold  A  and  the  critical  line  of  the  homoclinic  tangency  of  the  saddle  Dl  (Fig  5).  In  this 


Fig.4.  Tangled  saddle-node  bifurcation  of  the  nonresonanl  attractor  S„  with  unpredictable  outcomes. 
F  =  0.075  (a)  basin  phase-portrait  prior  to  the  bifurcation,  o  =  0.8 ;  (b)  basin  phase-portrait  just  after 
the  bifurcation,  co  =  0.804  ;  (c),  (d)  two  time  histories  of  the  chaotic  transients. 


Fig.6.  Subdomain  II;  (a)  structure  of  the  invariant  manifolds  of  the  saddle  Di ;  (b)  basins  of  attraction  of 
the  three  periodic  attractors. 


figure  we  denote  four  bifurcation  subdomains:  in  the  subdomain  I  the  Large  Orbit 
coexists  with  the  cross-well  chaotic  attractor,  in  the  subdomain  III  the  Large  Orbit  is  a 
unique  attractor,  and  in  the  subdomains  II  and  IV  the  coexistence  of  the  Large  Orbit  and 
the  single-well  nonresonant  attractors  5’  is  observed.  The  homoclinic  bifurcation  of 
the  saddle  Dl  is  indicated  by  a  solid  line  and  denoted  C  in  the  upper  part  of  the  figure, 
while  it  is  drawn  by  a  dashed  line  in  the  bottom  part  (below  the  intersection  point  X 
corresponding  to  a  codimension-two  bifurcation).  The  solid  line  C  defines  also  the 
boundary  of  existence  of  the  cross-well  chaotic  attractor,  which  vanishes  in  the  crisis 
scenario.  In  contrast,  the  portion  of  the  homoclinic  bifurcation  curve  which  is  denoted  by 
the  dashed  line  does  not  aflFect  the  stability  and  so  the  existence  of  any  of  the  coexisting 
attractors. 

The  homoclinic  bifurcation  of  the  saddle  Di  in  the  two  subdomains  (11  and  IV  in 
Fig.  5)  manifests  itself  by  a  dramatic  change  of  the  basins  of  attraction  associated  with  the 
Large  Orbit  Sl  and  the  single-well  attractors  The  effect  is  illustrated  in  Fig.  6a,b 

and  Fig.  7a-c.  First  we  show  the  invariant  manifolds  of  the  saddle  Dl  prior  to  the 
homoclinic  bifurcation  (Fig.  6a):  it  is  seen  that  the  insets  and  outsets  of  the  saddle  do  not 
intersect.  It  follows  that  the  insets  define  a  regular  boundary  between  the  basins  of 
attraction  of  Sl  and  the  pair  of  single-well  attractors  S„  and  S„  (Fig.  6b).  In  contrast,  the 
boundary  between  the  basins  of  attraction  of  the  left  and  right  single-well  attractors  is 
fractal.  This  is,  of  course,  due  to  the  homoclinic  bifurcation  of  the  hilltop  saddle  Dh 
which  occurs  at  significantly  lower  value  of  the  forcing  parameter  F  than  the  value 
considered. 

It  is  useful  to  interpret  the  basins  of  attraction  also  in  a  different  way,  by  treating  the 
sum  of  the  single-well  attractors  S„  and  S  ‘„  as  a  union.  This  splits  the  whole  phase-space 
into  only  two  basins:  the  basin  of  the  Large  Orbit  Sl  and  the  basin  of  the  union  S„,Sn 
(Fig.  7a) 

Finally,  we  move  from  the  subdomain  II  to  the  subdomain  IV  crossing  the  critical  F, 
CO  values  for  which  the  homoclinic  bifurcation  occurs,  and  observe  both  the  structure  of 
the  invariant  manifolds  of  the  saddle  Dl  and  the  bifurcation  of  the  basins  of  attraction  of 
Sl  and  of  the  union  S„^S„.  Now  the  insets  and  outsets  of  Dl  form  a  highly  intertwined 
structure,  and  therefore  the  regular  boundary  between  the  two  types  of  periodic 
attractors  is  broken  (Fig.  7b,c).  The  effect  of  the  homoclinic  bifurcation  on  the  basin- 
phase  portrait  manifests  itself  by  an  explosion  of  the  basin  of  Sl  and  its  invasion  into  the 
area  formerly  occupied  by  the  basin  of  the  union  S„  and  S„ .  The  interior  of  the  latter 
basin  becomes  now  a  tangled  mixture  of  the  basins  of  attraction  of  the  three  coexisting 
attractors  -  Sl,  S„  and  5’  (except  the  small  tadpole-shape  regions,  which  remain  as 
„regular  portions”  of  the  basin  of  attraction  of  S„  and  5^). 

Analogously  as  in  the  region  of  resonant  hysteresis,  the  trajectories  that  start  with 
initial  conditions  situated  in  the  highly  fractal  domain  of  the  phase-space  x(0)  -  x(0) 
can  be  very  complex  and  look  like  long  lasting,  cross-well  chaotic  transients  with 


Fig.7.  (a),  (b)  Basins  of  attraction  of  the  attractor  and  the  union  of  S„  and  5’  :  (a)  in  the  subdomain 

11,  (b)  in  the  subdomain  IV;  (c)  structure  of  the  invariant  manifolds  of  the  saddle  after  the 
homoclinic  bifurcation,  subdomain  IV;  (d)-(O  examples  of  chaotic  transients  with  different  final 
outcomes  for  initial  conditions  close  to  x(0)  =  -1 ,  x(0)  =  -0.28  . 


unpredictable  final  outcomes.  A  sample  of  the  set  of  chaotic  transients  that  start  with 
initial  conditions  close  to  the  bottom  of  th.e  left  potential  well,  each  transient  settling  onto 
one  of  the  three  available  coexisting  attractors,  is  presented  in  Fig.  7d-f. 

4.  Conclusions 

The  study  of  the  phenomena  of  multiple  chaotic  transient  motions  in  the  twin-well 
potential  Dufldng  oscillator  was  concentrated  on  the  region  of  driving  frequencies  which 
are  close  to  the  primary  resonance,  but  are  lower  than  the  critical  frequency  of  the 
nonresonant  saddle-node  bifurcation.  Numerical  exploration  reveals  that  in  this  region  of 
control  parameters  the  system  behavior  is  especially  rich  in  the  phenomena  of  various 
types  of  chaotic  transients.  This  is  explained  in  terms  of  the  multiple  global  bifurcations 
that  occur  in  the  domain  considered,  and  which  guarantee  the  generation  of  various 
patterns  of  fractal  structure  of  basins  of  attraction  of  the  coexisting  attractors. 

At  the  region  of  the  nonlinear  resonance  hysteresis  (low  values  of  the  forcing 
parameter  F),  the  additional  types  of  global  bifurcations  and,  hence,  the  new  types  of 
chaotic  transients  are  related  to  the  coexistence  of  the  two  periodic  (resonant  and 
nonresonant)  attractors  and  the  accompanying  cyclic  saddle  inside  each  of  the  potential 
well. 

At  higher  values  of  the  forcing  parameter  F,  where  the  T-periodic  cross-well 
attractor  (Large  Orbit)  appears,  the  new  types  of  chaotic  transients  are  due  to  the 
homoclinic  bifurcation  of  the  associated  cross-well  T-periodic  saddle.  The  bifurcation 
brings  a  dramatic  change  in  the  structure  of  the  basins  of  attraction;  after  this  global 
bifurcation  the  basin  of  the  cross-well  T-periodic  attractor  begins  to  cover  a  large  domain 
of  the  phase-space.  It  follows,  that  now  even  the  trajectories  that  start  close  to  the 
bottom  of  the  potential  well  can  settle,  after  a  long  cross-well  chaotic  transient,  onto  the 
Large  Orbit. 
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1.  Introduction 

Homoclinic  and  heteroclinic  orbits  are  of  great  interest  from  applied  point  of 
view.  In  reaction-diffusion  problems  they  form  the  profiles  of  traveling  wave 
solutions.  Their  existence  can  also  cause  complicated  dynamics  in  the  three- 
dimensional  systems,  as  in  The  Shilnikov  example.  The  classical  approach 
to  predict  the  bifurcations  of  these  homoclinic  orbits,  in  driven  or  planar  au¬ 
tonomous  systems,  deals  with  the  Andronov-Melnikov  method.  This  approach 
is  mainly  based  on  the  distance  between  manifolds.  Recently,  another  analytical 
method  to  predict  the  homoclinic  bifurcations  for  autonomous  systems  was  pre¬ 
sented  in  [1].  This  approach  consists  of  attacking  directly  the  period  of  periodic 
solution.  More  precisely,  the  condition  we  considered  at  such  bifurcations  is  the 
limit  of  the  period  goes  to  infinity.  The  purpose  of  this  paper  is  to  present  a  new 
criterion  to  approximate  such  bifurcations.  This  criterion  involves  principally 
the  periodic  orbit  and  the  hyperbolic  point  (saddle).  The  period  is  not  needed 
in  this  approach.  We  will  apply  this  new  criterion  to  predict  a  chaotic  blue  sky 
catastrophe.  Comparisons  to  numerical  simulations  and  previous  methods  ([1], 
[2]  and  [3])  are  reported. 


2.  Criterion 

Consider  the  planar  differential  system  in  the  form 

i  =  =  /2(x,y,;x)  (1) 

where  /i  and  /2  are  supposed  to  be  sufficiently  smooth  with  respect  to  their 
arguments  and  ^  =  (/xi,//2)-  This  equation  (1)  can  model  the  dynamic  behav¬ 
ior  of  many  systems  in  mechanics.  We  assume  that  the  system  (1)  possesses  a 
homoclinic  or  a  heteroclinic  orbit  F  to  a  saddle  5(^5,  i/j)  at  /z  =  where  /Zc  is 
the  critical  parameter  value  corresponding  to  the  homoclinic  bifurcation.  Define 
{xAit,a{/i)),yA{t,a{^)))  as  an  approximation  of  the  periodic  solution  with  the 
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amplitude  a(fi)  and  frequency  Q{a{^))  =  The  criterion  to  predict 

the  homoclinic  bifurcations  given  in  [1],  consists  of  computing  explicitly,  using 
a  perturbation  method  [4],  an  approximation  of  the  frequency  In  the  limit 
/z  /icj  the  periodic  orbit  approaches  S  and  so,  the  period  tends  to  infinity 
at  the  bifurcation.  Therefore,  the  natural  condition  we  considered  was  merely 
given  by  oo  or  =  0.  We  will  now  present  the  new  technique.  Instead 
of  using  the  period  or  the  frequency,  we  attack  directly  the  periodic  solution 
and  the  saddle  5.  Denote  by  ^>i(x>i(a(/i)),y^(a(^)))  the  value  of  the  periodic 
solution  located,  for  t  =  0,  on  an  axis  (A)  connecting  S  to  the  focus  F,  see 
figure  1.  In  the  limit  /z  — ►  ;zc,  the  periodic  orbit  passes  closer  and  closer  to  the 
saddle  {Xa  ^  S).  At  the  bifurcation,  alias  fi  =  fjc,  the  condition  to  be  satisfied 
is 

XA{xA.yA)=^Six,,y,)  (2) 


Figure  1:  Homoclinic  bifurcation  according  to  the  criterion  (2) 


3.  Application  and  comparison 

In  this  section,  we  apply  the  new  approach  (2)  to  some  cases.  As  a  first  ex¬ 
ample,  we  consider  the  oscillator  with  quadratic  nonlincarities 

X  y, 

y  =  e(at/  +  cx^-^x2/  +  7y^),  (3) 

where  a  =  ea,  c  ec,  p  —  cp  and  7  =  57  (a,  c,  /?,  and  7  are  the  original 
parameters  and  e  is  supposed  to  be  small);  the  parameter  oj  denotes  the  natural 
frequency  of  the  system.  Applying  a  perturbation  method  [5],  the  approximation 
to  second  order  of  the  general  solution  is  written  as 

xaW  =  aco${4)) 


(4) 


bifurcation  of  bomoclinic  orbits.. 


da 

It 

dt 


7^0; 


(5) 


Using  the  criterion  (2)  to  the  first  order  approximation,  alias  XA{t)  =  acos{<f>) 
and  2/a(0  =  =  —a^s\n{(f>),  we  obtain 


acos(0)  = 


c 


;  — aO  sin(^)  =  0 


(6) 


3 

Resolving  these  equations  leads  to  the  relation  a  =  ^.  Taking  into  account 
the  expression  of  the  amplitude  a  =  given  in  [1],  the  homoclinic 

bifurcation  curve  is  approximated  by 


^(c  4- 707^)0;^ 
4c2 


(7) 


At  the  second  order,  for  0  =  0,  the  criterion  (2)  gives  o+^(7+j;^)4-^(7— = 

This  system  leads  to  the  second  order  approximation  of  the  homoclinic  curve 
(for  7  =  0) 


2 

4c  ^  2  '' 


(8) 


Using  the  approach  given  in  [1],  we  obtain,  for  7  =  Applying 

the  Melnikov  technique,  we  have  a  =  [6].  In  figure  2,  we  compare  these  last 

results  for  the  values  7  =  0,  c  =  0.4  and  h  =  0.2. 


Figure  2:  Comparisons  of  homoclinic  bifurcation  curves  of  (3), - Melnikov 

method,  +-h+  The  criterion  [1], _ criterion(2)  to  first  order,  ***  criterion(2) 

to  second  order 
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Note  that  to  improve  the  precision  of  the  criterion  (2),  it  is  quite  easy  to 
perform  higher  order  approximations  of  the  periodic  solution  (4)- (5)  using  sym¬ 
bolic  calculations. 


The  second  example  is  the  Arnold-Bogdanov-Takens  system 
^  =  y;  y  =  +  exy 


(9) 


with  /ii  <  0  and  /i2  =  >  0;  c  is  small  parameter.  The  fixed  points  of  (9) 

are  (x,  y)  =  the  positive  one  is  a  saddle  point.  For  illustrating  the 

criterion  (2)  to  predict  the  homoclinic  connection  in  this  example,  it  is  more 
convenient  to  apply  the  multiple  scales  method.  Performing  this  method  to 
second  order,  the  periodic  orbit  may  be  sought  in  the  form 

€)  ==  xo(To,  Ti)  +  ^xi{Tq,Ti)  +  e^X2{ToyT\)  -h  ..., 

yA(f,c)  =  yo(7o,Ti)  +  cyi(ro,Ti) -f- c^y2(Tb,Ti) -f  ...  (10) 

The  approximation  to  second  order  of  the  periodic  orbit  is  given  by 

XA{t)  =  acos{(j))  -  Y’VAit)  =  -ov^^sin(<6)  (11) 

where  and  4>  =  +  6).  We  immediately  see  that  the 

criterion  (2),  written  as  acos((^)  -  ^  =  -/ii;  -a>/2/i2  sin ((;{>)  =  0,  leads  to  the 
homoclinic  bifurcation  curve 


^  “( 


1  -f  \/52x2  2 
6  ^  ^2 


(12) 


The  Melnikov  technique  [3]  gives  fii  =  comparisons,  see  figure  3. 

On  the  other  hand,  to  predict  the  saddle  node  bifurcation,  one  only  has  to  equal 
the  coordinates  of  the  fixed  points  to  obtain  the  curve  jxi  =  0.  In  addition,  since 
at  the  Hopf  bifurcation  the  amplitude  of  the  orbit  vanishes,  we  obtain  from  the 
expression  of  the  amplitude  given  above,  the  Hopf  curve  fii  =  as  in  [3]. 


Figure  3:  Comparisons  of  homoclinic  bifurcation  curves  of  (9),  -  -  Melnikov, 
. . .  Numerical  simulation, _  criterion(2) 


bifurcation  of  homoclinic  orbits.. 


The  next  example  is  the  acceleration  Van  der  Pol  system  with  DC  bias  [8] 

x  —  ky  +  efibx  -  cp.xy"^\y  =  -x  +  c  (13) 

For  c  9^  0,  the  phase  portrait  of  (13)  has  two  fixed  points.  The  coordinates  of 
the  saddle  are  (c,  ^  +  ^(5^)^  -T^).  As  c  increases,  the  saddle  point  moves 

toward  the  limit  cycle,  and  at  some  value  of  c,  it  collides  with  the  limit  cycle 
causing  its  disappearance  from  the  phase  portrait. 

Using  the  multiple  scale  method,  the  approximation  to  second  order  of  the 
periodic  solution  is 


XA{t)  =  ocos(^)  +  c+e[/i(o,  c,^) 
yA{t)  =  -^sin((^)  +  £Vi(o,c,0) 


(14) 


where,  a  =  V'4A;6  and  <f)  =  +  9.  The  criterion  (2)  to  the  first  order  gives 


acos{(f>)  +  c  =  c 


Resolving  these  equations  leads  to  the  first  order  approximation  of  the  homo¬ 
clinic  bifurcation  curve 


(16) 


The  second  order  approximation  of  the  homoclinic  bifurcation  is  given  by  re¬ 
solving  the  following  equations  x^(i)  =  c  ;  yA{t)  =  (5^)  +  ^(^)2  +  b. 

Figure  4  illustrates  the  comparisons  between  the  analytical  prediction  (16)  and 
numerical  simulations  for  the  values  k  =  0.7  and  ^  =  10. 


Figure  4:  Comparisons  of  homoclinic  bifurcation  curve  of  (13), _ criterion(2) 

to  first  order,  numerical  simulation  , . . 
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In  the  last  example,  we  show  that  the  criterion  (2)  may  also  be  applied  to  predict 
the  disappearance  of  a  Birkoff-Shaw  chaotic  attractor  (blue  sky  catastrophe)  by 
collision  with  a  saddle  type  object.  This  bifurcation  can  be  considered  as  a 
generalization  of  the  blue  sky  of  a  limit  cycle  discussed  above.  It  can  occur  in 
the  following  Van  der  Pol  as}Tnmetric  forced  system  with  DC  bias  ([8]) 


X  =  /:y  4-  efibx  —  y  --x  —  f  sin(n<)  -f  c  (17) 


Using  the  multiple  scale  method,  the  approximation  of  the  quasi-periodic 
attractor  of  (17)  is  given  by 


x^(t)  =  acos((^)4- 


fk 


{k-Q^) 


sin(ni)  +  c 
cos{Qt) 


(18) 


where  a  —  ^^k{h  -  ^  ^  Assume  that  for  small  periodic 

driving,  the  saddle  type  object  of  (18)  still  qualitatively  near  the  saddle  of  the 
autonomous  case  (i.e./  =  0)  in  the  Poincar6-section.  Set  t  =  ,  p  =  1, 3, 5, .... 

Applying  this  transformation  to  (18),  and  using  the  criterion  (2)  by  equating 
the  resulting  equations  to  the  coordinates  of  the  saddle,  we  obtain 


acos(0i)  +  c  =  c 


2cp 


2cp' 


(19) 


where  <f>i  is  the  discritized  phase.  The  resolution  of  these  equations  gives  the 
following  approximation  of  the  chaotic  blue  sky  catastrophe  curve  (sec  figure  5) 


—  b)'  k  —  y/k 


(20) 


Figure  5:  Chaotic  blue  sky  catastrophe  curve  of  (17) 


bifurcation  of  homoclinic  orbits.. 


To  compare  with  the  numerical  simulation  following  [8],  we  set  k  =  0.7, 
=  10,  6  =  0.1,  /  =  0.25  and  fl  =  1.5.  Numerically  c  =  0.09  and  analytically 
by  (20)  we  find  c  =  0.10.  To  be  more  pricise,  the  position  of  the  saddle  point 
approximated  in  (19)  by  the  saddle  of  the  autonomous  case,  can  also  be  calcu¬ 
lated  numerically. 


4.  Remarks 

Recently,  a  technique  to  predict  homoclinic  bifurcations  was  established  in  [1]. 
This  technique,  mainly  considers  the  limit  of  the  periodic  orbit  tends  to  infin¬ 
ity  at  the  homoclinic  connection.  In  this  paper  we  have  focused  attention  on 
the  periodic  orbit  itself  and  the  saddle  as  well.  After  all,  the  principal  object 
involved  in  this  bifurcation  is  precisely  the  periodic  orbit.  We  have  presented 
a  new  analytical  criterion  based  on  the  analysis  of  the  periodic  orbit  moving 
toward  the  saddle  point  when  approaching  the  homoclinic  bifurcation.  In  the 
limit,  the  periodic  orbit  and  the  saddle  collide. 

The  comparisons  shown  here,  reveal  the  good  prediction  given  by  the  new  tech¬ 
nique  of  this  work.  A  generalization  of  these  techniques  to  predict  homoclinic 
bifurcations  in  periodically  driven  oscillators  was  proposed  in  [7].  This  idea  of 
attacking  the  periodic  orbit  can  be  applied  to  investigate  the  chaotic  blue  sky 
catastrophe.  The  saddle  node  bifurcation  for  fixed  points  or  for  periodic  orbits 
can  also  be  studied  using  the  approximation  of  the  periodic  orbit,  as  seen  in  the 
Arnold-Bogdanov-Takens  example.  The  technique  of  this  work  may  be  applied 
to  study  homoclinic  bifurcations  in  three-dimensional  systems.  The  challenge 
here  is  to  construct  a  good  approximation  of  the  periodic  orbit. 
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Abstract.  We  give  wavelet  description  for  nonlinear  optimal  dynamics  (en¬ 
ergy  minimization  in  high  power  electromechanical  system).  We  consider 
two  cases  of  our  general  construction.  In  a  particular  case  we  have  the  So¬ 
lution  as  a  series  on  shifted  Legendre  polynomials,  which  is  parametrized 
by  the  solution  of  reduced  algebraical  system  of  equations.  In  the  general 
case  we  have  the  solution  as  a  multiresolution  expansion  from  wavelet  anal¬ 
ysis.  In  this  case  the  solution  is  parametrized  by  solutions  of  two  reduced 
algebraic  problems,  one  as  in  the  first  case  and  the  second  is  some  linear 
problem,  which  is  obtained  from  one  of  the  next  wavelet  constructions: 
Fast  Wavelet  Transform,  Stationary  Subdivision  Schemes,  the  method  of 
Connection  Coefficients. 


1.  Introduction.  Many  important  physical  and  mechanical  problems  are 
reduced  to  the  solving  of  the  systems  of  nonlinear  differential  equations 
with  polynomial  type  of  nonlinearities.  In  this  paper  and  related  paper 
in  this  volume  we  consider  applications  of  methods  of  wavelet  analysis  to 
such  problems.  W^avelet  analysis  is  a  relatively  novel  set  of  mathematical 
methods,  which  gives  us  possibility  to  work  with  well-localized  bases  in 
functional  spaces  and  with  general  type  of  operators  (including  pseudodif¬ 
ferential)  in  such  bases.  Many  examples  may  be  found  in  papers  [9]-*[18]. 
Now  we  apply  our  approach  to  a  case  of  constrained  variational  problem: 
the  problem  of  energy  minimization  in  electromechanical  systems.  We  con¬ 
sider  a  synchronous  electrical  machine  and  a  mill  as  load  (in  this  approach 


we  can  consider  instead  of  a  mill  any  mechanical  load  with  polynomial 
approximation  for  the  mechanical  moment). 

We  consider  the  problem  of  ‘’electrical  economizer’  as  an  optimal  control 
problem.  As  result  of  the  first  stage  we  give  the  explicit  time  description 
of  the  optimal  dynamics  for  that  electromechanical  system.  As  result  of 
the  second  stage  we  give  the  time  dynamics  of  our  system  via  construc¬ 
tion  based  on  the  set  of  switched  type  functions  (Walsh  functions),  which 
can  be  realized  on  the  modern  thyristor  technique.  In  this  paper  using  the 
method  of  analysis  of  dynamical  process  in  the  Park  system  [1],  which  we 
developed  in  ref.  [9],  [10].  we  consider  the  oj)timal  control  problem  in  that 
system.  As  in  [9],  [10],  our  goal  is  to  construct  exjdicit  time  solutions,  which 
can  be  used  directly  in  microprocessor  control  systems.  Our  consideration 
is  based  on  the  Integral  Variational  Method,  which  was  developed  in  [21]. 
As  we  shall  see  later,  we  can  obtain  explicit  time  dependence  for  all  dy¬ 
namical  variables  in  our  optimal  control  problem.  It  is  based  on  the  fact 
that  optimal  control  dynamic  in  our  case  is  given  by  some  nonlinear  system 
of  equations  which  is  the  extension  of  initial  Park  system.  Moreover,  the 
equations  of  optimal  dynamics  also  is  the  system  of  Riccati  type  (we  use 
the  quadratic  dependence  of  the  mechanical  moment).  It  should  be  noted 
that  this  system  of  equations  is  not  the  pure  differential  system  but  it  is 
the  mixed  differential-algebraic  or  functional  system  of  equations  [19]. 

In  §2  we  consider  the  description  of  our  variational  ai)proach,  which  can 
be  generalized  in  such  a  way  that  allows  us  to  consider  it  in  Hamiltonian 
(symplectic)  approach  [15]. 

In  §3  we  consider  the  form  of  explicit  time  solutions. 

Our  initial  dynamical  problem  (without  control)  is  described  by  the 
system  of  6  nonlinear  differential  equations,  which  has  the  next  Cauchy 
form  (for  definitions  see  [9],  [10]) 

l  r,.i 

where  A^.  r,  s  =  1,  6)  are  constants,  Aj;.(t),  (A:  =  1,5)  are  explicit  func¬ 
tions  of  time,  A6(2G:0  =  is  analytical  approximation  for  the 

mechanical  moment  of  the  mill.  At  initial  stage  of  the  solution  of  optimal 
control  problem  in  both  methods  we  need  to  select  from  initial  set  of  dy¬ 
namical  variables  ij, . . . ,  zg  the  controlling  and  the  controllable  variables.  In 
our  case  we  consider  Zi,  2*2  controlling  variables.  Because  we  consider 

the  energy  optimization,  we  use  the  next  general  form  of  energy  functional 


in  our  electromechanical  system  Q=  [Ki{iiA2)  +  ^"2(^1, ^2)]^^  where 

Ki^K2  are  quadratic  forms.  Thus,  our  functional  is  the  quadratic  function-, 
al  on  the  variables  21,22  and  its  derivatives.  Moreover,  we  may  consider 
the  optimization  problem  with  some  constraints  which  are  motivated  by 
technical  reasons  [9],  [13].  Then  after  standard  manipulations  from  the  the¬ 
ory  of  optimal  control,  we  reduce  the  problem  of  energy  minimization  to 
some  extended  nonlinear  system  of  equations.  As  a  result  of  the  solution  of 
equations  of  optimal  dynamics  we  have:  1).  the  explicit  time  dependence 
of  the  controlling  variables  u{t)  =  {2i(i),  2*2 (t)}.  which  give  2).  the  optimum 
of  corresponding  functional  of  the  energy  and  3).  explicit  time  dynamics  of 
the  controllable  variables  {2*3, 24, 25, 26}(f).  The  obtained  solutions  are  giv- 

N 

en  in  the  next  form:  2/t(^)  =  2^(0)  +  where  in  our  first  case 

i=l 

(§3)  we  have  Ar{(^)  =  where  Qi{t)  are  shifted  Legendre  polynomials 

[21]  and  AJ.  are  the  roots  of  reduced  algebraic  system  of  equations.  In  our 
second  case  (§4)~the  general  wavelet  case  correspond  to  multiresolu¬ 
tion  expansion  in  the  basis  of  compactly  supported  wavelets  and  A^  are  the 
roots  of  corresponding  algebraic  Riccati  systems  with  coefficients,  which 
are  given  by  Fast  Wavelet  Transform  (FWT)  [2],  Stationary  Subdivision 
Schemes(SSS)  [6],  the  method  of  Connection  Coefficients  (CC)  [23]. 

Giving  the  controlling  variables  in  the  explicit  form,  we  have  optimal, 
according  to  energy,  dynamics  in  our  electromechanical  systems.  Evidently 
the  technical  realization  of  controlling  variables  as  an  arbitrary  continu¬ 
ous  functions  of  time  is  impossible,  but  we  can  replace  them  by  their  re- 
expansions  on  the  base  of  switching  type  functions,  which  can  be  realized 
now  on  the  modern  thyristor  technique.  We  considered  this  re-expansion 
in  [9],  [13],  where  we  used  Walsh  and  Haar  functions  [3]  as  a  base  set  of 
switching  type  functions.  This  is  a  special  case  of  general  sequency  analy¬ 
sis  [20].  About  practical  realization  of  expansions  from  §4  on  the  base  of 
general  wavelet  packet  basis  [4]  see  [18]. 

2.  Polynomial  Dynamics.  Our  problems  may  be  formulated  as  the  sys¬ 
tems  of  ordinary  differential  equations  dxi/dt  =  fi{xj.t),  {i.J  =  l,...,n) 
with  fixed  initial  conditions  Xx(0),  where  fi  are  not  more  than  polynomial 
functions  of  dynamical  variables  xj  and  have  arbitrary  dependence  of  time. 
Because  of  time  dilation  we  can  consider  only  next  time  interval:  0  <  ^  <  1. 
Let  us  consider  a  set  of  functions  ^i{t)  =  Xidyi/dt  +  fiyi  and  a  set  of  func¬ 
tionals  Fi{x)  =  Jq  ^i(t)dt—Xiyi  lo,  where  2/i(t)(2/j(0)  =  0)  are  dual  variables. 
It  is  obvious  that  the  initial  system  and  the  system  Fi(x)  =  0  are  equiva- 


lent.  In  the  second  paper  in  this  volume  we  consider  the  symplecti/ation  of 
this  approach.  Now  we  consider  formal  expansions  for  Xi^yi: 

Xi{t)  =  a-.(0)  +  yj{t)  =  Y,nWrii):  (1) 

k  ^ 

where  because  of  initial  conditions  we  need  only  v^A'(O)  =  0.  Then  we  have 
the  following  reduced  algebraical  system  of  equations  on  the  set  of  unknown 
coefficients  Af  of  expansions  (1): 

k 

Its  coefficients  are  7i  =  In  Now, 

when  we  solve  system  (2)  and  determine  unknown  coefficients  from  formal 
expansion  (1)  we  therefore  obtain  the  solution  of  our  initial  problem.  It 
should  be  noted  if  we  consider  only  truncated  expansion  (1)  with  N  terms 
then  we  have  from  (2)  the  system  of  A’’  X  n  algebraical  equations  and  the 
degree  of  this  algebraical  system  coincides  with  degree  of  initial  differen¬ 
tial  system.  So,  we  have  the  solution  of  the  initial  nonlinear  (polynomial) 
problem  in  the  form 

=  +  (3) 

Aril 

where  coefficients  are  roots  of  the  corresponding  reduced  algebraical 
problem  (2).  Consequently,  we  have  a  parametri/ation  of  solution  of  ini¬ 
tial  problem  by  solution  of  redm'ed  algebraical  problem  (2).  But  in  general 
case,  when  the  problem  of  computations  of  coefficients  of  reduced  alge¬ 
braical  system  (2)  is  not  solved  explicitly  as  in  the  quadratic  case,  which 
we  shall  consider  below,  we  have  also  parametri/ation  of  solution  (1)  by  so¬ 
lution  of  corresponding  problems,  which  appear  when  we  need  to  calculate 
coefficients  of  (2).  As  we  shall  see,  these  problems  may  be  explicitly  solved 
in  wavelet  approach. 

S.  The  solutions.  Next  we  consider  the  construction  of  explicit  time 
solution  for  our  problem.  The  obtained  solutions  are  given  in  the  form 
(3),  where  in  our  first  case  we  have  Xk{t)  =  Qk{l)  shift¬ 

ed  Legendre  polynomials  and  AJ.  are  roots  of  reduced  quadratic  system  of 
equations.  In  wavelet  case  X^{t)  correspond  to  multiresolution  ex{)ansions 
in  the  base  of  compactly  supported  wavelets  and  A][.  are  the  roots  of  corre¬ 
sponding  general  polynomial  system  (2)  with  coefficients,  which  are  given 


by  FWT,  SSS  or  CC  constructions.  According  to  the  variational  method  to 
give  the  reduction  from  differential  to  algebraical  system  of  equations  we 
need  compute  the  objects  7^  and  fiji,  which  are  constructed  from  objects; 


CTi 


'tj 


l^ji 


Pkij 


<^kij 


=  (4) 

J  Xi(T)Xj(T)dT  =  0)  + 


F,(r, .,)  =  [1  -  (-l)«*].-(r  -  .  -  1),  S(p)  =  {  J'  P  ^  “ 

/  Xk{T)Xl{T)Xj{T)dT  =  UkCTiaj  + 

«/o 


<^klj  + 


<^k^il  CFlhj 
2j  +  l^  2k  +  l'^ 


<^jskt 
2/  +  1’ 


il(l/2(i  +  k-  l))R{lf2{j  -k  +  l))R{l/2{-j  +  k  +  1)), 


if  j  +  k  +  I  =  2m,  m  G  Z,  and  akij  =  0  if  j  +  k  +  I  =  2m  +  1;  i?(i)  = 
(2f)!/(2‘i!)2,  Qi  =  cTi  +  Pi  ,  where  the  second  equality  in  the  formulae  for 
a,v,y.,(5,a  hold  for  the  first  case. 

4-  Wavelet  computations.  Now  we  give  construction  for  computations  of 
objects  (4)  in  the  wavelet  case.  We  use  some  constructions  from  multireso¬ 
lution  analysis  [8]:  a  sequence  of  successive  approximation  closed  subspaces 
Vj-.  ...V2  C  Vi  C  Vo  C  VLi  C  V-2  C  ...  satisfying  the  following  properties: 

r\Vj=0,  U  1^-  =  L^{R),  f{x)  6  Vj  <=>  f{2x)  6  Vj+i  There  is  a  func- 
jez  jez 

tion  G  Vo  such  that  =  <f{x  —  k)^,^^}  forms  a  Riesz  basis  for  Vq. 

We  use  compactly  supported  wavelet  basis:  orthonormal  b^lsis  for  functions 
in  I-^(R).  As  usually  ip{x)  is  a  scaling  function,  i}>{x)  is  a  wavelet  function, 
where  ipi(x)  =  (p(x  —  i).  Scaling  relation  that  defines  <p,^  are 


(p(x) 


i/>(x) 


/V-l  ;V-1 

ak(p(2x  -  fc)  =  53  ak<Pk(2x), 


k-O 


k=0 


N-2 

53  (-l)*Ofc+lV’(2a:  +  A-) 


(5) 


Let  be  /  :  R  — y  C  and  the  wavelet  expansion  is 

/(^)  =  S  +  I] 

(ez  j^ok-ez 

The  indices  k.J  and  j  represent  translation  and  scaling,  respectively;  ^ji{x) 
=  2^^^<p{2^x  -  ^),  =  2^^'^il^{2^x  -  k).  The  set  {^j^k}kez  forms  a  Riesz 

basis  for  Vj.  Let  Wj  be  the  orthonormal  complement  of  Vj  with  respect 
to  Vj^\.  Just  as  Vj  is  spanned  by  dilation  and  translations  of  the  scaling 
function,  so  are  Wj  spanned  by  translations  and  dilation  of  the  mother 
wavelet  If  in  formulae  (5)  cjk  =  0  for  j  >  J,  then  f{x)  has  an 

alternative  expansion  in  terms  of  dilated  scaling  functions  only  f{x)  = 

Z!  This  is  a  finite  wavelet  expansion,  it  can  be  written  soledy 

lez 

in  terms  of  translated  scaling  functions.  We  use  wavelet  which  has 

k  vanishing  moments  J  x^'tl^{x)dx  =  0,  or  equivalently  x^  = 
each  k,  0  <  k  <  K.  Also  we  have  the  shortest  i)ossible  support:  scaling 
function  DA'’  (where  A'’  is  even  integer)  will  have  support  [0.  N  ~  1]  and  N/2 
vanishing  moments.  There  exists  A  >  0  such  that  DN  has  \N  continuous 
derivatives;  for  small  N.  A  >  0.55.  To  solve  our  second  associated  linear 
problem  we  need  to  evaluate  derivatives  of  f{x)  in  terms  of  Let  be 

ip^  =  d^ipi{x)/dx^ .  We  derive  the  wavelet  -  Galerkin  aj)proximation  of  a 
differentiated  f{x)  as  f^{x)  =  ^f  CiP>f  {x)  and  values  p>j{x)  can  be  expanded 
in  terms  of 

d  ^ 

A„,  =  /  (^^(x)v?m(3’)dx  The  coefficients  A„^  are 

m  —re 

2-term  connection  coefficients.  In  general  we  need  to  find  (d,-  >  0) 

oc 

=  J  (6) 

—  re 


For  Riccati  case  we  need  to  evaluate  two  and  three  connection  coefficients 


According  to  CC  method  [23]  we  use  the  next  construction.  When  N  in 
scaling  equation  is  a  finite  even  positive  integer  the  function  v^(x)  has  com¬ 
pact  support  contained  in  [0.  N  —  Ij.  For  a  fixed  triple  (di,  d2,  d.^)  only  some 
are  nonzero  :  2  -  A"  <  ^  <  A'  -  2,  2  -  A"  <  m  <  A''  -  2,  K  -  m|  < 

A'’  —  2.  There  are  M  =  3N^  —  9A’'  +  7  such  pairs  {(,  m).  Let  be  an 

M-vector,  whose  components  are  numbers  Then  we  have  the  first 


key  result:  A  satisfy  the  system  of  equations  (c?  =  +  c?2  +  <^3)* 

Ai\<^id2d^  =  2^-d^d,d2d^^  =  E  By  moment 

p 

equations  we  have  created  a  system  of  M  +  d  +  1  equations  in  M  un¬ 
knowns.  It  has  rank  M  and  we  can  obtain  unique  solution  by  combination 
of  LU  decomposition  and  QR  algorithm.  The  second  key  result  gives  us  the 
2-term  connection  coefficients:  d  =  di  +c?2?  = 

Eop«g-2£+p-  For  nonquadratic  case  we  have  analogously  additional  linear 

p 

problems  for  objects  (6).  Also,  we  use  FWT  [2]  and  SSS  [6]  for  computing 
coefficients  of  reduced  algebraic  systems.  We  use  for  modelling  D6,  D8,  DIO 
functions  and  programs  RADAU  and  DOPRI  for  testing  [19]. 

As  a  result  we  obtained  the  explicit  time  solution  (3)  of  our  prob¬ 
lem.  In  comparison  with  w'avelet  expansion  on  the  real  line  which  we  use 
now  and  in  calculation  of  Galerkin  approximation,  Melnikov  function  ap¬ 
proach,  etc  also  we  need  to  use  periodized  wavelet  expansion,  i.e.  wavelet 
expansion  on  finite  interval.  Also  in  the  solution  of  perturbed  system  we 
have  some  problem  with  variable  coefficients.  For  solving  last  problem  w’e 
need  to  consider  one  more  refinement  equation  for  scaling  function  <^2(2?)* 

02(2:)  =  E  a^<^2(2x  -  k)  and  corresponding  wavelet  expansion  for  variable 
k=o 

coefficients  b{t):  E  Bl{b)c})2{2^x-k),  where  Bl{b)  are  functionals  supported 
k 

in  a  small  neighborhood  of  2^^k  [7]. 

The  solution  of  the  first  problem  consists  in  periodizing.  In  this  case  we 

use  expansion  into  periodized  wavelets  defined  by  =  2*^/^  E  0(2*^x+ 

Z 

2H  —  k)  [5].  All  these  modifications  lead  only  to  transformations  of  coeffi¬ 
cients  of  reduced  algebraic  system,  but  general  scheme  remains  the  same. 
Extended  version  and  related  results  may  be  found  in  [9]-[18]. 
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JUMPS  TO  RESONANCE  PHENOMENA  IN  NONLINEAR  MECHANICS: 
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Introduction 

One  of  the  classical  features  exhibited  in  nonlinear  engineering  systems  is  ihtjiimp 
phenomenon,  in  which  under  the  variation  of  a  control  parameter,  such  as  the  frequency, 
in  the  direction  of  instability,  there  is  jump  to  a  disconnected  attractor,  resulting  not  only 
in  a  qualitative,  but  often  a  substantial  quantitative  change  in  the  response.  Often  such 
jumps  to  resonance,  are  purely  deterministic  in  that  there  is  always  restabilization  onto 
the  large  amplitude  attractor  which  lies  bn  the  resonant  branch  of  the  response  curve. 
However  we  show  that  in  situations  in  which  there  is  more  than  one  remote  co-existing 
attractor  at  the  local  bifurcation,  jumps  may  be  indeterminate  in  the  sense  that  we  cannot 
predict  to  which  solution  the  system  will  settle  upon.  This  is  often  a  result  fractal 
structure  in  the  vicinity  of  the  critical  point  resulting  in  chaotic  transients  until  the  settles 
onto  one  of  the  co-existing  attractors 

In  this  article  we  show  that  indeterminate  bifurcations  are  a  common  phenomenon  in  a 
wide  range  of  nonlinear  systems:  they  occur  at  saddle-node  folds  in  softening  or 
hardening  systems  where  the  restoring  force  is  not  proportional  to  the  deformation;  at 
Hopf  bifurcations  in  systems  with  varying  damping  characteristics)  at  trans-critical 
bifurcations  in  parametrically  excited  systems. 


Indeterminate  jumps  to  and  from  resonace  in  softening  and  hardening  systems 
One  of  the  most  typical  forced  nonlinear  systems  is  where  the  restoring  force  is  not 
proportional  to  the  deformation  often  modelling  by  equations  of  the  type: 

ic  +  ;ii+a)^x  +  f(x)-Fsin  cot 

When  f(x)  is  a  softening  type  nolinearity  the  resonace  response  curve  skews  towards 
lower  frequencies  than  that  of  the  linearised  natrutral  frequncy;  on  the  other  hand  when 
f(x)  is  a  hardening  type  nolinearity  the  resonace  response  curve  skews  towards  higher 
frequencies  than  that  of  the  linearised  natural  frequency  (Figure  1). 


Resonace  response  curv’cs  for  hardening  system 


frequency 


Figure  1  :  Typical  resonace  response  curv'es  in  nonlinear  systems 

Classical  studies  have  shown  that  jumps  to  and  from  resonace  are  typical  and  that  there 
is  restablization  onto  the  upper  or  lower  brach  of  the  reponse  curve.  However  since 
multiple  solutions  may  co-exist,  at  to  point  of  instability  we  cannot  always  say  this  is  the 
case.  As  shown  in  Soliman  [1993]  for  softening  systems  and  Soliman  [1997b]  for 
hardening  system  unpredictable  jumps  to  and^ow  resonace  can  also  occur  in  these  type 
of  systems.  Figure  2  shows  typical  examples  of  basin  organization  prior  to  indeterminate 
jumps  occuring  in  hardening  and  softening  systems: 


Co-existing  basins  just  before  indeterminate  jumps  in  softening  systems 


Co-existing  basins  just  before  indeterminate  jumps  in  hardening  systems 


Figure  2  :Co-existing  basins  in  softening  and  hardening  systems 


Time  histories  illustrating  various  outcomes  after  saddle  node  bifurcation 


Figure  3:  Various  possible  outcomes  in  hardening  system 


Unpredictable  jumps  systems  in  self-excited  systems  with  nonlinear  damping 
A  typical  example  that  exhibits  self-sustained  oscillations  was  introduced  by  Van  der 
Pol  who  modelled  an  electrical  circuit  with  a  triode  valve  which  possessed  nonlinear 
resistive  (damping)  properties;  at  low  current  the  system  possesses  negative  resistance 
which  gradually  becomes  positive  as  the  current  increases.  A  forced  Van-der-Pol  type 
oscillator  is  for  example  modelled  by 

x-\-fjx-\-co^x  +  f  (x,x)-  F sin cof 

Tor  F=0  the  equilibrium  can  lose  it  stability  at  Hopf  bifurcation.  TorF^O  a  periodic 
cycle  can  lose  it  stability  at  a  secondary  Hopf  bifurcation.  As  showm  in  more  detail  in 
Thompson  [1992],  indeterminate  Hopf  bifurcations  may  occur  and  Soliman  [1997b] 
secondary  Hopf  bifurcations  rmy  occur  where  the  outcome  is  extremely  sensitive  to  any 
finite  perturbation  given  to  the  system. 


Super-critical  secondary  Hopf 

bifurcation  quasJ-penodic  motions 


Poincare  sections 


Figure  4:  Secondary  Hopf  Bifurcations 

Unpredictable  jumps  in  parametrically  excited  systems 
Parametrically  excited  systems  are  often  modelled  by  Mathieu  type  equations. 

X'hjjx+fl  +  FsincotJ/fxJ-O 

Whtnffx)  is  nonlinear,  equilibria  lying  on  fractal  basin  boundaries  have  also  been 
shown  to  be  a  common  ingredient.  As  shown  in  Soliman  &  Thompson  [1992]  here  too 
they  jumps  to  resonance  with  an  unpredictable  outcome  may  occur. 

Indeterminate  dynamic  bifurcations  in  nonstationary-systems:  transitions  with  an 
unpredictable  outcome 

For  the  experimentalist  when  dealing  real  physical  systems  where  it  is  difficult  to 
control  the  imperfections,  such  as  the  material  inhomogenities,  the  initial  conditions  or 
parameters,  'steady-states'  do  not  always  correspond  to  the  norm;  transitions  with  an 


indeterminate  outcome  imply  that  repetition  under  'almost  identical’  conditions  may 
result  in  qualitatively  different  types  of  response.  In  experimental  situations  for  example, 
where  parameters  are  often  slowly  varied,  a  loss  of  repeatability  may  be  interpreted  in 
context  of  the  inherent  indeterminacy  properties  of  the  system,  rather  than  be  attributed 
as  experimental  error  [Soliman,  1995]. 


Simplified  method  to  determine  indeterminate  jumps  to  resonance 
In  order  to  analyse  if  such  indeterminate  bifurcational  phenomenon  occurs  one  has  to 
study  the  local  and  global  dynamics  of  the  systems.  If  at  the  bifurcation,  the  non¬ 
resonant  solution  finds  itself  on  a  fractal  basin  boundary,  in  the  presence  of  even  an 
infinitesimal  perturbation,  we  cannot  predict  to  which  of  the  remote  attractors  the  system 
will  Jump  since  the  response  is  infinitely  sensitive  to  how  the  bifurcation  is  realized. 
Such  a  situation  can  arise  when  the  unstable  manifold  of  the  resonant  saddle,  which  is 
associated  with  the  bifurcation,  becomes  heteroclinically  tangled  with  the  stable 
manifold  of  a  remote  saddle  which  itself  is  homoclinically  tangled  such  that  a  fractal 
boundary  exists  between  two  remote  attractors.  Chaotic  transients  result  until  the  system 
settles  onto  one  of  the  co-existing  attractors. 

Such  an  analysis  is  often  quite  complex  since  it  involves  determining  both  the  main  local 
and  global  bifurcations  (the  homoclinic  and  heteroclinic  connections  that  induce  a 
fractal  basin  structure  at  the  bifurcation)  that  can  lead  to  an  indeterminate  jump  to 
resonance.  Soliman  [1994]  outline  an  method  which  allows  us  to  identify  approximate 
regimes  of  indeterminate  jumps  to  resonance,  may  either  be  used  as  an  initial  study  for 
further  detailed  analysis,  or  as  a  simplified  engineering  approach  in  the  analysis  of 
systems  liable  to  this  type  of  resonant  behaviour. 
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Abstract.  This  paper  describes  new  results  in  the  dynamics  of  driven 
oscillators,  focusing  on  the  stability  problem  of  the  systems  with  several 
equilibrium  positions.  Early  it  was  found  that  in  such  systems  as  the  twin- 
well  potential  Duffing  system,  systems  with  piecewise  linear  restoring  forces, 
the  forced  pendulum  system  and  others,  there  are  such  parameter  regions 
when  oscillations  between  two  bottoms  of  the  potential  well  are  stable. 
In  this  paper  we  shall  describe  a  new  nonlinear  phenomenon  when  these 
oscillations  are  global  stable  ones.  It  is  common  situation  that  chaotic  global 
stable  hilltop  attractors  also  ejust  in  the  systems  under  consideration. 


1.  Introduction 

Two  new  nonlinear  phenomena  in  the  archetypal  nonlinear  dissipative 
periodically  excited  dynamical  systems  with  several  equilibrium  positions 
are  discussing:  the  global  stable  periodic  oscillations  near  unstable  equilib¬ 
rium  positions  and  chaotic  attractors  near  unstable  equilibrium  positions. 

Let  us  give  some  definitions.  In  the  case  when  oscillations  take  place 
between  two  bottoms  of  the  potential  well  (see  Fig.  1),  we  say  that  such 
oscillations  are  hilltop  oscillations  and  they  have  hilltop  orbits.  E.g.  the 
hilltop  oscillations  take  place  in  the  twin- well  potential  periodically  excited 
Drilling  system  with  f[x)  =  —x  -h  x^  if  the  stationary  solution  for  all  time 
is  —  1  <  x(t)  <  1.  In  a  case  when  the  hilltop  oscillations  are  the  unique 
stable  oscillations  in  the  system  we  say  that  such  oscillations  are  the  global 
stable  hilltop  oscillations  and  this  new  nonlinear  phenomenon  we  name 
the  hiUtop  effect. 
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Figure  1.  A  mechanical  model  of  the  twin- well  oscillatory  system. 


Early  it  was  found  (Zevin,  1986;  Zakrzhevsky  fc  Zevin,  1989),  that 
period“lT  stable  hilltop  oscillations  may  be  in  different  twin-well  potential 
forced  or  parametric  periodically  excited  systems.  Stable  hilltop  solutions 
occur  in  dissipative  and  nondissipative,  symmetric  and  asymmetric  systems, 
with  piecewise  linear  or  analytical  nonlinear  force  /(x),  including  Duffing’s 
equation,  pendulum  systems  and  so  on.  These  results  were  obtained  by 
qualitative  methods,  numerical  investigations,  and  exact  analytical  solutions 
for  piecewise  linear  systems,  such  as  trilinear,  bilinear  and  more  complex 
ones.  Using  bifurcation  analysis  it  was  found  (Zakrzhevsky  k  Frolov,  1996) 
that  in  some  parameter  regions,  there  was  multiformity  of  the  different 
hilltop  orbits.  Such  bifurcations  of  the  hilltop  oscillations  as  symmetry 
breaking,  period  doubling,  and  fold  bifurcations  also  were  found. 

But  in  all  previous  investigations  we  obtained  that  the  domains  of 
attraction  of  all  these  stable  hilltop  oscillations  were  small  in  comparison 
with  domains  of  attraction  of  the  large  orbit  LO  stable  regimes.  It  was 
seemed  that  such  situation  is  natural  and  common.  In  this  paper  our 
new  results  are  discussing  which  extend  previous  conclusions.  It  will  be 
shown  that  the  stable  hilltop  oscillations  may  have  large  domains  of 
attraction,  or  even  be  the  global  stable  oscillations.  It  will  be  also  shown 
that  chaotic  hilltop  attractors  take  place  in  the  systems  with  several 
equilibrium  positions. 

2.  Mathematical  models 

The  hilltop  oscillations  that  we  shall  describe  arise  quite  universally  in 
driven  oscillators  with  two  or  more  potential  wells,  of  the  form  (Moon, 
1987;  Thompson  k  McRobie,  1993) 


X  +  g{x,  x)  +  Pi{t)f{x)  =  P2(0 


(1) 
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where  g{x,x)  is  some  damping  function,  f{x)  is  a  nonlinear  restoring 
force  whose  integral  gives  two  or  more  potential  wells,  and  Pi{t),P2{t)  are 
parametric  and  direct  forcing  functions  of  period  T,  which  may  or  may  not 
be  sinusoidal.  To  make  the  discussion  concrete,  we  shall  focus  our  attention 
in  this  paper  on  several  archetypal  oscillators  within  this  general  class.  The 
first  model  is  so-called  twin- well  Duffing  oscillator  (Moon,  1987;  Lansbury 
et  al.,  1992;  Szemplinska-Stupnicka  et  al.,  1992) 

X  +  bx  —  X  +  x^  =  hi  cos(wt  -f  (f)  (2) 

The  second  model  is  a  trilinear  system  with  negative  stiffness  Ci  in  the 
middle  part  of  the  restoring  force  f{x) 

X  +  bx  +  C2(x  +  d)  =  hi  cosut,  x  <  —A 
X -1- 6x -f  Cix  =  hi  coswf,  —  A  <  X  <  A  (3) 

X  -f  6x  -f  C2(x  —  d)  =  hi  cosojt,  x  >  A 

It  is  common  for  equations  (2)  and  (3)  that  they  have  an  unstable  equilibrium 
point  at  X  =  0,  and  two  stable  points.  The  hilltop  stable  oscillations  in  the 
system  (3)  will  exist  if  any  stable  stationary  solution  —d  <  x(t)  <  d.  Then 
two  simple  forced  pendulum  systems  also  will  be  shortly  discussed: 

X  -b  fex  -f  A  sin(7rx)  =  hi  cos  wt  (4) 

X  +  bx  +  A  sin(7rx)  =  hi  cos  ojt  cos(7rx)  (5) 

where  A  is  a  negative  coefficient.  The  pendulum  systems  (4)  and  (5)  have 
additional  stable  and  unstable  periodic  equilibrium  points. 

3.  Global  stable  hilltop  oscillations  in  the  twin-well  Duffing 
system 

We  start  to  discuss  our  new  results  for  the  twin-well  potential  Duffing 
system,  governed  by  equation  (2).  Only  oscillations  with  period-lT  in  the 
(6,  hi)  control  space  were  investigated.  The  aim  was  to  understand  scenarios 
of  the  birth  of  the  global  stable  hilltop  oscillations.  Four  bifurcation 
diagrams  are  shown  in  Fig.  2,  where  x  is  the  coordinate  of  fixed  points, 
hi  is  an  amplitude  of  harmonic  forcing,  and  6  is  a  damping  constant. 
Right  columns  in  Fig.  2  are  shown  the  same  bifurcation  diagrams,  but  for 
amplitudes  Am  of  period-lT.  Special  attention  was  paid  for  receiving  aU 
stable  and  unstable  solutions  to  see  main  topological  changes  of  bifurcation 
curves. 

The  hilltop  oscillations  we  indicate  as  TO.  It  occurs  near  symmetry 
breaking  bifurcation  point  when  amplitude  Am  is  less  than  1.  The  global 
stable  hilltop  oscillations  take  place  when  hysteresis  disappear  after  damping 
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Figure  2.  Bifurcation  diagrams  (x,  h\)  for  the  twin- well  Duffing  equation  (2),  showing  the 
birth  of  the  global  hilltop  oscillations  and  the  beginning  of  the  doubling  cascade  of  hilltop 
orbits;  parameters:  a;  =  1.0,  =  7r/2;  damping  constant  b  :  (a)0.25,  (6)0.50,  (c)l.O,  (£f)2.0. 


coefficient  b  has  increased  enough;  see  Fig.  2,c,cl.  For  the  latest  case  (6  =  2.0) 
several  phase  portraits  for  different  amplitude  of  forcing  hi  are  given  in 
Fig.  3.  For  b  =  2.0  the  global  hilltop  period- IT  symmetric  oscillations  exist 
approximately  for  2.00  <  hi  <  2.333. 

It  is  clear  from  Fig.  2  and  Fig.  3  that  the  first  scenario  of  the  birth  of 
the  global  stable  hilltop  oscillations  is  very  simple.  For  large  damping  the 
stable  SO  oscillations  move  from  the  wells  forwards  to  each  other,  when  hi 
is  increasing,  and  near  the  symmetry  breaking  bifurcation  point  only  the 
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Figure  S.  Phase  portraits,  showing  the  birth  of  the  global  hilltop  oscillations  (see 
Fig.  2,d);  amplitudes  of  forcing  hi  :  (a)  0.75,  (b)  1.0,  (c)  1.5,  (d)  1.919,  (e)  2.333,  (f)  4.0. 


TO  stable  solution  stays  in  the  system.  Increasing  hi  furthermore  these 
oscillations  became  LO. 

4.  Global  stable  hilltop  oscillations  in  the  piecewise  twin-well 
trilinear  system 

The  global  stable  hilltop  oscillations  in  the  piecewise  trilinear  system  (3) 
was  found  rather  unexpectedly.  For  the  system  with  trilinear  force  f(x)  it 
was  found  such  a  situation  when  there  were  oiJy  two  stable  solutions  in 
the  system;  the  period-3T  large  orbit  subharmonical  solution  and  period- 
IT  hilltop  solution  (Zakrzhevsky  &  Frolov,  1996).  Trying  to  increase 
the  domain  of  attraction  of  the  hilltop  solution,  parameter  continuation 
technique  was  used.  It  was  found  that  increasing  damping  in  the  system 
it  was  possible  to  destroy  the  3T-solution  and  stay  only  one  stable  hilltop 
IT-oscillations.  So  the  global  stable  hilltop  oscillations  has  been  found  in 
the  system.  Fig.  4  illustrates  the  birth  of  global  stable  period-lT  hilltop 
oscillations  in  this  case.  One  can  see  how  domains  of  attraction  of  the 
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Figure  4-  Domains  of  attraction  of  the  hilltop  period-lT  (fixed  point  £^i)  and  peri- 
od-3T  (fixed  pointE'a)  large  orbit  subharmonic  solutions.  The  birth  of  the  global  stable 
hilltop  oscillations  in  equation  (3)  with  trilinear  force  /(j),  when  damping  constant  b  is 
increasing. Parameters:  h\  =  4.5,  w  =  2.0,  Ci  =  —2.5,  C2  =  10,  A  =  0.4,  d  =  1.4;  damping 
constant  h:  (a)  0.10000,  (b)  0.34585,  (c)  0.36505,  (d)  0.37625,  (e)  0.38815,  (f)  0.38888. 


period-3T  solution  disappear  when  damping  coefficient  increases.  This 
scenario  is  alike  to  the  first,  but  here  it  is  necessary  to  destroy  not  the 
period-lT  LO  stable  solution,  but  the  period-3T  LO  subharmonic  solution. 

5.  Chaotic  hilltop  oscillations 

It  has  found  that  chaotic  hilltop  oscillations  are  usual  for  periodically 
excited  systems  with  several  eqiiilibrium  positions  as  the  well-known  chaotic 
small  or  large  orbit  oscillations.  The  chaotic  hilltop  oscillations  were  found 
in  Buffing’s  equation  as  well  as  in  the  systems  with  piecewise  linear  force 
f(x),  and  in  pendulum  systems.  It  was  found  two  different  but  similar 
Feigenbaum’s  scenarios  for  creating  chaotic  hilltop  oscillations:  the  first  for 
period-lT  oscillations,  and  the  second  for  the  period-3T  hilltop  oscillations 
with  (3,3)-orbit.  Fig  5  illustrate  the  first  scenario  for  piecewise  system  (3). 
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Figure  5.  The  global  stable  chaotic  hilltop  oscillations  for  trilinear  system  (3);  param¬ 
eters:  hi  =  1.0,  w  =  0.9,  Cl  =  — 1.0,C2  =  1.0,  A  =  0.5,  d  =  1.0;  (a)  bifurcation  diagram 
(x,  b);  (b)  cascade  to  chaos;  (c)  Poincare  mapping  of  the  chaotic  hilltop  attractor,  damp¬ 
ing  constant  b  =  0.36;  (d)  phase  portrait  of  the  chaotic  hilltop  attractor,  b  =  0.36. 


6.  Global  stable  hilltop  oscillations  in  pendulum  systems 

Two  above  discussed  systems  always  have  limited  oscillations.  In  pendulum 
systems  (4)  or  (5)  it  is  possible  not  only  oscillations  but  also  rotations.  But 
the  global  stable  hilltop  oscillations  exist  in  such  system  as  well.  We  show 
in  Fig.  6  one  example  of  such  period- IT  oscillations  in  the  system  (4).  It 
was  shown,  using  contour  mapping  from  3000  initial  conditions,  that  these 
identical  stable  hilltop  oscillations  were  unique  in  the  system.  In  Fig.6  five 
transient  processes  from  different  initial  conditions  are  plotted.  The  similar 
global  stable  oscillations  are  possible  in  the  system  (5). 


Figure  6.  The  global  stable  hilltop  solution  in  the  pendulum  system  (4)  and  transient 
processes;  parameters:  b  =  0.5,  >1  =  — 0.5,  fti  =  4.0,  ui  =  2.0. 
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7.  Conclusions 

The  global  stable  hilltop  oscillations  (  the  hilltop  effect)  is  a  typical 
nonlinear  phenomenon  for  forced  and/or  parametric  excited  systems  with 
two,  several,  or  many  potential  wells.  The  phenomenon  takes  place  in  the 
limited  parameter  region  where  dissipation  is  rather  large.  The  hilltop  effect 
is  a  structurally  stable  nonlinear  phenomenon.  It  occurs  for  different  types 
of  periodic  excitations  (forced,  parametric,  or  complex;  harmonic,  impulse, 
etc.),  and  different  dissipative  forces.  The  phenomenon  takes  place  in  the 
systems  with  one,  two  and,  we  suppose,  with  many  degrees  of  freedom, 
as  well  as  in  the  systems  governed  by  partial  differential  equations.  We 
are  sure  that  different  useful  applications  of  the  hilltop  oscillations  in 
mechanics,  engineering  and  other  disciplines  will  be  found.  The  possibility 
of  the  global  stable  hilltop  periodic  and  chaotic  oscillations  in  the  archetypal 
nonlinear  systems  such  as  the  twin-well  potential  Duffing  system,  forced 
pendulum  system,  piecewise  linear  system,  etc.  allows  to  predict  that 
they  may  occur  in  mechanics  of  ship  capsize,  in  the  problems  of  power 
generators  synchronization,  in  dynamics  of  switches,  slender  and  thin- 
walled  structures,  and  other  nonlinear  oscillatory  systems. 
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II.  ELASTICA,  CABLES  AND  SHELL  DYNAMICS 


The  papers  in  this  section  explore  the  rich  tradition  of  nonlinear  elastic  and 
shell  theory.  Both  P.  Holmes  and  J.M.T.  Thompson  and  co-workers  have  published 
earlier  works  on  the  analogy  between  nonlinear  dynamics  of  a  spinning  top  and  spatial 
complexity  in  the  twisted  elastica.  In  this  book  they  show  how  homoclinic  orbit 
theory  can  be  applied  to  the  study  of  solutions  of  the  elastica. 

The  dynamics  of  hanging  cables  are  extremely  important  in  cable  car 
transportation.  The  paper  by  F.  Benedettini  and  G.  Rega  extend  some  of  their  earlier 
results  on  the  nonlinear  bifurcations  of  forced  motion  of  cables. 

Elastic  shell  theory  and  nonlinear  dynamics  is  relatively  unexplored.  The 
papers  of  G.J.  Lord  et  al.  and  P.B.  Gon9alves  provide  an  introduction  to  this  subject. 
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1.  Introduction 

New  insights  and  phenomena  are  emerging  from  an  application  of  phase  space  concepts 
to  the  localization  of  structural  post-buckling  deformations  [1].  Such  localization  is  an 
important  feature  in  the  buckling  of  struts  on  nonlinear  foundations  (modelling,  for 
example,  railway  tracks  and  sea-bed  pipelines  [2]  under  mechanical  or  thermal  loading) 
and  compressed  cylindrical  shells.  It  is  also  observed  in  the  flanges  of  thin-walled 
sections,  and  a  number  of  recent  shipping  disasters  seem  to  be  associated  with  the 
localized  buckling  of  corrugated  bulk-heads. 

In  this  paper,  we  review  progress  and  present  some  new  results,  looking  especially 
at  the  spatial  deformations  of  thin  rods:  relevant  to  marine  pipe-lines,  drill-strings  and 
communication  cables  [3];  and  to  the  writhing  and  super-coiling  of  DNA  which  is  an 
important  biological  topic  [4,  5].  Here  a  fundamental  problem  concerns  the  static 
deformations  of  a  stretched  and  twisted  elastic  rod,  equivalent  to  the  motions  of  a 
spinning  top.  In  this  static-dynamic  analogy  of  Kirchhoff,  a  homoclinic  orbit  of  the  top 
corresponds  to  a  spatially  localized  post-buckling  state.  An  isotropic  rod  (with  a  cross- 
section  bounded  by  a  circle,  an  equilateral  triangle,  a  square,  or  any  regular  polygon) 
has  equal  principal  bending  stiffnesses  and  is  an  archetypal  model  on  which  simple 
experiments  can  be  performed  [6],  Equivalent  to  the  symmetric  top,  it  is  integrable, 
and  the  closed-form  solution  offers  unique  insights  into  localization:  modulation  is 
governed  by  a  nonlinear  oscillator,  like  that  obtained  by  multiple-scales  perturbation 
of  a  strut  on  a  foundation  [7],  An  anisotropic  rod  with  unequal  bending  stiffnesses  is 
non-integrable:  it  exhibits  spatial  chaos  with  an  infinite  number  of  localized  homoclinic 
post-buckling  paths.  This  complexity  also  arises  [8]  in  the  response  of  isotropic  rods 
with  an  initial  curvature:  this  may  be  important  for  cables  and  pipelines  that  can 
acquire  initial  curvature  while  they  are  stored  in  a  coil. 

A  sigmficant  new  application  of  phase  space  techniques  to  localization  in  axially 
compressed  cylindrical  shells  has  recently  emerged  from  the  pioneering  work  of  Hunt 
and  his  co-workers  [9,  10]:  see  [II],  and  the  paper  by  Lord,  Champneys  &  Hunt  in 
these  proceedings. 
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2.  Beam  on  a  Nonlinear  Foundation 

The  long  axially-compressed  beam  on  a  nonlinear  foundation  serves  as  a  useful 
introduction  to  structural  localization,  as  nicely  seen  in  a  series  of  papers  by  Hunt  and 
his  colleagues:  see  [12],  and  references  therein.  Engineers  are  familiar  with  bending 
solutions  decaying  from  laterally  loaded  ends,  as  depicted  in  Fig  1.  Meanwhile,  on  a 
softening  foundation,  we  can  have  a  central  localization  at  a  sub-critical  value  of  the 
compression.  In  the  dynamic  analogy  this  represents  an  orbit  homoclinic  to  the  trivial 
state  which  is  a  saddle-focus  with  a  2D  spiralling  outset  and  a  2D  spiralling  inset. 


Equation:  y""  +  Fy*'  +  y  -  y^  =  0  Linear  buckling:  =  2,  y  =  cos  x 

Homoclinic  post-buckling:  y  «  5  {6h/\9)  sech  {sxH)  cos  x,  where  s  ^  V{F^  -  F) 


Localized  sub-critical  post-buckling  response  due  to  homoclinic  connection 


Figure  }.  Beam  on  a  nonlinear  clastic  foundation. 


One  way  of  analyzing  this  localization  is  to  make  a  multiple-scales  perturbation 
analysis  [7].  This  generates  the  equation  of  an  undamped,  undriven,  Duffing  oscillator 
governing  the  slowly-varying  modulation  amplitude.  The  nonlinear  stiffness  of  this 
oscillator  is  cubic,  even  when  the  foundation  is  quadratic.  Its  phase  portraits  represent 
periodic,  quasi-periodic  and  localized  paths  emerging  from  the  critical  buckling  point. 
An  identical  picture  (Fig  4)  is  obtained  by  closed-form  analysis  of  the  isotropic  rod. 
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While  useful,  perturbation  analysis  misses  the  global  complexity  of  the  nonlinear 
problem.  Buffoni,  et  al,  [13]  show  that  the  beam  has  an  infinite  number  of  localized 
post-buckling  paths,  as  in  Fig  2.  In  this  diagram,  the  beam  has  four  complex 
eigenvalues,  giving  a  saddle-focus  in  the  trivial  state,  for  -2<P<2,  where  =  2  is 
the  critical  buckling  load.  An  infinite  number  of  homoclinic  paths  approach  arbitrarily 
close  to  P^.  It  is  this  spatial  chaos  that  we  address  here  by  the  static-dynamic  analogy. 
For  problems  where  there  is  no  real  physical  analogy,  as  with  a  top,  governing  DDEs 
can  always  be  viewed  as  those  of  a  virtual  dynamical  system. 


Figure  2.  Schematic  view  of  the  infinity  of  post-buckling  paths  for  a  beam  on  a  nonlinear  foundation. 

3.  Pendulum  and  Euler  Column 

The  static-dynamic  analogy  is  seen  in  its  simplest  real  form  relating  the  in-plane 
deformations  of  an  elastic  strut  (the  elastica)  to  the  motions  of  a  pendulum  [14].  Here 
a  post-buckling  path  (for  pinned  ends,  a  fixed  load,  and  variable  length,  say)  would 
involve  a  family  of  orbits,  with  different  values  of  the  pendulum’s  Hamiltonian.  The 
saddle  connection  of  the  pendulum  corresponds  to  a  single  loop  of  the  strut  under 
tension.  If  the  strut  were  long,  and  we  ignored  the  boundary  conditions,  all  the  orbits 
of  the  phase  portrait  would  represent  possible  equilibrium  states  at  a  fixed  load.  There 
would  be  a  family  of  solutions  at  a  given  load,  as  in  Fig  4  for  the  rod. 
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4.  Perfect  Isotropic  Rods  under  Torsion 


A  long  elastic  rod  loaded  at  its  end  by  a  wrench,  namely  an  applied  tension,  T,  and  a 
twisting  moment,  Af,  is  a  useful  archetypal  model  for  localized  buckling. 

Initial  experiments  [6]  show  that  a  circular  rod  exhibits  a  continuous  process  of 
localization,  leading  to  self-contact  and  subsequent  writhing.  A  small  initial  helical 
deflection  with  1  twist  per  wave  is  explained  later  in  terms  of  an  initial  curvature  of 
the  rod.  The  final  buckling  mode  (Fig  3)  has  approximately  3  twists  per  localized 
helical  wave,  agreeing  with  the  theoretical  prediction  of  2(1 4*;'),  where  is  Poisson’s 
ratio.  More  recent  experiments,  on  a  square  silicone  rubber  rod  with  no  initial 
curvature,  show  no  sign  of  the  initial  1  twist  per  wave  [8]. 


Unbuckled  state: 

Tw  =  MSHtC  Wr  =  0 
Lk  *=  Rflr  =  MSIlrC 
Buckled  state: 

7w  =  MSHtC  Wr  0 
Lk  =  Rflr  =  MSllrC  +  Wr 


Figure  3.  localized  buckling  of  an  experimental  rod  [6]  with  analysis  of  link,  twist  and  writhe. 

The  equations  governing  the  3D  spatial  deformations  of  a  twisted  rod  are  precisely 
the  same  as  those  governing  the  motions  of  a  spinning  top.  In  this  analogy,  due  to 
Kirchhoff,  distance  along  the  centre-line  of  the  rod  corresponds  to  time.  When  the  rod 
is  isotropic,  the  top  has  equal  principal  moments  of  inertia.  With  this  circular 
symmetry,  the  equations  are  completely  integrable  as  we  see  in  §6. 

With  equal  principal  bending  stiffnesses  denoted  hy  A  -  B,  and  torsional  stiffness, 
C,  an  isotropic  rod  buckles  theoretically  into  a  helix  at  a  critical  value  of  M  given  by 
=  Mh/{BT)  =  2.  At  this  critical  load  (independent  of  Q  a  pair  of  complex 
conjugate  eigenvalues  meet  on  the  imaginary  axis  and  become  imaginary.  This 
corresponds  to  the  onset  of  precession  in  a  top.  Note  that  the  straight  rod  loses  stability 
as  m  increases  through  while  the  vertical  sleeping  top  loses  stability  as  m  decreases 
through  m^:  in  static-dynamic  analogies,  stability  regions  are  usually  reversed. 

With  A  —  By  the  full  equations  can  be  reduced,  without  approximation,  to  those  of 
a  nonlinear  oscillator,  like  that  generated  by  perturbation  analysis  of  the  beam.  In  the 
reduced  space  of  this  oscillator,  the  Hamiltonian  Hopf  bifurcation  at  appears  as  a 
pitchfork,  subcritical  for  the  rod,  supercritical  for  the  top.  For  the  rod,  post-buckling 
paths  emerge  from  the  bifurcation,  as  in  Fig  4.  There  is  one  path  of  helical  states,  a 
continuum  of  periodically  modulated  states,  and  one  path  of  localizing  homoclinics. 
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(0')^  +  V(6)  =  const 

V(0)  =  {  m\l  -  cos  6)/(l  +  cos  d) 
+  2  cos  0  }(r/B) 


I  /n  =  Mh/(BT) 

I 

I 


Localizing 
m  =  2  cos  (6/2) 


m  =  1.99 


d  Uniform  helix 

uuuuimuuiv 


e  Modulated  helix  f  Localized  form 


Figure  4,  Equivalent  nonlinear  oscillator  [17]  in  exact  solution  of  a  twisted  isotropic  rod. 
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The  spatial  forms  in  Fig  4  show  that  the  continuous  process  of  localization  on  the 
homoclinic  path  develops  rapidly  as  we  move  away  from  the  bifurcation  [15].  The 
helical  and  localized  post-buckling  paths  are  predicted  to  be  unstable  under  both  dead 
and  rigid  loading:  with  a  backwards-sloping  post-buckling  path,  as  in  the  buckling  of 
shells.  Energy  analysis  and  experiments  [6]  show  that  the  localized  solution  is  the 
preferred  mode  of  buckling,  and  offers  the  minimum  energy  barrier  against  premature 
buckling.  For  this  reason,  we  shall  now  focus  mainly  on  the  homoclinic  paths. 

A  useful  topological  result  [16],  developed  to  explain  super-coiling  of  DNA,  is  Lk 
=  Tw  +  Wr,  Here  link,  Lk,  corresponds  to  the  end  rotation,  R,  through  which  M  does 
work;  twist,  7w,  is  the  integral  of  the  twist  rate,  tIItt;  writhe,  Wr,  is  a  property  of  the 
space  curve  of  the  centre-line.  For  the  homoclinic  solution  of  an  isotropic  rod,  r  is 
constant  along  the  rod  (see  §6)  and  is  therefore  equal  to  M/C:  Tw  is  then  just  MSIlirC 
where  S  is  the  length  of  the  rod.  So  during  homoclinic  buckling  there  is  no  change  in 
Tw,  and  M  simply  does  work  through  Wir,  as  illustrated  in  Fig  3.  Note  that  if  C  =  oo, 
there  is  no  twist  before  or  after  buckling  at  finite  M. 


5.  Spatial  Chaos  in  Imperfect  Isotropic  Rods 

An  isotropic  rod  with  a  constant  initial  curvature  lies  in  a  plane  circle  in  its  unstressed 
state.  Such  a  rod  has  a  1  twist  per  wave  helical  solution  under  an  applied  wrench.  This 
is  a  pre-buckling  state  onto  which  a  3  twist  per  wave  buckling  mode  is  subsequently 
super-imposed.  A  test  on  a  long  circular  rod  hanging  in  a  shallow  catenary  [6]  shows 
these  distinct  pre-buckling  and  buckling  modes.  The  initial  curvature  destroys  the 
integrability  of  the  perfect  rod,  generating  spatially  complex  forms,  similar  to  those  of 
the  beam  shown  in  Fig  2.  More  will  be  said  about  these  forms  for  anisotropic  rods  in 
§7.  This  recent  discovery  [8]  may  be  significant  for  circular  rods  stored  in  a  coil. 


6.  Phase-space  Theory  of  Twisted  Rods 

Consider  a  long  elastic  rod  with  principal  bending  stiffnesses,  Ay  By  and  torsional 
stiffness,  C,  loaded  at  its  ends  by  equal  and  opposite  applied  wrenches,  (7,  M).  We  use 
as  dependent  variables  components  of  the  forces  and  moments  acting  across  a  cut  of 
the  rod  at  arc-length  Sy  taking  as  our  independent  time-like  variable  the  scaled  arc- 
length  /  s  s(MIB).  Specifically,  we  write  the  change  in  the  forces  from  the 
fundamental  (loaded  but  unbuckled)  state,  divided  by  the  applied  tension,  7,  as:  a:i(/), 
XjiOy  shear  forces;  and  x^(t)y  tension.  Similarly,  the  change  in  moments  from  the 
fundamental  state,  divided  by  the  applied  moment,  My  are:  x^{t)y  x^{t)y  bending 
moments;  and  X(,{t)y  twisting  moment. 

With  linear  elasticity,  and  ignoring  shear  and  axial  deformation,  we  can  follow  the 
formulations  of  Lx>ve  and  Antman  [17].  Equilibrium  of  the  rod  is  then  governed  by 
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the  six  first-order  equations  [15] 

=  (1  +  J-)  X2  (1  +  Xfi)  -X5  (1  +  X3)  (1) 

■*2  =  (1  +  P)  ^4  (1  +  X3)  -  (1  +  v)  Xi  (1  +  Xg)  (2) 

h  ^5  -  (1  +  P)  ^2  ^4  (3) 

^4  =  vxs  (I  +  x^)  +  X2/  tr?  (4) 

is  =  (j>-v)x4{\  +  x^  -Xi!  (5) 

•*6  =  -  P  ^4  ^5  .  (6) 


where  m  =  Mh/{BT),  p  =  (BM)  v  =  (B/Q  -  1,  and  a  dot  denotes  differentiation 
with  respect  to  /.  For  a  solid  circular  rod  (only),  v  can  be  identified  as  Poisson’s  ratio. 
A  solution  of  these  equations  can  be  post-processed  using  the  Frenet-Serret  equations 
of  differential  geometry  to  give  the  spatial  form  of  the  rod. 

These  equations  define  a  dynamical  system,  D,  with  parameters  (/n,  p,  v),  which 
also  governs  the  motions  of  a  spinning  top,  non-symmetric  if  ^4  B.  Mielke  & 
Holmes  [18]  show  that  D  is  Hamiltonian  even  for  more  general  constitutive  laws,  and 
including  shear  and  axial  deformation. 

System  D  has  2  independent  integrals  of  motion,  contained  implicitly  within  (1)“(6). 
These  can  be  derived  directly  by  overall  statics  by  considering  the  resultant  force  and 
moment  vectors,  F,  C,  at  any  cut  through  the  rod.  Ignoring  signs,  vector  F  must  equal 
vector  r,  so  |F|  =  J,  giving 


X^  -I-  (1  +  X3)2  =  1  .  (7) 

Meanwhile  the  component  of  vector  G  along  the  wrench  axis  must  equal  M,  Hence 
F^G  I  T  =  M,  giving 

Xi  +  X2  X5  H-  (1  +  X3)  (1  4-  =  1  .  (8) 

These  two  constraints  imply  that  all  motions  lie  in  a  sub-space  which  is  independent 
of  (m,  p,  p). 

Next,  using  (l)-(6),  it  is  easily  verified  that  dH/dt  =  0  where  H  is  the  Hamiltonian, 
H  =  m\  (1  +  p)x4^  +  x^  +  (14-  -I-  x^f]  4-  2x3  =  const.  (9) 


A  given  motion  evolves  at  constant  H  =  /f(m,  p,  p).  The  corresponding  Lagrangian 
equals  the  energy  density  of  the  rod,  as  in  the  pendulum-strut  analogy  [7]. 
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When  A  9^  B,  all  motions  lie  in  the  fixed  4D  sub-space,  and  a  given  motion  is 
constrained  to  evolve  at  constant  H.  However  these  conditions  do  not  represent  three 
independent  isolating  integrals,  and  the  system  is  not  completely  integrable  in  the 
classical  sense.  Chaos  is  possible,  as  we  shall  see. 

However,  when  /4  =  B  we  have  p  =  0  and  equation  (6)  gives  X(^  -  const.  This 
states  that  the  twisting  moment,  and  hence  the  twist  rate,  r,  are  constant  along  any 
equilibrium  state  of  the  rod.  The  dynamical  system  now  has  three  independent  isolating 
integrals,  and  is  completely  integrable.  In  particular,  chaos  is  impossible. 

Linearizing  (1)'(6)  about  the  trivial  solution,  =  0,  for  9^  B  gives  a 
characteristic  equation  of  the  form  +  C4X'*  +  C2X^  =  0.  Two  degenerate 
eigenvalues,  X==0,  have  eigenvectors  which  point  out  of  the  4D  sub-space.  The 
remaining  4  eigenvalues  give  bifurcation  arcs,  m^ip,  u),  shown  in  Fig  5  for  the  case 
of  BIC  =  4/3,  9  =  1/3.  Recall  that  v  has  no  relation  to  Poisson’s  ratio  once  p  9^  0, 
This  diagram  shows  that  the  buckling  locus  changes  from  a  Hopf  bifurcation  to  a 
pitchfork  bifurcation  at  a  co-dimension-two  point,  C.  The  movement  of  the  eigenvalues 
in  the  (ni,  p)  plane  is  indicated.  Note  in  particular  that  we  have  complex  eigenvalues 
in  the  dotted  regime  [15].  Here  the  rod  has  an  infinity  of  homoclinics,  as  we  shall  see. 

Looking  first  at  the  homoclinic  paths  bifurcating  from  the  trivial  solution,  we  recall 
that  the  isotropic  rod  has  just  one  localizing  post-buckling  path  bifurcating  at  =  2. 
This  path  has  approximately  2(1  -1-  twists  per  wave.  For  mildly  anisotropic  rods,  with 
0<p<p^,  the  bifurcating  manifold  of  primary  homoclinics  at  /4  =  B  is  split,  giving 
two  bifurcating  localized  paths.  This  agrees  with  normal  form  analysis  [19]  using 
results  from  [20].  Notice  that  this  analysis  uses  two  reversibilities,  corresponding  to 
the  D2-symmetry  of  the  problem.  Strongly  anisotropic  rods,  with  Pc<P,  buckle  into 
a  tape-like  form  with  one  twist  per  wave.  A  normal  form  analysis  (confirmed  by 
numerics)  reveals  that  at  C  there  is  a  change  in  multiplicity  of  the  localized  buckling 
solutions.  Of  the  two  paths  at  moderate  anisotropy,  only  the  energetically  favourable 
‘flat’  deformation  remains  at  p^  < p,  there  being  no  initial  ‘standing’  equilibrium  mode. 


7.  Spatial  Complexity  of  Anisotropic  Rods 

For  a  wide  class  of  rods,  Mielke  and  Holmes  [18]  made  a  rigorous  Melnikov  analysis 
for  a  perturbation  from  p  ==  0  to  prove  the  existence  of  transversal  intersections,  and 
hence  horseshoes  and  chaos.  A  numerical  study  of  spatial  chaos  was  made  in  [21]. 

Normal  form  analysis  yields  the  existence  of  homoclinic  orbits  near  (and  below)  the 
buckling  locus  m^.  If  we  assume  the  persistence  of  these  homoclinic  orbits,  Devaney’s 
theorem  allows  us  to  establish  the  existence  of  horseshoes  and  chaos  in  the  entire 
region  of  complex  eigenvalues.  Wiggins  quotes  this  theorem  in  the  form:  For  a  4D 
Hamiltonian  system  with  a  transverse  homoclinic  orbit  to  a  saddle-focus ,  a  suitable 
Poincari  map  contains  a  Smale  horseshoe.  The  homoclinic  connection,  from  a  2D 
spiralling  outset  to  a  2D  spiralling  inset,  is  illustrated  schematically  in  Fig  6(a). 
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Figure  5.  Bifurcation  arcs,  and  three  response  graphs  for  homoclinics  of  anisotropic  rods, 
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The  theorem  implies  spatial  chaos  with  an  infinity  of  localized  inodes  looking  like 
multiple  copies  of  primary  modes  as  in  Fig  5,  but  the  detailed  structure  of  the  multi¬ 
modal  paths,  shown  for  the  beam  in  Fig  2,  requires  further  results  along  the  lines  of 
Belyakov  and  Silnikov  [22]  and  Buffoni,  et  al,  [13].  A  numerical  study  of  the  global 
bifurcations  of  the  localized  modes  is  given  in  [23].  A  shooting  method,  exploiting 
reversibility,  was  used  to  locate  the  primary  buckling  modes  and  families  of 
multi-modals.  It  was  shown  that,  as  in  the  beam,  the  multi-modals  do  not  persist  right 
up  to  the  buckling  load,  but  die  in  pairs  at  saddle-node  folds.  Load-deflection  diagrams 
were  computed  by  continuation  of  the  homoclinic  orbits.  The  multiplicity  of  paths  gives 
a  multiplicity  of  energy  barriers  against  buckling  for  a  stable  unbuckled  rod  subjected 
to  dynamic  disturbances,  as  in  Fig  6(b)  for  0<p<Pj..  Here  the  solid  line,  P3,  is  a  low- 
energy  bifurcating  primary  path;  the  short-dashed  line,  Pj,  is  a  high-energy  bifurcating 
primary  path;  the  long-dashed  line  is  a  high-energy  non-bifurcating  multi-modal  path. 

Strongly  anisotropic  rods,  with  Pc<p,  can  be  expected  to  have  an  infinite  number 
of  non-bifurcating  paths  if  and  when  the  eigenvalues  go  complex. 


8.  Intermittency  and  Lock-on  to  Tape-like  Behaviour 

Consider,  finally,  the  transition  at  the  co-dimension-two  point,  C.  Approaching  C 
under  increasing  p,  the  rod  exhibits  spatial  intermittency  [19]  during  which  it  becomes 


Figure  6.  (a)  Homoclinic  to  a  saddle-focus  (b)  Potential  energy  surface  (c)  Ratios  A\B\C  for  lock-on 
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progressively  locked  onto  one  twist  per  helical  wave,  as  in  Fig  7.  Just  before  lock-on, 
the  centre-line  is  a  modulated  helix,  over  most  of  which  the  internal  twist,  /,  is 
approximately  a  multiple  of  tt,  implying  a  nearly-locked  state.  As  the  amplitude  of  the 
helix  drops  to  zero,  synchronization  is  temporarily  lost,  and /changes  rapidly  by  tt  to 
become  again  almost  tape-like  as  the  amplitude  increases  again.  Beyond  C,  buckling 
at  the  pitchfork  is  tape-like,  the  rod  bending  only  about  its  weak  axis  with/  =  0. 

Dropping  constraint  BIC  =  4/3  of  Fig  5,  the  locus  of  bifurcation  C  is  displayed, 
[19],  in  the  triangular  space  of  Fig  6(c),  representing  the  ratios  A:B:C.  Here  lock-on 
to  tape-like  behaviour  is  in  regions  L.  The  3  continuous  arcs  from  A  to  B  represent  3 
families  of  solid  elliptical  rods,  parametrized  by  aspect  ratio.  Top  arc  is  for  Poisson’s 
ratio  0,  middle  arc  for  ratio  1/3,  and  lower  arc  for  ratio  1/2.  Elliptical  rods  only  reach 


Figure  7.  Approach  to  lock-on:  side  views  of  linear  buckling  mode,  and  internal  twist  angle. 
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lock-on  at  finite  aspect  ratio  if  Poisson’s  ratio  is  less  than  1/3.  The  triangle  2X  A  —  B 
=  2C/3  is  an  averaged  value  for  DNA  (158-base -pair)  used  by  Manning,  et  al  [24]. 
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1.  Introduction 

The  3D  finite  dynamics  of  monodimensional  elastic  structures  with  initial  curvature  is 
particularly  rich  and  varied  because  of  the  presence  of  both  even  and  odd  nonlinearities, 
the  former  being  directly  linked  to  the  initial  curvature  [1].  This  work  is  concerned  with 
the  analysis  of  experimental  models  of  two  different  systems  belonging  to  that  class. 
The  first  is  a  discrete  model  of  an  elastic  suspended  cable  excited  by  vertical, 
sinusoidally  varying,  motion  of  the  hanging  points.  The  second  is  a  steel  model  of  a 
double  hinged  circular  arch  excited  by  a  vertical,  sinusoidally  varying,  concentrated 
force  at  its  tip.  In  strongly  developed  nonlinear  regimes,  interesting  phenomena  linked 
to  the  nonlinear  modal  interaction  appear  in  such  systems  over  a  wide  range  of 
excitation  frequencies,  owing  to  the  very  close  sequence  of  primary  and  secondary 
resonance  conditions.  Moreover,  changing  the  sag  to  span  ratio  of  the  cable  or  adding  a 
vertical  dead  load  on  the  tip  of  the  arch  it  is  possible  to  obtain  various  internal 
resonance  conditions  which  further  exhalt  those  nonlinear  interaction  phenomena. 

Generally  speaking,  the  first  step  of  a  nonlinear  dynamics  analysis  is  devoted  to  the 
detection  of  the  more  robust  classes  of  regular  motion  around  the  external  resonance 
conditions.  For  the  experimental  cable,  overall  behavior  charts  and  bifurcations 
accounting  for  transitions  between  periodic  contiguous  classes  of  motion  were  drawn  in 
previous  works  [2,3].  For  the  arch,  the  main  interest  was  in  obtaining  the  external 
conditions  (amplitude  and  frequency  of  the  vertical,  symmetric  driving  force)  under 
which  antisymmetric  modes  are  excited,  furnishing  in  such  a  way  the  boundary  of  the 
instability  region  of  the  simple  unimodal  symmetric  response  [4,5]. 

In  this  work  the  aim  is  to  detect  some  bifurcations  between  simple  periodic  and 
complex  quasi-periodic  and  chaotic  classes  of  motion,  and  to  characterize  some  of  the 
latters.  Different  levels  of  complexity  inside  regions  of  nonregular  evolutions  are 
analyzed  first  qualitatively  by  means  of  phase  portraits,  Poincare  maps  and  power 
spectra  of  a  given  point  of  the  system,  and  then  quantitatively  measuring  strangeness 
and  complexity.  More  than  one  scalar  measure  on  the  system  are  used  as  well. 

When  working  with  experimental  models  all  the  quantitative  measures  concerning 
strangeness  and  chaoticity  are  obtained  in  a  reconstructed  pseudo-phase  space  being. 


under  certain  reconstruction  conditions,  in  a  one-to-one  correspondence  with  the  real, 
unaccessible  phase  space  [6].  Several  implementations  of  the  delay  map  technique  and 
choices  of  the  reconstruction  parameters  are  considered  [7]. 

When  flexible  experimental  models  show  a  spatio-temporal  complexity,  a  set  of 
simultaneous  measures  on  different  points  of  the  model  should  be  acquired  and 
processed,  which  is  actually  unpractictable  because  of  the  high  cost  of  no-contact 
displacement  transducers.  Thus,  for  the  cable,  only  pairs  of  time  laws  are 
simultaneously  acquired  in  different  positions,  and  are  ihen  processed  with  the  usual 
time  averaging  to  obtain  the  elements  of  the  spatial  correlation  matrix  of  the  samples.  In 
any  case,  even  with  this  restriction,  a  significant  improvement  of  the  reconstruction 
finalized  to  the  attractor  dimension  estimation  is  obtained,  and  the  use  of  the  proper 
orthogonal  decomposition  procedure  allows  to  verify  which  are  the  spatial  shapes  much 
more  visited  by  the  system  during  the  chaotic  evolution. 


Fig.  1  Suspended  cable/mass  model  (a);  circular  arch  model  (b). 


2.  Tools  and  techniques  for  nonlinear  experimental  analysis 
2.1  STRANGENESS  AND  CHAOTICITY 

WTien  dealing  with  experimental  tests  on  flexible  multi-d.o.f  or  continuous  systems,  the 
problem  concerned  with  the  inaccessibility  of  the  whole  state  space  immediately  arises. 

The  possibility  to  measure  only  one  or  few  target  positions  makes  necessary  the  use 
of  the  state  space  reconstruction  techniques  mainly  in  the  case  of  complex  time 
evolutions  in  time  and  space.  Under  certain  reconstruction  conditions  and  according  to 
the  Takens  theorem  [6],  the  delay  embedding  procedure  allows  to  obtain  a  pseudo¬ 
phase  space  having  the  same  topological  properties  and  invariant  measures  as  the  real, 
inaccessible  phase  space.  The  basic  steps  to  be  performed  to  obtain  a  meaningful 
reconstruction  are  summarized  as  follows: 

•  Using  the  measure  of  the  mutual  average  information,  an  estimate  of  the  right  delay 
T  to  be  used  in  the  reconstruction  is  first  made. 

•  Using  the  false  nearest  neighbors  detector,  the  right  value  of  the  embedding 
dimension  m  in  which  the  underlying  attractor  is  unfolded  is  then  obtained. 


•  Using  a  suitable  representation  basis  obtained  by  the  covariance  matrix  of  the 
samples,  a  trajectory  resolution  showing  the  best  signal-to-noise  ratio  is  obtained. 

•  Using  the  Grassberger  and  Procaccia  algorithm  applied  to  the  reconstructed 
pseudo-vectors  the  correlation  dimension  (the  slope  of  &e  lg[C(r)]  vs  lg(r)  curves)  is 
found  for  different  embedding  dimensions  in  the  proximity  of  the  right  m  estimated 
as  in  the  second  point.  The  saturation  of  the  correlation  dimension  value  gives 
eventually  an  indirect  confirmation  of  the  procedure  consistency. 

•  An  improvement  of  the  width  of  the  scaling  region  obtained  during  the  last  step  can 
be  obtained  when  using  two  or  more  time  series  simultaneously  acquired  from 
different  points  on  the  system  in  comparison  with  the  standard  procedure  working 
with  only  one  point  of  measure. 

The  delay  embedding  procedure  is  of  special  interest  for  allowing  reliable  estimations 
of  the  system  dimensionality:  indeed,  it  furnishes  indications  on  the  smaller  number  of 
d.o.f  taking  part  in  the  system  nonlinear  dynamics.  The  reconstruction  conditions  were 
already  described  and  applied  to  the  experimental  model  of  suspended  cable  in  [7]  for 
analyzing  some  sample  responses.  Herein,  they  are  applied  to  both  the  suspended  cable 
and  the  circular  arch  in  different  regions  of  chaotic  response. 

Besides  obtaining  an  estimation  of  the  possible  fractal  nature  of  the  underlying 
motion  attractors  widi  the  aformentioned  procedure,  similar  techniques  are  used  for  the 
two  systems  to  estimate  the  whole  spectrum  of  Lyapunov  exponents,  or  alternatively, 
the  maximum  one.  While  the  classical  Wolf  et  al.  algorithm  used  in  estimating  the 
maximum  exponent  from  a  time  series  is  rather  stable  with  respect  to  variations  of 
algorithmic  parameters,  in  the  case  of  time  series  acquired  from  the  experimental 
models  shown  in  Fig.l,  not  so  good  results  are  found  when  dealing  with  more  complex 
algorithms  furnishing  an  estimation  of  the  local  Jacobian  and  the  whole  Lyapunov 
spectrum.  A  good  qualitative  and  quantitative  validation  of  the  results  given  by  the 
Wolf  algorithm  can  be  obtained  by  using  the  very  simple,  fast  and  parameter-insensitive 
algorithm  proposed  by  Rosenstein  in  a  recent  paper  [8]. 

2.2  SPATIAL  COHERENCE 

When  a  multi-d.o.f.  or  a  continuous  system  shows  a  complex  dynamic  evolution, 
beyond  the  time  complexity  evidenced  by  the  aformentioned  invariant  measures,  it  also 
exhibits  a  spatial  complexity.  With  the  aim  of  analyzing  it  in  terms  of  the  spatial 
configurations  more  visited  on  average  during  a  complex  (space  and  time)  evolution, 
the  proper  orthogonal  decomposition  procedure  applied  to  spatially  contemporaneous 
measures  on  the  system  is  used.  With  respect  to  the  delay  embedding  procedure,  it 
allows  to  have  indications  not  only  on  the  number  of  d.o.f.  taking  meaningfol  part  in  the 
nonlinear  response,  but  also  on  their  mechanical  meaning  (spatial  shape).  Combined  use 
of  both  procedures  can  thus  result  of  major  interest  for  a  proper  selection  of  minimal 
theoretical  models  able  to  reproduce  die  complex  dynamics  of  experimental  systems. 
The  basic  steps  to  be  performed  to  obtain  a  meaningfol  spatial  analysis  are  summarized 
as  follows: 

•  Evaluation  of  the  coherence  matrix  whose  elements  are  the  averaged  values  of  the 
cross-correlations  between  all  possible  couples  of  different  and  synchronous  time 
series  when  targeting  the  system  with  a  finite  (small)  number  of  points  of  measure. 


•  Calculation  of  eigenvalues  and  eigenvectors  giving  respectively  the  mean  square 
amplitudes  (or  the  power)  associated  to  every  proper  orthogonal  mode,  and  the 
modes  themselves. 

•  All  the  eigenvectors  {proper  orthogonal  modes)  representing  the  spatial  shapes 
visited  on  average  proportionally  to  the  corresponding  eigenvalues  form  the  spatial 
basis  capturing  more  power  per  mode  than  any  other  basis. 

•  Being  by  construction  the  coherence  matrix  an  Hermitian  tensor  having  only 
positive  eigenvalues,  possible  negative  results  for  the  eigenvalues  are  evidence  of 
experimental  errors. 

The  basic  ideas  and  one  of  the  first  applications  of  the  procedure  in  solid  mechanics  are 
reported  in  [9].  In  the  following,  the  procedure  will  be  applied  to  the  cable  in  Fig. la  for 
obtaining  proper  orthogonal  modes  in  different  regions  of  steady  chaotic  regime. 
Because  of  the  high  cost  of  several  synchronous  experimental  measures,  using  only  two 
acquisition  devices  and  averaging  several  times  on  long  time  series  (2500  forcing 
period)  it  is  possible  to  have  a  quite  good  estimation  of  the  coherence  matrix  with  a 
reasonable  experimental  effort. 


3.  Nonregular  3D  dynamics  of  the  elastic  suspended  cable 

A  discrete  model  of  an  elastic  suspended  cable  (a  nylon  wire  carrying  a  finite  number 
of  concentrated  masses)  excited  by  vertical,  harmonic,  in-phase  or  out-of-phase  motion 
of  the  hanging  points,  is  first  considered  (Fig.  la).  A  basic  dynamical  feature  of  such 
system  in  the  neighbourhood  of  the  first  crossover  point  [3]  is  the  occurrence  of  a 
nearly  2:2: 1:2  simultaneous  resonance  condition  involving  the  first  in-plane  and  out-of- 
plane  symmetric  and  antisymmetric  modes.  This  entails  very  rich  local  and  global  finite 
dynamics,  which  have  been  widely  analyzed  through  both  overall  behavior  charts  [2] 
and  specific  response  diagrams  [3]  obtained  in  various  resonance  zones  of  the  excitation 
parameter  plane.  Therein,  though  mainly  focusing  the  attention  on  the  features  of 
competing  classes  of  multimode  regular  motions,  several  regions  of  occurrence  of  QP 
and  chaotic  responses  were  also  detected  mostly  on  the  basis  of  qualitative  measures  of 
the  inherent  dynamics.  In  the  sequel,  we  fu-st  present  some  reconstructions  of  global 
properties  of  nonregular  attractors,  and  then  quantitatively  analyze  the  evolution  of  the 
kind  of  chaotic  response  occurring  within  a  region  previously  identified  as  chaotic 
without  further  specifications.  Finally,  we  report  sample  results  obtained  by  means  of 
the  proper  orthogonal  decomposition  technique,  aimed  at  detecting  some  major  and 
different  contributions  from  the  underlying  modes  of  the  system  in  the  chaotic 
responses  obtained  in  different  regions  of  the  excitation  parameter  plane. 

3.1  RECONSTRUCTION  OF  GLOBAL  PROPERTIES  IN  SAMPLE  CHAOTIC 
REGIONS 

In  Fig.2a-g  we  report  some  qualitative  (upper)  and  quantitative  (lower)  properties  of 
two  reconstructed  chaotic  attractors  occurring  in  the  zone  of  the  order  Vi-subharmonic 
resonance  of  the  crossover  frequency,  under  out-of-phase  (left)  and  in-phase  (right) 
support  motion  of  comparable  amplitude.  Different  degrees  of  complexity  are  shown  by 
the  two  attractors.  The  former  exhibits  features  of  a  fuzzy  toms,  as  revealed  by  its 


Fig.  2  Suspended  cable/mass.  Nonregular  reconstructed  attractors  under  in-phase 
(left)  and  out-of-phase  (right)  support  motion:  delay  phase  portrait  (a)  and  Poincare 
map  (b),  frequency  response  spectrum  (c),  correlation  dimension  (d)  and  relevant  slope 
(e),  embedding  dimension  for  saturation  (f),  and  Lyapimov  exponent  (g). 

scattered  thickening  around  a  closed  curve  in  the  Poincare  map  of  delayed  coordinates: 
it  corresponds  to  a  chaotically  modulated  motion  of  the  system.  The  latter,  instead, 
looks  like  a  fully  developed  chaotic  attractor.  These  different  strangeness  features  of  the 
two  attractors  are  confirmed  by  the  corresponding  saturated  values  of  the  correlation 
dimension,  calculated  for  varying  values  of  the  embedding  dimension  (f):  they  are 
identified  by  the  plateau  levels  of  the  two  slope  diagrams  (e)  of  the  basic  log  [C(r)]  vs 
log(r)  plots  (d).  Though  improved  resolutions  of  the  fiizzy  torus  surface  -  obtained  by 


considering  higher  acquisition  rates  of  the  experimental  data  -  allow  to  obtain  increased 
values  of  the  attractor  dimension  in  the  case  of  out-of-phase  motion,  the  final  calculated 
value  (2.96)  still  remains  lower  than  that  obtained  for  the  other  attractor  (3.51),  thus 
highlight  higher  strangeness  of  the  latter.  This  circumstance,  however,  does  not  directly 
reflect  into  the  measure  of  chaoticity:  indeed,  the  values  of  the  maximum  (positive) 
Lyapunov  exponent  (g)  calculated  in  the  two  cases  are  rather  close  to  each  other, 

3.2  EVOLUTION  OF  RESPONSE  SCENARIO  IN  A  GIVEN  CHAOTIC  REGION 

It  is  worth  quantitatively  analyzing  the  global  properties  of  the  chaotic  attractor  within 
a  given  chaotic  region.  We  focus  the  attention  on  one  zone  (Fig.  3a)  of  the  overall 
response  chart  obtained  near  the  1 /2-subharmonic  resonance  under  out-of-phase  support 
motion  [2]. 


Behavior  chart  near  1/2  subharmonic  resonance 
(out  of  phase  enlargement) 


Chaos 


Fore.  freq. 
[Hz]  13.0  13.5 

[fi/cj]  1-95  2.02 


Fig.  3a.  1/2-subhaimonic  resonance,  out-of-phase  support  motion. 


When  varying  one  control  parameter,  meaningful  variations  of  those  properties  can 
be  observed.  For  instance,  by  calculating  the  correlation  dimension  Dc  at  different 
values  of  the  excitation  frequency  in  a  rather  wide  range  of  chaotic  response  occurring 
at  a  fixed  excitation  amplitude,  we  have  detected  two  fairly  well  distinct  zones.  In  the 
former,  the  Dc  value  oscillates  around  2.55  (see  the  plateau  level  of  the  slope  diagram 
in  Figure  3b),  in  the  latter  -  corresponding  to  slightly  larger  excitation  frequencies  -  a 
Dc  value  around  4.50  is  deduced  from  the  rather  differently  shaped  slope  diagram 
(Figure  3c).  This  almost  sudden  increase  of  strangeness  also  reflects  in  an  increase  of 


chaoticity,  as  testified  by  the  two  values  (0.077  vs  0.19)  of  the  maximum  Lyapunov 
exponent  A  highlighting  notably  major  speed  of  diverging  trajectories  in  the  second 
zone.  This  increase  is  likely  to  be  connected  with  some  enrichments  and  widenings  of 
pre-existing  broadbands  in  the  relevant  frequency  response  spectra  (Figures  3d,e),  as 
well  as  with  the  appearance  of  new  broadbanded  peaks  in  the  second  spectrum 
evidencing  contributions  to  the  system  response  from  further  harmonics.- 
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Fig.  3b-c.  Two  attractors  (left  and  right)  of  different  strangeness  (b,  c) 
and  chaoticity  (d,  e)  in  the  chaotic  region  of  Fig.3a. 


3.3  PROPER  ORTHOGONAL  MODES 

A  clearer  understanding  of  the  meaning  of  variations  in  the  global  properties  of  the 
reconstructed  attractors  within  a  given  region  of  nonregular  response  can  be  pursued  by 
investigating  about  the  number  and  kind  (spatial  shape)  of  degrees-of-freedom  giving 
significative  contributions  to  the  system  response.  This  first  requires  estimating  the 
system  dimensionality  based  on  a  multimeasure  time  series  analysis,  and  second 
measuring  the  spatial  coherence  between  different  points  of  the  system  to  obtain 
informations  about  the  configurations  more  visited  on  average  by  the  system  during  a 
complex  time  evolution.  If  more  than  one  single  experimental  measure  are  available, 
the  proper  orthogonal  decomposition  technique  can  be  used  to  the  latter  purpose. 

Based  on  averaging  over  several  pairs  of  two-point  measures  of  the  vertical 
displacement  made  in  two  masses  of  the  system  with  two  follower  optical  cameras, 
proper  orthogonal  modes  have  been  calculated  in  a  number  of  highlighted  chaotic 
zones.  Figure  4a  shows  just  those  taking  part  in  one  system  chaotic  response  under  out- 
of-phase  support  motion  at  1/2-subharmonic  resonance,  previously  discussed  (see 
Figure  3e).  Tlie  strong  prevalence  of  a  proper  orthogonal  mode  looking  very  similar  to 
the  second  planar  antisymmetric  linear  mode  of  the  cable  is  worthily  noticed.  This 


confirms  a  conjecture  about  meaningful  contributions  from  second  planar  (V4)  and 
nonplanar  (H4)  (herein  non-observable)  antisymmetric  modes  already  made  in  [3], 
based  on  mostly  qualitative  observations  of  the  dynamics.  Other  calculated  proper 
orthogonal  modes  (Figs.  4b, c)  refer  to  responses  pertaining  to  two  chaotic  regions 
identified  for  the  system  excited  few  right  of  the  primary  resonance  condition  (with 
respect  to  the  first  crossover  frequency)  under  either  in-phase  or  out-of-phase  support 
motion  [2].  In  the  two  cases,  proper  orthogonal  modes  very  similar  to  the  eigenvectors 
of  the  regular  VI  response  (first  planar  symmetric  mode  evolving  from  one  to  three 
half-waves)  and  of  the  regular  V2  response  (first  planar  antisymmetric  mode), 
respectively  occurring  in  neighbouring  regions  to  the  chaotic  ones,  are  observed.  Again, 
this  results  in  a  confirmation  of  already  made  conjectures. 
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Fig.  4.  Proper  orthogonal  modes  looking  like  second  planar  antisymmetric  mode  (a) 
(1/2-subharmonic  resonance,  out-of-phase  support  motion),  first  planar  symmetric  (b) 
and  antisymmetric  (c)  modes  (primary  resonance,  in-phase  (b)  and  out-of-phase  (c) 

support  motion). 


4.  Nonregular  2D  dynamics  of  the  elastic  circular  arch 

An  experimental  model  of  an  elastic  double  hinged  circular  arch  shown  in  Fig. lb  has 
been  constructed  with  the  aim  of  fmding  experimental  evidence  of  the  already  studied 
problem  [4]  of  the  occurrence,  in  the  planar  dynamics,  of  antisymmetric  strong 
vibrations  under  a  vertical  (symmetric)  force  applied  at  the  tip  of  the  arch.  The  system 
can  exhibit  an  autoparametric  resonance  condition  for  particular  parameters  choice: 
indeed,  there  is  natural  possible  occurrence  of  a  2:1  internal  resonance  between  the  fust 
symmetric  and  the  fust  antisysmmetric  planar  modes  depending  on  internal  elasto- 
geometric  parameters.  In  this  case  an  interesting  series  of  nonlinear  dynamical 
phenomena  are  present  in  the  system,  mostly  the  occurrence  of  a  sub-zone  of  instability 
of  any  periodic  solution  with  onset  of  quasi-periodic  and  chaotic  states,  inside  the 
principal  instability  zone  of  the  unimodal  symmetric  solution.  The  study  has  been 
conducted  just  with  the  aim  of  fmding  evidence  of  all  those  interesting  nonlinear 
phenomena. 

It  starts  with  the  construction  of  a  behavior  chart  in  the  control  plane  of  the 
excitation  parameters.  In  Fig. 5  the  occurrence  of  zones  of  different  dynamical  behavior 
are  presented:  in  the  a)  zone  characterized  by  low  excitation  amplitudes  only  the 
symmetric  planar  solution  is  stable,  in  the  b)  zone  the  system  exhibits  coexistence  of  the 
purely  symmetric  and  coupled  (symm.  antisymm.)  solutions  depending  on  i.c.,  in  the  c) 
zone  only  the  coupled  solution  is  stable,  while  in  the  d)  region  every  periodic  solution 
becomes  unstable  after  an  Hopf  bifurcation  and  the  time  evolution  is  quasi-periodic 


before  eventually  evolving  in  a  fully  developed  chaotic  state.  A  local  analysis  for  a  QP 
(upper)  and  a  chaotic  (lower)  state  is  reported  in  Fig.6.  Parts  a)  and  d)  represent  the 
relevant  orbits  in  the  physical  plane  of  horizontal  and  vertical  components  of  the  motion 
of  the  arch  tip,  parts  b)  and  e)  are  concerned  with  the  estimation  procedure  for  the 
embedding  dimensions,  and  the  parts  c)  and  f)  show  the  values  of  the  correlation 
dimension  for  the  two  cases,  corresponding  to  the  occurrence  of  a  two-torus  attractor 
(upper,  Dc=2)  and  a  chaotic  attractor  (lower,  Dc=2.9). 

It  is  worth  noticing  how,  as  partially  reported  in  Fig.5,  the  QP  cases  are  found 
around  the  boundary  line  between  b)  and  c)  region  in  the  chart,  while  the  chaotic  states 
belong  to  the  core  of  the  c)  region. 


Fig.5.  The  arch:  experimental  zone  of  instability  of  simple  unimodal  planar  solution 


5.  Summary  and  conclusions 

The  nonregular  experimental  finite  dynamics  of  two  different  monodimensional  elastic 
systems  with  initial  curvature  have  been  investigated.  They  appear  particularly  rich  and 
varied  over  a  wide  range  of  control  parameter  values  due  to  the  onset  of  complex 
phenomena  of  nonlinear  modal  interaction  linked  with  the  occurrence  of  meaningful 
external  and  internal  resonance  conditions. 

The  attention  has  been  focused  on  both  temporal  and  spatial  characterization  of 
nonlinear  regimes.  The  delay  embedding  tecnique  furnishing  global  indicators  of  the 
dynamics  has  been  used  for  disclosing  the  topological  properties  of  the  imderlying 
attractors,  their  dimensionality  and  their  time  complexity. 

The  proper  orthogonal  decomposition  procedure  highlighting  the  shape  more  visited 
on  average  during  the  chaotic  evolution  has  been  used  for  characterizing  the  spatial 
complexity  of  the  observed  responses.  Hints  are  obtained  both  on  the  number  and  kind 


Fig. 6.  The  arch:  experimental  evidence  of  QP  (upper)  and  chaotic  (lower)  responses 

of  degrees-of-freedom  necessary  to  correctly  model  the  system  dynamics,  and  on 
possible  classification  criteria  of  different  complex  responses. 
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Abstract. 

We  consider  elastic  buckling  of  an  inextensible  beam  with  hinged  ends 
and  fixed  end  displacements,  confined  to  the  plane,  and  in  the  presence  of 
rigid,  frictionless  sidewalls  which  constrain  overall  lateral  displacements.  We 
formulate  the  geometrically  nonlinear  (Euler)  problem,  and  derive  complete 
analytical  results  for  the  case  of  line  contacts  with  the  sidewalls.  In  contrast 
to  the  unconstrained  problem,  we  find  a  rich  bifurcation  structure,  with 
multiple  branches. 


1.  Introduction 

This  work,  which  continues  that  of  [3],  arose  from  a  desire  to  understand 
buckling  of  polypropylene  fibers  in  a  “stuffier  box”  manufacturing  environ¬ 
ment  for  non-woven  fabrics.  The  wavelengths  and  buckling  modes  selected 
are  important  in  determining  fabric  properties.  Since  buckling  onset  and 
modal  selection  appear  to  be  determined  by  the  initial  elastic  behavior,  we 
consider  elastic  (Euler)  planar  buckling  of  a  beam  subject  to  hard  loading 
(displacement  boundary  conditions)  and  constrauned  to  lie  within  rigid,  par¬ 
allel,  frictionless  sidewalls  set  at  distances  ±/i  from  the  centerline.  Assum¬ 
ing  a  linear  constitutive  law,  after  nondimensionalisation  the  equilibrium 
equation  for  each  “free”  element  of  the  beam  is 

6"  +  A  sin  0  +  p,  cos  0  =  0, 


(1) 
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where  9{s)  is  the  tangent  angle,  9"  =  X  and  n  are  axial  and  lateral 
forces,  and  s  €  [0,1]  is  the  nondimensional  arclength.  Equation  (1)  is  sub¬ 
ject  to  overall  zero-moment  boundary  conditions 

e'(0)  =  0  =  (2) 

(in  the  hinged-end  case),  and  the  ajcial  displacement  constraint: 

i(l)-x(0)=  /  cos0(s)ds  =  d  G  (-1, 1].  (3) 

Jo 

At  each  contact  point  sj,  n  undergoes  a  jump  /ij+i  —  /ij  equal  to  the 
(normal,  lateral)  constraining  load  at  that  point,  so  within  the  beam  a 
sequence  of  BVPs  must  be  solved  and  matched  at  contact  points,  which 
are  themselves  determined  by  constraint  equations  such  as: 

fSl 

y(si)  -  y(so  =  0)  =  /  s\n9{s)ds  =  ±h,  (4) 

Jo 

rSj^l 

y{sj)  —  y{sj-i)  ^  /  sin6{s)ds  —  ±2h,  etc.  (5) 

Jsj 

where  h  is  the  sidewall  distance  from  the  centerline.  Here  the  unknowns 
include  the  contact  points  sj  and  the  loads  A  and  jjlj.  Since  (1)  has  a  first 
integral,  exact  solutions  may  be  found  in  terms  of  elliptic  functions,  but  they 
are  awkward  except  in  certain  cases  with  symmetries  or  single  contacts, 
and  in  the  class  of  line  contact  solutions  considered  here.  Consequently, 
we  developed  a  numerical  method  [2]  to  predict  load-displacement  curves 
(A  vs.  1  -  d)  in  the  general  case.  In  [3],  to  which  the  reader  should  refer 
for  further  details,  we  discuss  this  mo(Jel  extensively,  comparing  analytical, 
experimental  and  numerical  results. 

Viewed  as  a  sequence  of  phase-plane  problems,  (l)-(5)  is  an  example  of 
a  hybrid  dynamical  system  [4],  and  relatively  little  is  known  about  the  bifur¬ 
cations  such  systems  can  exhibit.  We  approach  the  problem  by  considering 
the  superposition  of  ‘^elementary”  bifurcation  (=  solution  branch)  diagrams 
in  (A,/ij,jD  =  1  —  d)-space  for  the  unconstrained  and  a  sequence  of  less- 
constrained  problems.  Bifurcation  points  for  the  full  problem  correspond 
to  intersections  of  solution  branches  of  these  less-constrained  problems.  In 
this  paper  we  consider  the  claiss  of  problems  constrained  to  have  line  con¬ 
tact  segments  at  one  or  both  sidewalls.  To  appreciate  the  richness  of  the 
general  problem,  the  reader  should  turn  to  Figure  6,  which  shows  a  partial 
bifurcation  diagram  computed  by  the  methods  of  [2]. 

2.  Unconstrained  buckling:  elemental  solutions 

We  start  by  recalling  the  solution  for  the  unconstrained  Euler  problem,  and 
then  use  this  to  assemble  line  contact  solutions  of  arbitrary  complexity. 


Constrained  Euler  Buckling:  Line  Contact  Solutions 


Figure  1.  End  and  interior  elements  between  line  contact  segments. 


Buckling  of  an  axially  end-loaded  strut  of  length  I  corresponds  to  solving 
(1)  with  n  =  0,  X  =  X,  and  boundary  conditions  0'(O)  =  0  =  Using 
the  first  integral 


0'^  X  n  X 
— —  Acos0  =  —A  cos 
2 


00 


1 


the  resulting  quadrature  may  be  evaluated  to  yield 


2(m  +  l)K{k) 
I 


(6) 


where  K  denotes  the  complete  elliptic  integral  of  the  first  kind,  k  =  sin(0o/2) 
is  the  elliptic  modulus,  and  m  -1- 1  is  the  modal  number;  m  >  0  denoting 
the  number  of  internal  inflection  points.  Moreover,  firom  (3),  we  have  for 
the  distance  between  the  end  points: 


d  = 


-2E{k) 

.K{k) 


(7) 


where  E  denotes  the  complete  elliptic  integral  of  the  second  kind.  For  future 
use,  we  denote  the  element’s  (arbitrary)  length  as  i,  the  end  point  separation 
d,  and  the  load  A.  See  the  appendix  of  [3]  for  more  details. 

FVom  (6-7)  we  may  now  construct  elemental  solutions  from  which  gen¬ 
eral  line  contact  equilibria  can  be  built.  The  key  observation  is  that,  at  each 
end  of  a  line  contact  segment  in  which  6{s)  =  0,  necessarily  0(s)  =  6'(s)  =  0. 
Thus,  referring  to  Figure  1,  any  element  spanning  end  point  to  contact  point 
or  contact  point  to  contact  point,  obeys  (6-7)  and  additional  geometrical 
constraints  that  follow  from  the  fact  that  the  resultant  of  axial  and  lateral 
forces  must  pass  through  both  end  points: 


(8) 
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The  resultant  load  is  A  =  \/n‘^  +  A^,  and  using  +  /i^,  and  trigno- 

metrical  identities,  wc  have 


Substitution  into  (6-7)  yields: 

,  4{m  +  lf{l-2k^)K^k)  hK{k) 

/2  >  2kxfr^{2E{k)  -  K{k))  ’ 


(9) 

(10) 


which  may  be  reduced  to  a  single  equation  soluble  for  k,  given  A: 

A  =  16(m  +  l)^^2(i_fe2)(i_2fc^)(2g(fc)-.ft:(fe))^  =  {m+lfAh{k) ,  (11) 

after  which  may  be  found  from  (9-10).  Observe  that,  while  A  must 

be  the  same  thoughout  all  elements  of  the  beam,  including  those  in  contact 
with  the  wall,  /z  is  generally  different  at  each  free  element  end  point. 

Figure  2  shows  the  function  A/i(A:).  Since  2E{k)  <  K{k)  for  k  >  k*  ^ 
0.908,  solutions  in  this  range  correspond  to  “everted”  shapes  with  d  <  0 
and  one  or  more  interior  loops  and  self-intersections  (cf.  [5],  Sect,  263, 
Figs  54-55).  We  shall  be  only  concerned  with  solutions  which  develop  as 
the  displacement  D  =  1  ~  d  increases  from  0,  and  since  the  distance  d 
between  end  point  and  contact  point  (or  contact  point  and  contact  point), 
is  necessau‘ily  positive  {>  h  or  >  2/i),  we  shall  ignore  such  solutions  here. 
Thus  there  are  1  or  2  solutions  for  each  A  in  the  admissible  range  (m  + 
l)"[A/,™n,AAmax]  ~  ((m -h  l)V/i2)[-0.329, 2.75]. 


3.  Construction  of  line  contact  branches 

Before  assembling  these  elemental  solutions  with  intervening  line  segments 
to  form  a  complete  solution  to  (l)-(5),  we  develop  a  symbolic  classification. 

We  define  an  element  of  order  m  and  length  I  as  a  solution  of  the  un¬ 
constrained  Euler  problem  (9-11). 

We  define  the  n’th  mode  complex  as  all  those  (line  contact)  solutions 
with  n— 1  interior  zeroes  y{s)  =  0  and  n  line  contact  regions.  To  each  branch 
we  assign  a  sequence  {mo,*,  mi,*, . . . ,  *,mn},  where  mj  is  the  order  of  each 
element  and  *  denotes  a  line  contact  segment.  Note  that  mo,  mn  =  0, 1, 2, . . . 
can  be  any  integer,  but  for  the  interior  elements,  mj  =  1, 3, . . . ,  2m  —  1, . . . 
are  necessarily  odd  for  the  sequence  to  be  admissible. 

We  define  regular  modes  (of  order  mJ  as  those  with  sequences  of  the  form 
(m,  *,  2m-H,  m}.  Modes  which  are  not  regular  are  called  irregular. 
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Figure  2.  The  function  Ah(Ai),  plotted  for  h  =  0.125. 


Figure  3.  Regular  (a)  and  irregular  (b)  line  contact  shapes. 


Regular  modes  are  the  natural  analogs  of  the  classical  Euler  modes.  See 
Figure  3. 

Construction  proceeds  as  follows.  Pick  a  mode  number  n  >  1,  and  an 
admissible  sequence  of  orders  mo, . . . ,  m„.  Define 


m  =  min{mo, mn,  {rrij  —  l)/2;  j  =  1, . . .  ,n  —  1}  , 

pick  an  admissible  axial  load  A  G  +  l)^[A/iniin>  A/imax]  and  solve  (11)  re¬ 
peatedly  with  m  =  mo, . . . , mn  for  fco, . . . , fcn-  From  (9-10),  find  fio, fJ,n, 
the  arclengths  of  the  elements  lo,... , In,  and  the  axial  lengths  Ao, . . . ,  A„ 
subtended  by  them.  The  total  displacement  is  then 


n— 1 


D  =  1  —  d  =  Iq  —  Ao  -b  2  ^  ^  Ij  —  Aj  -b  /n  —  • 

J=1 


(12) 
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Since  in  general  there  are  2  solutions  of  (11)  for  each  A,  wc  have  up  to 
2n+i  branches  of  solutions  in  the  (A,JD)  plane  for  each  {mo, 
sequence,  some  of  which  may  coincide  (eg.,  for  regular  modes).  Observe 
that  sequences  can  change  only  at  bifurcation  points  (see  below). 

4.  Physical  solutions  and  branch  structures 

Thus  far  we  have  not  used  the  fact  that  the  total  arclength  of  elements  and 
line  contact  regions  must  equal  1,  the  beam’s  overall  length.  This  gives  the 
condition  for  physical  solutions: 

^0  +  2  ^  Ij  +  In  =  hoi  £  1  i  (1^) 

if  (13)  is  satisfied  with  strict  inequality,  the  balance  of  arclength  can  be  filled 
with  any  distribution  of  line  segment  elements  summing  to  1  — /tot*  Equality 
in  (13)  identifies  bifurcation  points  at  which  the  line  contact  branches  inter¬ 
sect  point  contact  and  secondary  bifurcation  branches  [3].  Observe  that,  as 
h  decreases,  A/i  increases  and  I  decreases  for  given  k]  thus,  as  h  ->  0  (side- 
walls  approach)  a  greater  “central”  region  of  any  given  branch  becomes 
physical. 

Prom  (9-10)  we  note  the  following,  which  correspond  to  solutions  of  (11) 
with  A  =  0: 

/,  Zi/  — y  oo,  /  —  ^  — y  0  as  k  0  \  (14) 

1  — 

Z  oo,  A  -> - 7—h  «  -0.853/1  as  fc  -4  fc*  ;  (15) 

2fc\/r^ 

=  =  ,16) 

This  implies  that  branches  reach  A  =  0  at  integer  multiples  of  D  =  Z/i  or 
that  they  tend  to  I?  =  oo  as  A  -4  0“.  In  view  of  (14-15),  the  only  branches 
that  cross  A  =  0  are  those  for  which  all  kj  are  selected  to  pass  through  1/ y/2 
at  this  load;  thus,  one  branch  alone  in  each  modal  complex  is  continuous 
at  A  =  0.  Also,  branches  achieve  their  maxima  and  minima  respectively  on 
the  lines  A  =  (m“  +  l^Ahmax,  {m~  +  l)^A/,min-  See  the  examples  below. 

Generally  modes  enjoy  no  symmetries,  but  regular  modes  are  symmet¬ 
ric  if  the  same  root  kj  =  fc  of  (11)  is  picked  for  each  element.  For  (m  -f 
l)^A/imin  <  A  <  (m  -f-  l)^A/imax  there  are  thus  precisely  two  symmet¬ 
ric  regular  mode  solutions  of  each  order  m;  they  form  a  (A,  D)  branch 
similar  to  the  graph  of  Ah{k),  with  critical  points  at  (m  -f  l)^A/imax  and 
(m  -f  l)^A/,min-  2"'^^  —  2  asymmetric  regular  modes  can  be  constructed  by 
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Figure  4-  Bifurcation  diagrams  for  the  regular  n  ==  1,2,3;  m  =  0  modal  complexes:  h 
=  0.09,  physical  regions  shown  solid. 


picking  all  possible  remaining  choices  for  the  n  +  1  fcj’s,  but  since  there  at 
most  two  distinct  A:’s  (and  hence  {Ij  —  for  each  A,  these  form  only 

2n  —  1  distinct  curves  on  the  (A,D)  diagram.  Prom  (9-10)  and  (12),  these 
“mixed”  modes  lie  equidistant  between  the  “outer”  symmetric  branches, 
with  which  they  coalesce  at  (m  +  l)^A/iniax  and  (m  +  Figure  4 

shows  such  diagrams  for  the  first  three  regular  modal  complexes.  These  and 
subsequent  branches  were  all  computed  using  the  elliptic  function  routines 
in  MATLAB. 

Finally,  let 

=  max{mQ,mn,{mj  -  l)/2,j  =  1,...  ,n  -  1}  ,  (17) 

correspond  to  the  highest  order  element,  and  consider  the  sequence  of  modal 
complexes  generated  as  rri^  ->  oo  with  all  other  rrij  fixed.  Since  X/{ni^  + 
1)^  ->  0,  we  conclude  that  these  complexes  approach  a  limit. 

Figures  5-6  show  several  examples  of  irregular  modal  complexes,  illus¬ 
trating  the  points  made  above. 

5.  Conclusions  and  comments 

We  have  developed  explicit  solutions  for  line  contact  equilibrium  states  of  an 
inextensible  elastic  beam  subject  to  end  loads  and  normal  constraint  forces 
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Figure  5.  Bifurcation  diagrams  for  some  irregular  modal  complexes:  h  =  0.125,  physical 
regions  shown  solid.  Note  that  the  right  hand  branch  of  {0,*,1}  almost  coincides  with  a 
branch  of 


Figure  6.  Numerically  computed  bifurcation  diagrams  for  some  unconstrained,  point 
contact  and  line  contact  branches:  h  =  0,125,  physical  regions  showm  solid. 
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at  frictionless  rigid  side  walls,  equidistant  from  and  parallel  to  the  centerline 
connecting  the  (hinged)  end  points.  The  solutions  involve  complete  elliptic 
integrals  and  yield  load  displacement  diagrams.  Although  we  have  plotted 
only  axial  load  vs.  displacement  here,  lateral  loads  can  also  be  calculated. 

It  is  well-known  that  for  the  unconstrained  Euler  beam  with  X  >  ir^, 
only  the  first  (n  =  1)  mode  is  stable  to  arbitrary  small  perturbations; 
all  other  mode  shapes  correspond  to  saddle  points  in  the  energy  [6,  7, 
1].  However,  constraints  can  stabilise  certain  regular  modes  of  order  m  = 
0,  provided  no  line  contact  region  exceeds  the  critical  length  27r/\/A  for 
buckling  of  a  clamped-clamped  element  (see  [3]).  Indeed,  in  [8]  stability  for 
the  n  =  l,Tn  =  0  case  is  proven,  and  it  follows  that  solutions  for  all  other 
n  >  1  and  m  =  0  are  neutrally  stable  (one  can  freely  adjust  individual  line 
contact  lengths  without  changing  the  energy).  Thus  at  least  some  of  the 
solutions  found  here  are  physically  observable;  in  fact  in  the  experiments 
reported  in  [3]  we  have  seen  regular  n  =  1, 2, 3,  m  =  0  branches. 

A  second  important  class  of  solutions  are  those  having  point  contact  at 
the  sidewalls,  where  the  moment  0'(s)  0.  As  shown  in  [3],  solutions  of 

these  involve  incomplete  elliptic  functions  and  they  are  much  more  difficult 
to  work  with,  since  direct  superpositions  of  individual  elements  alone  do 
not  yield  global  solutions;  one  has  to  simultaneously  adjust  all  the  lateral 
loads  p.j  to  match  moments  at  each  contact  point.  We  plan  to  discuss  this 
case  in  a  future  article. 
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Abstract. 

Experiments  have  shown  that  long  cylinders  buckle  into  localized  pat¬ 
terns  axially.  It  is  argued  that  traditional  linear  or  nonlinear  analysis  is 
unlikely  to  capture  such  modes,  nor  the  effective  buckling  load  at  which 
such  responses  stabilise.  However,  the  inherent  translational  indeterminacy 
of  localised  buckling  is  well  captured  by  considering  infinitely  long  cylinders 
and  seeking  homoclinic  solutions  of  the  von  Karman-Donnell  equations. 
This  exploits  the  dynamical  analogy  of  such  structural  problems,  so  that 
symmetry  arguments  and  numerical  techniques  developed  for  dynamical 
systems  may  be  used.  The  method  is  illustrated  by  successful  application 
to  a  cylinder  which  has  well  documented  experimental  results. 


1.  Introduction 

A  fruitful  approach  to  certain  statics  problems  posed  over  long  domains 
has  been  to  treat  them  as  dynamical  systems  (see,  for  example,  the  con¬ 
tribution  by  J.M.T.  Thompson  in  these  proceedings).  Localized  responses 
of  such  systems,  which  energy  arguments  often  reveal  as  being  important 
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physically,  may  be  modelled  by  homoclinic  solutions  of  ordinary  difTcrcntial 
equations  differential  equations  (ODEs)  posed  on  the  real  line. 

We  aim  to  show  succinctly  that  the  buckling  of  long  thin,  cylindrical 
shells  is  a  claissically  hard  problem  that  is  well  explained  using  this  ap¬ 
proach.  The  equilibrium  of  the  shell  is  governed  by  the  von  Karman-Donnell 
partial  differential  equations  (PDEs),  which  may  be  viewed  as  a  dynami¬ 
cal  system  in  the  axial  length  of  the  cylinder.  The  difficulty  for  traditional 
analysis  (using  modal  decomposition  or  finite  element  techniques)  is  that 
buckling  is  violently  sub-critical,  so  that  linear  theory  can  over-predict  the 
true  experimentally  observed  load  by  as  much  as  400%  (see,  for  example, 
Figure  1(a)  where  the  true  buckling  load  is  near  the  turning  point  of  the 
post-buckled  curve).  Therefore,  the  nature  of  post  buckling  behaviour  is 
fundamental  in  predicting  the  true  failure  loads  and  displacements. 

Figure  1  reproduces  some  experimental  work  from  the  1970s  depict¬ 
ing  elastic  buckling  deformations  of  moderately  long  cylinders  under  end 
loading.  Several  features  are  worthy  of  note.  First,  buckling  is  typically  lo¬ 
calized  to  some  portion  of  the  axial  length  of  the  cylinder.  Secondly,  there 
is  a  translational  indeterminacy  axially  in  the  location  of  the  buckled  por¬ 
tion  (compare  (c)  and  (d)).  Thirdly,  for  each  buckle  there  is  a  well  defined 
circumferential  ‘wave  number’,  which  is  not  fixed  by  the  geometry  of  the 
cylinder.  Finally,  there  are  two  forms  of  buckle  pattern  (cf.  Figure  1(b), (d)) 
which  in  the  following  we  refer  to  as  symmetric  and  cross-symmetric  respec¬ 
tively. 

In  this  paper  we  show  how  our  numerical  methods,  based  on  the  dy¬ 
namical  systems  analogy,  captures  all  the  features  of  Von  EClinger  and 
Geier’s  experiments  both  qualitatively  and  quantitatively.  We  consider  an 
infinitely  long  cylinder  and  discretize  the  von  Karman-Donnell  equations 
circumferentially  by  a  Galerkin  method.  This  yields  a  large  system  of  ODEs 
in  the  axial  variable  x,  for  which  we  seek  homoclinic,  i.e.  axially  localized, 
solutions.  We  seek  forms  of  solutions  which  are  either  symmetric  or  cross- 
symmetric,  implying  reversibilities  of  the  ODEs. 

In  earlier  work  (Lord,  Champneys  &  Hunt  1997a,  Lord,  Champneys  & 
Hunt  19976),  we  confirmed  numerically  the  existence  of  homoclinic  orbit 
solutions  to  these  equations  and  obtained  good  agreement  with  experimen¬ 
tal  data  on  a  cylinder  due  to  Yamaki  (1984).  We  also  described  in  detail 
the  numerical  techniques  used  to  compute  those  solutions,  which  arc  based 
on  extension  to  the  current  PDE  setting  of  existing  methods  for  homoclinic 
solutions  or  ODEs  (e.g.  (Beyn  1990,  Friedman  &  Doedcl  1994)).  We  are 
interested  here  in  “primary”  or  “uni-modal”  homoclinic  orbits.  However 
recent  work  by  Peterhof,  Sandstede  &  Schcel  (1997)  strongly  suggests  the 
existence  of  “multi-modal”  or  n-pulse  homoclinic  orbits  such  as  computed 
in  Lord  et  al.  (1997a). 
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Figure  1.  Experimental  results  after  Von  Efilinger  1970  and  Von  Efilinger  &  Geier 
1972.  (a)  Load  vs  end-shortening  bifurcation  diagram  taken  from  experiment  (1970). 
(b)  Symmetric  solution  found  on  a  short  cylinder  (1972).  (c)  Cross-symmetric  solution 
localized  close  to  one  end  of  cylinder  (1970),  and  (d)  cross-symmetric  solution  localized 
just  off  centre  of  cylinder(1970).  In  (b)  and  (d)  we  see  an  axial  translation  of  the  same 
buckle  pattern. 

In  Section  2,  we  describe  the  von  Karman-Donnell  equations,  their 
Galerkin  approximation  and  how  to  exploit  symmetries  in  the  problem. 
Section  3  then  presents  numerical  results  and  compares  them  to  the  ex¬ 
periments.  All  our  computations  were  performed  using  the  numerical  con¬ 
tinuation  code  AUTO  (Doedel,  Keller  &  Kernevez  1991).  Finally,  Section  4 
draws  conclusions. 

2.  The  von  Karman-Donnell  equations  and  their  approximation 
as  a  dynamical  system 

Consider  an  infinitely  long,  thin  cylindrical  shell  of  radius  R  and  shell  thick¬ 
ness  t.  The  classical  equilibrium  equations  for  the  in-plane  stress  function 
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(f)  and  displacement  w  in  the  post-buckling  regime  of  the  cylinder  are  given 
by  the  von  Karman-Donnell  equations: 

+  Xwxx  —  p(f>xx  —  Wxx<t>yy  +  Wyy^xx  —  ‘^'Wxy<Pxy  (1) 

+  =  {Wxyf  -  WxjWyy,  (2) 

where  denotes  the  two  dimensional  bi-harmonic  operator;  a:  €  HI  is  the 
axial  and  y  €  [0, 27ri?)  is  the  circumferential  co-ordinate.  The  parameters 
appearing  in  (1)  and  (2)  are  the  curvature  p  1/i?,  t^/12(l  -  ), 

where  u  is  Poisson’s  ratio,  and  the  load  parameter  A  :=  PlEt,  where  P  is 
the  compressive  axial  load  (force  per  unit  length)  and  E  is  Young’s  modulus. 
The  form  of  solutions  we  seek  suggest  that  equations  (1)  and  (2)  should 
be  supplemented  with  periodic  boundary  conditions  in  y  and  asymptotic 
boundary  conditions  in  the  axial  direction  x: 

{w,4>){x,0)  =  {w,(f>){x,2TTR), 

{w,<f>){x,y),{w,(f>)x{x,y),{‘w,4>)xx{^,y),{‘^^4>)xxx{^,y)  ->  Oas  x  ->  ±oo. 

(3) 

The  system  (1)  and  (2)  has  a  rich  structure  of  symmetries,  see  (Hunt, 
Williams  &  Cowell  1986,  Wohlever  &  Healey  1995).  In  accordance  with 
observed  deformation  patterns,  we  seek  solutions  that  are  even  periodic 
solutions  in  y  and  which  remain  within  the  subspace  corresponding  to  in¬ 
variance  under  rotation  through  27r/s.  Hence  we  use  the  following  cosine 
functions  as  the  basis  functions  in  the  Galerkin  approximation 

oo  oo 

w{y)  =  ^  amCOs{mspy);  </)(y)  =  bmCOs{mspy),  s  G  IN. 
m=0  m=0 

We  refer  to  cos{spy)  as  the  seed  mode. 

Substituting  into  the  von  Karman-Donnell  equations,  taking  the 
inner  product  and  expanding  the  nonlinear  terms  we  find  a  system  of  ODEs 
for  the  Fourier  modes  a,„  and  bm  for  m  =  0, . . . ,  oo  which  we  may  formally 
write  as 

0^1  =  La,n  +  F,n{chn),  =  Lb,n  +  F,n{b,n) ,  (4) 

where  superscripts  denote  diffcientiation  with  respect  to  x  (sec  (Lord  et  al. 
1997a)  for  the  details).  The  Galerkin  approximation  is  formed  by  taking 
equations  (4)  for  m  =  0,  •  •  ■ ,  M  -  1,  for  some  finite  M. 

We  think  of  equations  (4)  as  a  dynamical  system,  with  the  axial  variable 
X  taking  a  time-like  role.  Systems  of  the  form  (4),  arising  from  elliptic 
PDEs,  were  considered  in  detail  by  Mielke  (1991),  and  shown  to  have  a 
Hamiltonian  structure. 
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There  is  a  further  symmetry  of  von  Karman-Donnell  equations  that 
plays  an  important  role  in  the  localised  buckling  solutions  observed  physi¬ 
cally.  The  buckling  modes  observed  experimentally,  tend  to  be  either  sym¬ 
metric  (as  in  Figure  1(b))  or  cross-symmetric  (Figure  2(d))  about  a  hori¬ 
zontal  cross-section  of  the  cylinder.  A  solution  to  (1),  (2)  that  is  symmetric 
about  the  cross-section  x  =  T  satisfies 


w{x,y)=w{2T-x,y)  k  <f>{x,y)  =  4>{2T  -  x,y).  (5) 

Equations  (5)  impose  the  natural  symmetric  conditions  on  the  Fourier 
modes  Om  and  6m  for  m  =  0, •  •  •  ,M -  1  at  a:  =  T, 

aUT)  =  a':,{T)  =  b'^{T)  =  b^iT)  =  0.  (6) 


In  contrast,  a  cross-symmetric  solution  satisfies,  for  some  seed  mode  s, 
w  (x,  y)  =w  {2T  -x,y-\-  ttR/s)  k  <f){x,y)  =  (f)  {2T  -  x,  y  -h  vril/ s) .  (7) 

Thus,  in  terms  of  the  Fourier  modes,  we  have  that 


a'm(T)  =  b'^{T)  =  o'"(T)  =  6;(((T)  =  0,  m  =  0, 2, 4,  •  •  • ; 

am(T)  =  6m(T)  =  a',;(T)  =b'U{T)=Q,  m  =  1, 3, 5,  •  •  • . 


(8) 


It  is  not  difficult  to  see  that  the  symmetries  of  (1)  and  (2)  defined  by 
(5)  and  (7)  define  a  reversibility  of  the  ODEs  (4),  cis  in  (Devaney  1976), 
with  fixed  point  sets,  5,  forming  4Af— dimensional  sub— manifolds  of  phase 
space  IR®^.  Hence  we  can  use  as  a  boundary  condition  that  the  solution 
am(T),  bm{T),  lie  in  the  the  4M-dimensional  space  S. 

Note,  finally,  that  there  is  a  “degeneracy”  in  equations  (4)  for  the  zero 
mode  (m  =  0)  such  that  these  could  be  solved  with  initial  conditions  for 
ao,ao",6o,6o'  independently  of  the  initial  conditions  for  ao,6o  and  Og,  and 
6o.  This  corresponds  to  a  trivial  translational  symmetry  in  the  problem 
(sometimes  termed  a  rigid  body  mode).  This  translation  invariance  plays 
an  important  role.  In  our  formulation  the  localization  may  occur  at  any 
point  along  the  length  of  the  cylinder.  Indeed  this  translation  invariance  is 
observed  experimentally  (see  for  example  Figures  3  and  4  in  Von  Efilinger 
(1970),  reproduced  partially  in  Figure  1. 

A  standard  periodic  analysis  of  the  von  Karman-Donnell  equations 
seeks  the  minimum  load  A  =  A<f  and  corresponding  axial  and  circumfer¬ 
ential  wavelengths  such  that  a  bifurcation  occurs.  One  may  easily  show  in 
this  way  that  A^  =  2pK.  Wavelengths  for  which  A  =  A^  lie  on  a  circle  in 
axial/circumferential  wave  space  as  first  elucidated  by  Koiter  (1945).  The 
weakly  nonlinear  analysis  of  Hunt  k  Lucena  Neto  (1991),  interpreted  in 
the  present  context,  suggests  that  once  a  circumferential  wave  number  has 
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been  chosen,  then  there  is  a  small  amplitude  bifurcation  of  (a  pair  of)  ho¬ 
moclinic  solutions  at  A  =  ais  in  the  normal  form  of  a  Hamiltonian-Hopf 
bifurcation  (looss  &  Peroueme  1993). 

In  order  to  compute  the  true  localised  buckling  load,  we  numerically 
extend  the  weakly  nonlinear  analysis,  by  computing  homoclinic  solutions 
to  (4)  truncated  for  some  M.  Note  that  the  single  mode  approximation 
found  by  taking  M  =  1  (m  =  0  only)  in  (4)  yields  a  linear  system  for  which 
there  are  no  homoclinic  solutions.  Thus  the  simplest  approximation  we  can 
take  that  may  admit  a  homoclinic  solution  is  the  two  mode  approximation 
found  by  taking  M  =  2  (m  =  0, 1)  in  (4). 

The  numerical  method,  described  in  detail  in  Lord  et  al.  (1997a),  makes 
full  use  of  the  reversibility  and  symmetry  properties  of  (4)  regarded  as  a 
dynamical  system.  Specifically,  we  solve  for  symmetric  or  cross-symmetric 
homoclinic  solutions  as  a  boundary- value  problem  (BVP)  on  a  truncated 
domain,  with  left-hand  projection  boundary  conditions  that  place  the  solu¬ 
tion  in  the  linearised  unstable  manifold  of  the  origin  (see,  e.g.  (Beyn  1990)). 
At  the  right-hand  boundary  conditions,  we  exploit  the  symmetric  section 
conditions  (6),  (8).  This  BVP  can  be  solved  by  a  regular  continuation  code 
to  compute  load-deflection  bifurcation  diagrams,  but  may  require  careful 
steps  to  be  taken  in  order  to  compute  initial  approximations. 

3.  Numerical  results 

To  compare  with  the  experiments  of  Von  EClinger  &  Geier  (1972)  calcula¬ 
tions  were  performed  for  a  shell  with 

p  =  0.01mm“\  it  =  0.190mm,  z/ =  0.3,  £  =  4.1lGPa.  (9) 

In  the  figures  below  x  is  plotted  on  [0,2T]  unless  otherwise  indicated  and 
x,yjV){x^y)  and  Fourier  coefficients  a^-  are  measured  in  mm.  All  computa¬ 
tions  were  performed  using  the  numerical  continuation  code  AUTO  (Doedel 
et  al.  1991)  and,  unless  otherwise  stated,  the  number  of  collocation  intervals 
NTST=20. 

Note  that  the  shell  we  compare  to  here  is  of  length  L  =  100  mm  and 
so  hardly  qualifies  as  long  as  its  aspect  ratio  (length  to  diameter)  is  only 
LI2R  =  0.5. 

We  compare  with  experiments  the  ratio  of  loads  Xml^d  where  ^ 
2pK  ^  1.1499  X  10“^  denotes  the  smallest  value  of  A  at  which  the  funda¬ 
mental  solution  bifurcates,  and  A^n  is  the  minimum  post  buckling  load  (the 
first  local  minimum  in  the  bifurcation  diagram,  sec  Figures  2  &  3  (a)).  For 
the  numerical  simulations,  Ayn  was  taken  to  be  the  first  limit  point  on  the 
branch  of  homoclinics  as  the  loading  parameter  was  decreased  from  A^;. 

In  the  computations  the  half  length  of  the  cylinder  T  was  taken  to 
be  either  T  =  100  or  T  250.  We  chose  a  6  mode  approximation  (ie 
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m  =  0, 1, 2, 3, 4, 5)  since  it  was  found  in  (Lord  et  al.  1997a)  that  gave  a  good 
compromise  between  spatial  convergence  and  tractability  of  the  problem. 

In  the  bifurcation  diagrams,  Figure  2  (a)  and  Figure  3(a),  we  plot  the 
load  A  against  a  measure  of  the  end  shortening  defined  by  arc-length  for 
a  symmetric  case  and  a  cross-symmetric  case.  Note  that  the  trivial  branch 
(corresponding  to  the  diagonal  line  in  Figure  1  (a)  is  equivalent  to  the  A- 
axis  here  -  since  the  von  Karman-Donnell  equations  factor  out  the  overall 
squash  of  the  cylinder.  The  curve  of  homoclinic  orbits  originates,  in  both 
cases,  from  the  bifurcation  point  Aj  «  1.1499  x  10“^  on  the  A  axis.  The 
limit  point  Xm  is  at  the  first  minimum  value  of  the  loading  parameter  A 
along  the  curve  originating  at  Xd- 


Figure  2.  Symmetric  form  of  solution  computed  for  seed  s  =  7  with  M  =  6  modes, 
(a)  Bifurcation  diagram,  (b)  Fourier  modes  ojt  (mm)  for  displacement,  (c)  reconstructed 
displacement  w  (mm),  (d)  reconstructed  stress  function  (f>. 

In  Figures  2  and  3  (b)  we  have  plotted  the  Fourier  modes  Ck  for  the 
displacement  w  for  the  symmetric  and  cross  symmetric  cases  respectively. 
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Note  that  the  Fourier  modes  and  as  are  very  small  -  indicating  convcr- 
gence  as  the  spatial  resolution  is  increased. 


(a)  (b) 


Figure  3.  Cross-symmetric  form  of  solution  computed  for  seed  s  —  7  with  A/  =  6  modes. 

(a)  Bifurcation  diagram,  (b)  Fourier  modes  Om  (mm)  for  displacement,  (c)  reconstructed 
displacement  w  (mm),  (d)  reconstructed  stress  function  4>. 

The  3-dimensional  plot  in  Figures  2  and  3  (c)  show  the  full  reconstructed 
displacement  w{x^y)  plotted  over  the  deformed  cylinder.  The  (cross-)  sym¬ 
metric  nature  of  the  solutions  is  clearly  evident.  Qualitatively,  all  the  3- 
dimensional  plots  compare  well  with  the  experimental  evidence  of  Von  Efilinger 
&  Geier  (1972).  In  Figures  2  and  3  (d)  we  have  reconstructed  the  stress 
function  and  plotted  that  over  the  deformed  cylinder. 

We  now  consider  a  quantative  comparison  between  our  numerics  and 
experimental  results.  For  the  symmetric  case  we  found  a  difference  of  ^ 
20%  in  the  exp(u*imental  to  computed  ratio  Xjn/^d-  This  discrepancy  is  dis¬ 
cussed  below.  In  the  cross-symmetric  case  excellent  quantative  agreement 
was  obtained,  as  presented  in  Table  1. 
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s 

10 

11 

12 

13 

Present 

0.1843 

0.2027 

0.2277 

0.2538 

Experimental 

0.197 

0.208 

0.228 

0.257 

TABLE  1.  Comparison  of  the  ratio  Xm/^d  of  our  results 
with  the  experiments  of  Von  EClinger  &  Geier  (1972)  for 
cross-symmetric  forms  of  the  solution. 


4.  Conclusion 

We  presented  numerical  results  for  the  buckling  cylinder  problem  and  com¬ 
pared  our  results  with  experimental  data.  Qualitatively,  we  find  good  agree¬ 
ment  for  both  the  symmetric  and  cross-symmetric  forms  of  solutions. 

In  the  symmetric  case  there  are  some  discrepancies  between  the  numer¬ 
ical  and  experimental  results.  However,  the  experiments  of  Von  EClinger 
&  Geier  (1972)  indicate  that  a  symmetric  buckle  pattern  is  not  observed 
in  longer  cylinders.  In  addition,  for  the  relatively  short  cylinder  presented 
here,  they  find  that  the  symmetric  modes  occur  at  lower-post  buckling 
loads.  This  evidence  is  corroborated  in  (Yamaki  1984)  who  finds  mostly 
cross-symmetric  solutions.  Furthermore  symmetric  modes  appear  less  local¬ 
ized  than  cross-symmetric,  and  we  would  therefore  not  expect  our  analysis 
on  this  relatively  short  cylinder  to  be  as  quantatively  accurate.  For  longer 
cylinders,  for  which  there  is  little  experimental  evidence  of  the  symmetric 
pattern,  we  would  expect  better  agreement. 

For  the  cross-symmetric  case,  more  commonly  observed  experimentally, 
we  have  found  excellent  agreement  quantatively  even  for  the  relatively  short 
cylinder.  For  longer  cylinders  we  expect  a  yet  closer  match  to  the  experi¬ 
ments. 

Our  results  suggest  that  the  buckling  of  a  long  thin  axially  compressed 
cylinder  is  well  described  by  a  localization  theory  based  on  homoclinic  so¬ 
lutions,  independently  of  any  imperfections  in  the  cylinder.  Significantly, 
this  allows  for  the  translational  indeterminacy  inherent  in  observations  (cf. 
Figure  1).  As  such,  we  claim,  it  is  provides  a  useful  complement  to  finite  ele¬ 
ment  approaches  with  realistic  boundary  conditions,  which  may  suffer  from 
multiplicities  of  (near)  solutions.  This  demonstrates  that  the  correspond¬ 
ing  asymptotic  boundary  conditions  are  the  natural  boundary  conditions 
for  the  computation  of  buckling  solutions  of  long  cylinders. 
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1.  Introduction 

Drillstring  failures  caused  by  unstable  rotation  of  the  drilling  assembly  ate 
continually  ranked  as  one  of  the  most  fipequent  and  costly  problems  in  the  oil  industry. 
Although  many  other  methods  of  oilwell  drilling  have  been  tried  historically,  rotary 
drilling  technique  dominates  the  industry.  The  drillstring  components,  i.e.  drillpipes,  ate 
typically  5”  in  outside  diameter  and  4.275”  in  inside  diameter.  Depthwise  the 
assemblies  can  extend  up  to  8  km  or  more  downhole,  i.e.  drillstring  is  a  very  flexible 
slender  rod.  Directional  drilling  toward  the  desired  target,  which  is  very  popular  now, 
complicates  the  problem  as  wells  are  drilled  with  substantial  curvatures  and  three- 
dimensional  chamcteristics.  In  ordo'  to  provide  pressure  for  forcing  the  drillbit  into 
formation,  especially  in  case  of  horizontal  drilling,  the  drillstring  is  axially  compressed, 
i.e.  it  is  buckled  in  its  static  configuration  and  rotates  in  a  curved  well.  ITie  objective  of 
the  presentation  is  to  analyse  the  stability  of  the  drillstring  rotation. 


2.  The  governing  equations  of  the  problem  and  their  solution 


The  Kirchhoff-Glebsch  equations  for  a  spatial  curved  bar  are  as  follows 

^  +  <xj2  +  m  =  0,  Af=/  (K-Ko)  (1) 

where  M  and  g  are  the  moment  vector  and  the  force  vector,  respectively,  g  and  m 
denote  the  vectors  of  the  distributed  moments  and  forces,  respectively,  t  is  the  unit 
vector  of  the  tangent  to  the  curvilinear  s-axis  of  the  bar.  The  components  of  the  vectors 
K  and  Ko  are  the  curvatures  of  the  deflected  axes  and  the  unit  angle  of  twist  in  actual 


and  reference  configuration,  respectively,  and  /  is  the  tensor  of  bar’s  rigidity. 
Application  of  the  central  manifold  theory  yields  the  following  bifurcation  equation 


d^e  1+v 
ds^  PdPw 


sin©  =  r(s) 


(2) 


Here  0  is  referred  to  as  the  rotation  angle  of  the  aoss-section,  arxl  are  the 


curvature  radius  of  the  drillstring  and  the  welllwre,  respectively,  and  v  is  Poisson’s 
ratio.  A  slowly  varying  function  r(s)  depends  upon  the  bending  and  torsional  rigidities 

of  the  drillstring,  the  twists  of  the  drillstring  and  the  wellbore,  the  friction  between  the 
drill  string  and  wellbore,  and  drillpipe’s  radius. 

Some  cases  allow  for  the  solution  in  closed  form  in  terms  of  the  elliptic  functions 
and  integrals.  The  case  where  the  drillstring’s  buckling  form  is  a  helix  and  the  well  is  a 
plane  circular  arc  (0<y<^)  is  analysed  below.  The  following  figures  show  the 

rotation  angle  after  the  crooked  part  of  the  well  0j=  ©  (Y)  versus  ©0=  ©  (0)  in  case 
of  zero  torque  on  bit. 


The  bifurcation  parameter  is  aH'  where  a  =  y(l+v)p^/p^  .  The  rotation  is  seen  to  be 

unstable  and  accompanied  by  a  dynamic  transition  to  a  new  configuration.  The 
drillstring  rotation  angle  versus  y  and  the  snap-through  buckling  are  displayed  below 


The  increasing  torque  on  bit  (X)  improves  the  rotational  stability  as  the  following 
figures  show 


The  torque  on  the  top  of  the  drillstring  ( y = 0 )  is  shown  for  some  torques  on  bit  X 
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The  torque  exhibits  a  behaviour  which  allows  one  to  intetpret  the  unstable  drillstring 
rotation  as  stick-slip  oscillations  or  chatter.  However,  neither  wellbore  firiction  nor 
material  damping  is  present  in  the  model.  The  instability  is  caused  by  the  energy 
exchange  between  the  torsional  and  bending  modes.  From  the  latter  figures  one  finds  die 
critical  value  of  the  torque  on  the  top.  The  drillstiing  rotation  becomes  uniform  when 
this  critical  value  is  exce^ed. 

Another  interesting  effect  is  that  the  resistance  against  the  rotation  of  a  free  buckled 
beam  in  a  crooked  wellbore  is  larger  than  that  of  a  straight  drillstring  which  is  clamped 
at  the  bit. 


The  general  case  has  been  studied  by  means  of  numerical  analysis  of  the  Kirchhoff- 
Clebsch  equations  (1)  which  confirms  the  previous  results. 

Reference: 

Belyaev,  A.K.  (1988)  Zur  InstabilitSt  des  rotierenden  Olbohrstranges  in  einem 
gekriimmten  Bohrloch.  ZAMM,77,  SI,  31-32. 
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1.  Introduction 

Shell  structures  have  been  used  for  centuries  in  all  engineering  fields.  This  is  largely 
due  to  the  important  role  played  by  these  shells  as  efficient  loading  carrying  members 
leading  to  very  light  and  slender  structures.  However,  when  subjected  to  a  compressive 
stress  state  in  one  or  more  directions  they  often  exhibit  a  highly  non-linear  response 
and  may  loose  their  stability  under  quasi-static  or  dynamic  conditions  at  load  levels 
well  below  those  predicted  by  linearized  eigenvalue-problems  or  by  non-linear  analyses 
of  a  perfect  system  [1-3].  This  is  mainly  due  to  the  deleterious  effects  of  imperfections 
(e.  g.,  load,  geometrical  and  boundary  imperfections)  and,  in  certain  circumstances,  to 
the  small  degree  of  safety  of  these  systems  on  account  of  the  fast  decrease  or  erosion  of 
the  basin  of  attraction  associated  with  the  stable  solution  whose  stability  must  be 
preserved.  This  can  be  explained  by  the  fact  that  many  shells  under  quasi-static  loads 
display  a  symmetric  unstable  or  an  asymmetric  bifurcation  along  the  fundamental 
equilibrium  path  [2,3].  In  these  circumstances  there  are  at  least  two  equilibrium  points 
for  load  levels  lower  than  the  critical  load  and,  induced  by  the  topology  of  the 
associated  potential  function,  these  shells  may  display  subharmonic  and  superharmonic 
bifurcations,  period-multiplying  bifurcations,  multiple  solutions,  chaotic  motions  and 
dangerous  jumps  caused  by  the  presence  of  competing  potential  wells  and  non-linear 
resonance  curves  within  each  well  [4].  Shells  under  compressive  loads  display  not  only 
cubic  geometric  non-linearities,  like  any  other  structural  element,  but  also  strong 
quadratic  non-linearities  due  to  the  simultaneous  effects  of  the  initial  curvature,  pre¬ 
stresses  and  geometric  imperfections.  This  strong  non-linearity  explains  the  complex 
dynamics  of  tiiese  systems  and  controls  the  various  modes  of  elastic  instability. 

In  order  to  exploit  the  efficiency  of  shells  structures,  their  static  and  dynamic 
buckling  behavior  need  to  be  elucidated.  Contrary  to  static  buckling  behavior,  which  is 
fairly  well-understood  [1-3],  dynamic  buckling  needs  further  clarification  in  view  of 
some  lack  of  pertinent  literature. 

The  aim  of  the  present  work  is  to  stress  some  aspects  related  to  the  non-linear 
dynamics  of  thin  shells  under  static  pre-loading  with  emphasis  on  those  phenomena 
connected  with  the  dynamic  stability  of  pre-buckling  configurations  of  the  structure 
under  vibration.  For  small  forcing  amplitudes,  the  motions  remain  in  the  neighborhood 


of  the  static  reference  state,  confined  into  the  pre-buckling  well.  But,  for  certain  values 
of  the  control  parameters,  the  motions  can  no  longer  remain  within  this  well  and  the 
shell  jumps  into  another  well,  displays  large  cross-well  motions  or  escape  to  infinity. 
These  motions  may  cause  undesirable  stresses  and  displacements,  leading  as  a  rule  to  a 
catastrophic  failure  of  the  structural  system. 


2.  Basic  Equations 

To  illustrate  the  non-linear  dynamic  behavior  of  imperfection  sensitive  shells,  let  us 
investigate,  as  an  example,  but  without  loss  of  generality,  the  non-linear  axisymmetric 
vibrations  of  a  shallow  spherical  shell  under  uniform  pressure  loading.  This  represents 
one  of  the  basic  problems  in  the  field  of  structural  stability  due  to  its  high  imperfection 
sensitivity.  Using  the  well-known  approximations  of  Marguerre’s  shallow-shell  theory, 
the  system  of  equations  for  the  transverse  vibrations  of  a  shallow  imperfect  pre-stressed 
spherical  shell  can  be  written  in  the  following  non-dimensional  form  [1,4] 

V‘’w  +  w,„  +cw,,  =  y^a''*V^f-k- 

=  W-  (l/x){w,,  w.„+[(vv.,+w,„  )vv,,  ],, }  (1) 

where  X  is  the  non-dimensional  radial  coordinate,  t  is  time,  W  and  /  are, 
respectively,  the  vertical  displacement  and  stress  function  due  to  vibrations,  and 
are  the  displacement  field  and  stress  function  due  to  static  pre-loading,  w  is  the 
initial  geometric  imperfection,  Q  is  a  load  parameter,  (  ),j  =  9()/0t, 
a=  12(l-v")  ,(  ),^=  9()/9xand  X  is  a  geometrical  parameter  described  by 

X  =  a'"'fl/V^  (2) 

The  non-dimensional  variables  are  related  to  the  physical  quantities  by 

x  =  r/a;  w  =  W/h\  f^F/Eh^;  Q  =  q/qci  (3) 

where  E  =  Young’s  modulus,  R  =  principal  radius  of  curvature  of  the  sphere, 
h  =  shell  thickness,  a  ==  base  radius  of  the  spherical  cap,  r=  radial  coordinate  and 
=  classical  buckling  load  of  a  complete  spherical  shell  [Ij. 

An  approximate  response  of  the  shell  to  any  external  dynamic  loading 
Q{Xyt)is  sought  in  the  separable  form 

-tr,  (0v,(^) 

1=1  i=I 


(4) 


where  ({),•  (x)  and  \j^j  (a:)  are  any  suitable  functions  of  the  surface  coordinate  x 
satisfying  the  boundary  conditions  of  the  shell,  and  may  well  be  taken  as  the  true  free 
vibration  mode  shapes  of  the  structure  [4].  The  functions  Wj  (t)  and  Fj  (t)  are  the 
generalized  coordinates  to  be  determined.  To  simplify  the  numerical  procedure,  the 
pre-stress  state  and  the  initial  geometric  imperfections  are  assumed  in  the  form 

OO  oo 

w,  w  =  Z  IV,,  (>,  (x);  /(x)  =Z  M  (5) 

/=1  /=1 

=  £  W^.<t),(;c)  (6) 

I=I 

Substituting  expressions  (4-6)  into  equations  (1)  and  applying  a  Galerkin 
minimization  procedure,  one  obtains  a  set  of  2N  non-linear  ordinary  differential 
equations  characterizing  the  dynamic  behavior  of  the  cap.  These  equations  are 
unfortunately  too  long  to  be  presented  in  this  work.  In  some  situations  the  first  mode  is 
dominant  and  the  qualitative  behavior  of  the  shell  can  be  analyzed  with  a  certain 
degree  of  accuracy  by  a  SDOF  model.  Using  in  (5)  and  (6)  the  number  of  terms 
necessary  to  achieve  convergence  of  the  static  state  and  using  i=l  in  (4),  one  obtains 
the  following  equation  of  motion  and  compatibility  equation 

w, ,„-bcw,., +w;(...)==F, F,[w;(...)+ 

FAt)=w,(t)  (...)+w,it)[w,,c..)+w.i...)]  (8) 

where  (...)  are  coefficients  dependent  on  the  definite  integrals  over  the  shell  surface. 

Substituting  the  value  of  Fj  (f)  obtained  from  equation  (8)  into  equation  (7), 
one  obtains  the  equation  of  motion  in  terms  of  (/)  only 

W, .„+cW, 

+^)(...)  +  SE(W„.  +^)(W.  +Wj)(...)  + 


This  shell  equation  displays  quadratic  and  cubic  non-linearities.  The 
coefficient  of  the  linear  term  and,  as  a  consequence,  the  natural  frequency,  and  the 
coefficient  of  the  quadratic  term  are  highly  dependent  on  the  geometrical  parameter  X 
which  is  associated  with  the  curvature  and  slenderness  of  the  shell,  the  pre-stress  state 
and  the  geometric  imperfections.  The  cubic  term,  on  the  other  hand,  doesn’t  depend 
directly  on  these  parameters.  The  quadratic  term  is  usually  negative  and  can  be 


particularly  large  in  imperfection-sensitive  systems.  It  is  responsible  for  the  unstable 
post-buckling  path  and  for  the  softening  character  of  the  frequency-amplitude  relation. 
This  is  illustrated  in  Table  1  where  the  stiffness  coefficients  of  the  non-linear  equation 
of  motion  (9)  for  a  clamped  spherical  cap  with  X  =  4  and  V  —  1  /  3  are  shown  as  a 
function  of  the  level  of  static  pre-loading  Qj. 

For  a  perfect  unstressed  circular  plate  R  —  and,  consequently,  X=0  and  the 
non-linear  equation  (9)  is  reduced  to 

w, ,„+ciy,„+w,(...)  +  w, '(...)  =  (2(0(...)  (10) 

In  this  case  the  quadratic  term  is  absent  and  the  cubic  term  is  positive.  Thus 
plates  exhibit  non-linearity  of  the  hardening  type.  This  explains  why  plates  are 
imperfection-insensitive  and  exhibit  symmetric  bifurcation.  The  presence  of  initial 
imperfections  and/or  a  pre-stress  state  are,  as  one  can  observed,  sufficient  to  induce  the 
appearance  of  a  quadratic  term  in  equation  (10). 


TABLE  1.  Coefficients  of  the  stiffness  terms  in  the  equation  of  motion. 


Static  Load  Oi 

Linear 

Quadratic 

Cubic 

0.0 

612 

-581 

154 

O.l 

552 

-559 

154 

0.2 

486 

-534 

154 

0.3 

413 

-504 

154 

0.4 

328 

-466 

154 

0.5 

219 

-410 

154 

3.  Results 

The  numerical  results  presented  here  are  for  a  perfect  clamped  spherical  shell  with 
X=4  and  V  =1/3  and  subjected  two  a  uniform  static  pressure.  The  dynamic 
pressure  parameter  (2(0  is  taken  as 

Q(t)  =  F^sin(Q.t)  (11) 

Two  approximations  are  used  in  the  present  analysis.  A  MDOF  model  where 
four  modes  were  used  in  (4)  and  (5).  This  was  enough  to  achieve  convergence  of  , 
respectively,  the  static  and  dynamic  responses.  The  second  model  employed  in  this 
analysis  is  a  SDOF  model  were  four  m(xles  are  used  to  describe  the  pre-stress  state  and 
one  mode  (the  dominant  mode)  is  used  to  describe  the  dynamic  response.  The 
interpolating  functions  are  the  vibration  modes  of  a  perfect  unloaded  clamped  cap  [4]. 

Figure  1  shows  the  variation  of  the  frequency  ratio  Q/Qo*  where  is  the 
natural  frequency  of  the  shell,  with  the  vibration  amplitude  at  the  apex  of  the  shell  for 
selected  static  configurations  along  the  non-linear  equilibrium  path  of  the  cap  under 
uniform  pressure-loading,  which  is  shown  inset  in  this  Figure.  The  natural  frequency 
Qo  decreases  steadily  with  load  as  observed  in  the  second  column  of  Table  1  where  the 
listed  coefficients  are  equal  to  Q^.  The  shell  exhibits  a  strong  softening  behavior.  The 


degree  of  non-linearity  of  the  frequency-response  curve  varies  greatly  with  the  pre¬ 
stress  state  and  is  particularly  large  for  load  levels  near  the  critical  load.  The  load 
deflection  curve  shown  in  Figure  1  where  the  shell  looses  its  stability  at  a  limit  point  is 
typical  of  many  shell  structures.  For  these  shells,  between  the  upper  and  lower  limit 
points  (here  Qy  =  0.578  and  =  0.458),  there  are  three  equilibrium  point,  two 
stable  and  one  unstable.  So,  at  these  load  levels,  one  has  a  non-symmetric  potential 
function.  As  the  load  increases  the  depth  of  the  well  associated  with  the  buckled 
configurations  increases  steadily  while  the  depth  of  the  well  associated  with  pre¬ 
buckling  configurations  decreases.  Similar  trend  is  observed  in  the  associated  basin 
areas  [7,8].  So,  as  the  load  increases,  the  probability  of  dynamic  buckling  under  the 
unavoidable  disturbances  which  will  appear  during  the  service  life  of  the  structure 
increases  and  may  cause,  under  usually  small  disturbance  levels,  a  catastrophic  failure 
of  the  shell.  For  low  load  levels  there  is  only  one  potential  well.  But,  even  is  this 
situation,  there  is  a  sudden  broadening  of  the  well  due  to  the  quadratic  non-linearity, 
leading  for  certain  values  of  the  control  parameters  to  large  amplitude  vibrations  and 
most  likely  to  damages  in  the  system. 

A  typical  bifurcation  diagram  obtained  from  the  MDOF  model  is  shown  in 
Figure  2  for  =  0.5,  c  =  3,  Q  =  12  and  G  [0.062;0.067].  As  observed,  the 
shell  may  exhibit  period  doubling  bifurcations,  regions  of  chaotic  motions  and  escape 
from  the  potential  well  associated  with  the  pre-buckling  configuration.  It  is  interesting 
to  notice  that  the  first  chaotic  region  appears  after  a  period  doubling  cascade,  while  the 
second  region  appears  suddenly. 

The  capacity  to  predict  the  behavior  and  load  carrying  capacity  of  a  given 
system  from  the  knowledge  of  its  physical  and  geometrical  parameters  is  the  basis  of 
design.  Recent  results  have  shown  that  the  capacity  to  predict  the  behavior  of  a  non¬ 
linear  structure  is  hampered  not  only  by  the  dependence  and  sensitivity  of  the  response 
on  the  initial  conditions  and  the  system  parameters  but  also  by  the  existence  of  fractal 
basin  and  escape  boundaries  [5-8]. 

In  Figure  3  it  is  shown  a  typical  stability  boundary  for  an  imperfection 
sensitive  shell  under  harmonic  load.  Here  the  results  for  a  shell  in  a  slowly  evolving 
environment  are  compared  with  the  results  where  the  system  after  each  load  increment 
starts  from  rest.  The  escape  curve  was  obtained  numerically  by  increasing  slowly  the 
forcing  amplitude  for  each  frequency  value.  In  many  regions  a  high  sensitivity  to  the 
initial  conditions  is  observed.  In  fact  in  some  of  these  regions  the  escape  boundary  has 
a  fractal-like  structure,  as  shown  in  Figure  4,  and  the  escape  load  and  the  time  spent 
before  the  shell  escapes  from  the  pre-buckling  well  become  unpredictable  due  to  the 
uncertainties  in  the  initial  conditions,  imperfection  levels  and  system  parameters.  The 
colors  in  Figure  4  indicate  a  measure  of  time  to  escape  out  of  the  safe  well.  In  the  first 
region  from  left  the  shell  buckles  within  one  forcing  cycle,  in  the  second  region,  within 
two  forcing  cycles  and  so  on.  The  stability  boundary  in  Figure  3  is  composed  of  various 
“curves”,  each  one  associated  with  a  particular  bifurcation  event.  It  is  observed  that  for 
low  values  of  the  forcing  frequency  the  dynamic  and  static  escape  load  practically 
coincide,  while  in  the  region  near  the  natural  frequency  (here  14.8)  the  escape  load  is 
much  lower  than  the  static  critical  load.  In  the  high  frequency  region  the  dynamic 
escape  load  can  be  much  higher  than  the  static  one.  The  actual  escape  load  for  a  real 
imperfect  shell  is  expected  to  be  much  lower  than  the  ones  depicted  in  Figure  1.  Firstly 
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Figure  1  -  Influence  of  the  static  pre-stress  state  on  the  non-linear  vibrations  of  the  cap. 
Inset  the  non-linear  equilibrium  path  and  the  corresponding  equilibrium  configurations 


Figure  2  -  Bifurcation  diagram  showing  period  doubling  bifurcations,  chaos  and 
escape.  MDOF  model. 
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Figure  3  -  Stability  boundary  in  control  space  (frequency  vs.  forcing  amplitude). 
Influence  of  initial  conditions  on  the  escape  load.  MDOF  model. 
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Figure  4  -  Stability  boundary  for  a  shell  with  homogeneous  intial  conditions,  showing  a 
fractal-like  boundary.  Colors  indicate  a  measure  of  time  to  escape  out  of  the  safe  well. 


in  many  regions  of  the  control  space  for  load  levels  lower  than  the  escape  load  for  the 
slowly  evolving  system  the  basin  of  attraction  becomes  fractal  and  escape 
unpredictable,  secondly  the  potential  well  associated  with  pre-buckling  configurations 
will  be  in  fact  much  shallower  due  to  the  effect  of  unavoidable  imperfections,  and, 
finally,  the  initial  conditions,  or  even  the  system  parameters  may  be  unknown  or 
exhibit  a  certain  degree  of  uncertainty.  All  these  facts  indicate  the  difficulties  in 
estimating  the  load  carrying  capacity  of  an  imperfection  sensitive  shell  under  dynamic 
load  and  to  the  necessity  of  theoretically  well-founded  and  safe  lower  bounds  for 
design.  Since  non-linearities  (physical,  geometrical,  etc.)  are  becoming  more  and  more 
important  in  all  engineering  structures,  these  complex  non-linear  phenomena  are  more 
likely  to  occur  and  therefore  one  must  study  their  implications  in  the  safely  and 
integrity  of  these  systems  and  how  to  take  them  into  account  at  the  stage  of  design. 
This  is  the  major  concern  of  this  research  project. 


4.  Conclusions: 

The  non-linear  dynamic  behavior  of  imperfection  sensitive  shells  was  analyzed. 
Special  attention  was  devoted  to  the  determination  of  critical  conditions.  It  was  shown 
that  these  systems  may  exhibit  dynamic  buckling  loads  much  lower  that  the  static 
critical  load.  This  load  is  highly  dependent  on  the  post-buckling  characteristics  of  the 
shell,  initial  imperfections,  initial  conditions  and  system  parameters  which  are  not 
usually  known  with  certainty  in  a  real  situation.  Also  the  capacity  to  predict  the 
behavior  of  the  shell  is  hampered  by  the  existence  of  fractal  escape  and  basin 
boundaries.  This  illustrates  the  difficulties  in  assessing  the  load  carrying  capacity  of 
these  shells  under  dynamic  loads.  So  research  on  the  behavior  of  thin  shells  under 
dynamic  loads,  detailed  parametric  analyses  and  experimental  investigations  are 
necessary  to  assess  more  fully  the  design  implications  of  the  present  analysis. 
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III.  INELASTIC  MATERIALS,  MATERIAL  PROCESSING 


The  four  papers  in  the  section  provide  a  good  introduction  to  the  application  of 
nonlinear  dynamics  to  machining  and  chatter  control  (Davies  et  al.,  Nayfeh  and  Pratt). 
It  is  now  recognized  that  machining  processes  can  exhibit  subcritical  Hopf  bifurcations 
and  that  practical  chatter  control  must  involve  an  understanding  of  the  nonlinear 
contributions  to  the  dynamics. 

The  other  two  papers  (Vestroni  and  Capecchi,  Pratap  and  Judge)  explore  the 
important  consequences  of  hysteresis  in  dynamic  models.  In  particular  the  last  paper 
examines  elasto-plastic  nonlinearities  in  a  nonlinear  oscillator. 
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THE  DYNAMICS  OF  CHIP  FORMATION  IN  MACHINING 
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1.  Introduction 

Machining  operations  such  as  turning,  milling  and  drilling  involve  the  mod¬ 
ification  of  a  workpiece  through  the  removal  of  material.  This  removal  oc¬ 
curs  via  a  concentrated  shear  fiow  generated  by  a  wedge-shaped  tool  as 
illustrated  in  Fig.  1(a).  The  material  that  is  removed  is  called  the  chip. 
Because  the  thermoplastic  shear  flow  that  generates  the  chip  is  dynamic 
and  highly  nonlinear,  optimization  of  machining  processes  by  any  means 
other  than  trial  and  error  (not  uncommon  in  industry  today)  requires  a 
fundamental  understanding  of  the  underlying  physics  and  new  models  to 
predict  behavior. 

In  this  paper,  we  restrict  our  attention  to  the  orthogonal  cutting  of 
metals  (see  Fig.  1(b)).  According  to  Shaw  (Shaw,  1984),  the  defining  char¬ 
acteristics  of  orthogonal  cutting  are:  (1)  the  tool  is  a  wedge  that  is  much 
wider  in  the  direction  perpendicular  to  the  cutting  direction  than  the  mate¬ 
rial  being  removed;  and  (2)  the  ratio  of  chip  width  to  uncut  chip  thickness, 
6,  is  at  least  five.  In  orthogonal  cutting,  the  material  flow  can  be  regarded 
as  essentially  two-dimensional. 

Observations  in  many  laboratories  over  the  past  century  have  led  to 
the  following  conventional  model  of  the  orthogonal  cutting.  As  illustrated 
in  Fig.  1(a),  steady  shear  flow  of  the  material  takes  place  in  a  narrow 
region  of  thickness  h  extending  from  the  tool  nose  to  the  free  surface  of 
the  workpiece.  This  region  of  shear  flow  is  known  as  the  primary  shear 
zone.  Material  is  assumed  to  remain  unloaded  as  it  approaches  this  zone  at 
the  cutting  velocity  V.  It  then  undergoes  a  rapid  loading  which  is  initially 
elastic,  but  the  yield  stress  is  exceeded  quickly  and  plastic  flow  sets  in. 
In  many  cases,  h  is  quite  small  (e.g.  fe/10),  and  the  shear  zone  can  be 
approximately  represented  by  a  plane  inclined  at  an  angle  (f>  (Merchant, 
1945)  relative  to  the  direction  of  motion.  Contact  between  the  tool  and 
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Figure  1.  (a)  Schematic  of  a  machining  operation;  and  (b)  Orthogonal  cutting  operation. 


chip  occurs  in  a  region  of  length  L  on  the  rake  face  of  the  tool.  A  secondary 
shear  flow  develops  along  this  contact  zone  (Trent,  1991);  however,  in  most 
models  of  orthogonal  cutting  this  secondary  shear  zone  is  ignored,  and  a 
chip  with  thickness  b/  sin  0  is  assumed  to  move  up  the  rake  face  as  a  coulomb 
friction  slider  with  constant  coefficient  of  friction  ^  (Merchant,  1945). 

The  model  described  above  is  based  upon  the  assumption  that  the  chip 
forms  through  a  process  of  steady  homogeneous  shear.  However,  in  many 
metals  the  flow  will  undergo  a  transformation  from  steady  shear  to  os¬ 
cillatory  behavior.  This  oscillatory  behavior  is  manifested  in  the  forma¬ 
tion  of  a  segmented  chip  with  regions  of  intense  shear  separated  by  re¬ 
gions  with  relatively  little  deformation.  As  pointed  out  by  Recht  (Recht, 
1964),  the  formation  of  segmented  chips  occurs  when  the  local  rate  of  heat 
buildup  in  the  material  is  large  enough  that  thermal  softening  overwhelms 
the  effects  of  strain  hardening,  and  the  local  flow  stress  drops  catastrophi¬ 
cally,  leading  to  the  formation  of  an  adiabatic  shear  band.  Such  segmented 
chips  have  been  observed  to  form  in  titanium  (Komanduri  et  al.,  1981), 
nickel-iron  alloys  (Komanduri  and  Schroeder,  1986),  hardened  steels  (Ko¬ 
manduri  et  ah,  1982;  Shaw,  1993;  Konig  et  al.,  1990;  Davies  et  al.,  1996; 
Davies  et  ah,  1997(a))  and  amorphous  nickel-phosphorus  (Davies  et  al., 
1997(a)).  However,  neither  the  conventional  model  nor  more  recent  models 
of  segmented  chip  formation  provide  a  mechanism  for  the  onset  of  oscilla¬ 
tory  material  flow.  Understanding  the  onset  and  development  of  this  oscil¬ 
latory  behavior  is  important  because  segmented  chip  formation  has  been 
correlated  with  increased  tool  wear,  degradation  of  workpiece  surface  finish 
and  less  accuracy  in  the  machined  part  (Komanduri  et  al.,  1982). 
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In  this  paper,  we  provide  experimental,  numerical  and  analytical  evi¬ 
dence  suggesting  that  the  onset  of  segmented  chip  formation  is  the  result  of 
a  Hopf  bifurcation  in  material  flow.  We  modify  the  conventional  model  for 
orthogonal  cutting  by  introducing  the  concept  of  a  local  plastic  deformation 
zone  that  accounts  for  indentation  of  the  material  near  the  tool  tip.  A  one¬ 
dimensional,  partial  differential  equations  (PDE)  model,  similar  to  those 
used  to  describe  the  formation  of  a  single  adiabatic  shear  band  (Clifton  et 
al.,  1984;  Wright  and  Walter,  1987),  is  developed  to  describe  chip  forma¬ 
tion.  Numerical  simulations  of  this  model  are  compared  with  experimental 
results;  both  are  suggestive  of  a  Hopf  bifurcation  and  the  subsequent  de¬ 
velopment  of  relaxation  oscillations.  Based  upon  these  observations,  a  sim¬ 
plified  ordinary  differential  equations  model  that  treats  the  shear  zone  as 
a  control  volume  moving  with  the  tool  is  developed.  These  results  lead  to 
an  interpretation  of  metal  cutting  as  a  thermomechanical  feedback  process, 
which  is  similar  in  many  ways  to  an  open  chemical  reactor.  Recent  work 
by  Molinaii  and  Dudzinski  (Molinari  and  Dudzinski,  1992)  is  related  to 
our  approach;  however,  they  do  not  consider  the  connection  between  local 
stresses  induced  by  the  tool  on  the  workpiece  and  the  global  shear  stress 
in  the  primaiy  shear  zone,  and  they  treat  the  deformation  in  the  shear 
zone  as  adiabatic.  Also,  Marusich  and  Ortiz  (Marusich  and  Ortiz,  1995) 
have  recently  reported  results  of  some  large  scale  Lagrangian  finite-element 
simulations  of  orthogonal  cutting;  just  as  with  a  laboratory  experiment,  we 
view  our  simpler  modeling  approach  as  an  attempt  to  gain  insight  into  the 
results  of  such  studies. 

2.  Experimental  Results 

Orthogonal  cutting  experiments  were  conducted  on  hardened  AISI  52100 
bearing  steel  and  amorphous  nickel-phosphorous  using  polycrystalline  cubic 
boron  nitride  (pCBN)  tools.  A  two-axis  diamond  turning  machine  with  an 
air-bearing  spindle  was  used  in  the  experiments,  which  were  conducted  for 
a  variety  of  rake  angles,  uncut  chip  thicknesses  and  cutting  speeds.  Chips 
were  collected  and  examined  in  a  scanning  electron  microscope  (SEM).  By 
examining  the  back  surface  of  the  chip  (side  opposite  the  tool  rake  face),  we 
were  able  to  make  quantitative  measurements  of  the  onset  of  segmented  chip 
formation,  as  well  as  the  dependence  of  average  segment  spacing  (spatial 
frequency)  on  cutting  speed.  In  addition,  by  polishing  and  etching  the  steel 
chip  cross-sections  with  a  solution  of  2%  nitric  acid  in  ethyl  alcohol  the 
qualitative  characteristics  of  the  material  flow  could  be  examined.  Fig.  2 
shows  typical  results  for  orthogonal  machining  of  52100  bearing  steel  with 
a  rake  angle  (designated  a  in  Fig.  1)  of  -10  deg  and  an  uncut  chip  thickness 
b  of  approximately  33  pm.  Fig.  2(a)  shows  polished  and  etched  chip  cross- 


Figure  2.  (a)  Chip  Photos  and  (b)  plot  of  moan  sogmont  sacing  as  a  function  of  cutitng 

speed. 


sections  at  cutting  speeds  ranging  from  0.7  m/s  to  4.3  m/s.  At  low  speeds, 
steady,  homogeneous  shear  is  evident  throughout  the  chip.  As  the  speed 
is  increased,  the  shear  begins  to  localize,  with  segments  becoming  clearly 
discernible  at  1.5  m/s.  For  cutting  speeds  just  above  this  critical  speed,  the 
segments  form  at  irregidar  intervals.  However,  as  the  speed  is  increased, 
the  segments  become  larger  and  their  spacing  becomes  very  regular.  This 
behavior  is  summarized  in  Fig.  2(b),  which  shows  average  segment  spacing 
as  a  function  of  cutting  speed.  The  shape  of  this  curve  is  suggestive  of  a 
Hopf  bifurcation  occurring  at  a  critical  cutting  speed  between  1  m/s  and 
1.5  m/s. 

3.  One  Dimensional  PDE  Model 

The  experimental  results  can  be  explained  with  a  relatively  simple  one¬ 
dimensional  thermoplastic  shear  model.  The  proposed  model  is  shown  in 
Fig.  3,  where  a  is  the  rake  angle  of  the  tool,  0  is  the  shear  angle,  V  is  the 
cutting  speed  and  b  is  the  uncut  chip  thickness.  The  equations  of  motion 
for  the  material  flow  are  derived  based  upon  the  following  assumptions. 

1.  A  shear  plane  extending  from  the  tool  nose  to  the  free  surface  and 
making  an  angle  (f)  with  the  cutting  direction  is  defined.  Material  lying 
ahead  of  the  shear  plane  {y  <  0)  is  unstressed  but  can  conduct  heat. 
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Energy  Balance  •  Stress  Balance 


Figure  3.  One-dimensional  model  of  chip  formation.  Tildes  represent  dimensional  quan¬ 
tities. 


2.  The  shearing  process  is  one-dimensional  with  shear  occuiiing  on  lines 
parallel  to  the  shear  plane. 

3.  Heat  conduction  is  one-dimensional  and  occurs  in  the  direction  per¬ 
pendicular  to  the  shear  zone. 

4.  An  Arrhenius-type  constitutive  law  is  used  to  describe  the  thermal 
softening  of  the  material.  No  sticiin  hardening  is  included. 

5.  Compressive  stresses  between  the  tool  and  the  workpiece  are  sissumed 
to  be  elastic-perfectly  plastic. 

6.  Shear  stresses  on  the  rake  face  of  the  tool  are  assumed  to  be  propor¬ 
tional  to  the  compressive  stress  through  a  simple  coulomb  friction  co¬ 
efficient.  The  material  slides  up  the  rake  face  and  the  frictional  stresses 
act  to  oppose  this  motion. 

7.  No  heat  is  lost  to  the  environment. 

8.  The  momentum  of  the  material  is  negligible. 

9.  The  elastic  component  of  the  shear  strain  is  ignored. 

Given  these  assumptions  and  utilizing  the  differential  elements  shown  in 
Fig.  3,  the  nondimensional  equations  describing  the  thermoplastic  defor¬ 
mation  of  the  material  can  be  written  as(see  (Davies  et  al.,  1997(a);  Davies 
et  al.,  1997(b))), 
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Eq.  1(a)  is  a  statemont  of  static  equilibiium  between  the  nonclimensional 
compressive  (a)  and  shear  stresses  {rf)  applied  by  the  tool  on  the  chip  and 
the  nondimensional  shear  stresses  (r)  developed  parallel  to  the  shear  zone. 

is  the  coefficient  of  friction  between  the  tool  and  chip.  Eq.  1(b)  is  the 
energ}^  balance  equation  for  one-dimensional  shear,  where  B  is  the  nondi¬ 
mensional  temperature,  and  A  and  q  are  nondimensional  groups  containing 
the  thermal  conductivity,  A*,  heat  capacity,  c,  density,  p,  and  yield  strength 
(in  shear),  of  the  material,  is  the  nominal  strain  rate  defined  by 
the  ratio  of  the  nominal  shear  speed,  over  the  uncut  chip  thickness,  b. 
Eq.  1(c)  states  that  the  total  nondimensional  strain  rate  is  equal  to  the 
plastic  strain  rate  The  exponential  relationship  defining  4>  in  Eq.  2  is 
a  typical  phenomenological  constitutive  law  that  specifies  the  irreversible 
plastic  flow  response  of  the  material  at  high  strain  rates.  It  is  based  upon 
the  assumption  that  plastic  flow  in  metals  is  thermally  activated  and  can 
be  modeled  by  Arrhenius  kinetics  (Kocks  et  ah,  1975).  The  coefficients  e 
and  u  are  the  strain-rate  sensitivit}*  and  thermal  softening  parameters  of 
the  material,  respectively.  Eq.  1(d)  defines  the  rate  of  growth  of  normal 
contact  stresses  between  the  tool  and  chip  material.  Initially,  for  small  cr, 
the  rate  of  growth  is  proportional  (through  some  appropriate  elastic  con¬ 
stant  A)  to  the  quotient  of  the  local  velocity  difference  between  the  tool 
and  chip  (1  —  t?  in  nondimensional  variables)  and  some  appropriate  length 
scale,  6.  The  local  compressive  stresses  saturate  at  the  yield  stress  (which  is 
1  in  nondimensional  form)  due  to  the  exponential  term.  This  equation  pro¬ 
vides  a  somewhat  crude  approximation  of  ‘‘local'’  elastic- pi  as  tic  indentation 
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of  the  workpiece  material  by  the  tool.  These  local  stresses  are  connected 
to  ‘‘global”  shear  stresses  in  the  shear  zone  by  Eq.  1(a).  It  is  the  interac¬ 
tion  between  this  indentation  and  global  shear,  and  the  highly  nonlinear 
thermoplastic  behavior  that  can  lead  to  relaxation-like  oscillations  in  the 
system. 

Eq.  1  were  discretized  using  a  simple  finite-difference  method  and  in¬ 
tegrated  using  a  commercial  stiff  equation  solver.  Based  upon  the  best 
available  information  in  the  literature,  the  following  parameter  values  were 
chosen  for  hardened  steel:  k  =  AWV/{m  •  degC),  Ty  =  1600  MPa,  c  = 

0.46kJ/(kg  •  degC),  p  =  7800kg/m^  6o  =  300K,  z/  =  0.73,  e  =  0.0018.  The 

rake  angle,  shear  angle  and  uncut  chip  thickness  b  were  chosen  to  approx¬ 
imately  match  the  experiment  described  above:  a  =  -10  deg,  h  =  33  pm 
and  (f>  ^  37  deg.  The  values  of  v  and  e  were  obtained  from  Burns  (Burns, 
1990)  and  the  friction  coefficient  was  estimated  to  be  approximately  0.2. 
The  value  of  1/T^  was  chosen  to  be  order  of  10^.  This  is  based  upon  the 
reasonable  assumptions  that  A/ry  ^  10^  and  b/6  ^  1.  Inserting  these  values 
into  the  Eq.  2  yields  ^  =  0.82  and  q  =  1.63. 

The  results  of  the  simulations  are  shown  in  Fig.  4.  Fig.  4(a)  corresponds 
to  a  wedge  speed  of  1.5  m/s  (A  =  0.16).  The  top  diagram  shows  the  final 
chip  and  tool  position.  The  lower  part  of  Fig.  4(a)  shows  the  temperature 
and  shear  stress  at  the  tool  tip  as  a  function  of  time.  For  this  case  the  shear 
is  homogeneous  and  the  stress  and  temperature  approach  a  nonoscillatory 
steady  state.  Fig.  4(b)  corresponds  to  a  tool  speed  of  1.8  m/s  (A  =  0.13). 
In  this  case  the  material  deforms  inhomogeneously  with  regions  of  localized 
shear.  The  dynamics  of  the  temperature  and  shear  stress  at  the  tool  tip  have 
undergone  a  bifurcation  to  periodic  oscillatoiy  behavior.  This  is  in  close 
agreement  with  the  experiments  which  indicate  that  a  bifurcation  occurs 
between  1  m/s  and  1.5  m/s.  Further  increases  in  tool  speed  lead  to  a  more 
rapid  collapse  of  each  shear  zone.  This  causes  higher  amplitude  oscillations 
in  the  shear  stress  and  temperature  and  also  leads  to  the  formation  of 
larger  segments.  The  segment  spacing  was  found  to  saturate  with  increased 
cutting  speed,  as  observed  in  experiments  (Davies  et  al.,  1997(b)). 

4.  Simplified  ODE  Model:  Evidence  for  a  Hopf  Bifurcation 

Further  evidence  for  a  Hopf  bifurcation  can  be  obtained  from  an  approxi¬ 
mate  ODE  model  for  chip  formation  that  is  derived  by  treating  the  shear 
zone  as  a  control  volume.  Fig.  5(a)  shows  the  final  velocity  and  thermal 
profiles  obtained  from  the  simulation  shown  in  Fig.  4(a).  The  tool  speed 
of  F  =  1.5  m/s  is  on  the  borderline  of  the  bifurcation  that  occius  between 
V  =  1.5  m/s  and  V  =  1.6  m/s  in  the  simulation.  The  approximate  ODE 
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Figure  4-  Example  simulation  results  for  (a)A  =  0.156  (E  =  1.5  m/s)  and  (b)  A  =  0.13 
(V  =  1.8  m/s). 


model  is  derived  by  assuming:  (1)  the  thermal  profile  in  the  shear  zone 
is  approximately  piecewise  linear,  rising  from  ambient  temperature  6q  to 
a  temperature  6  on  exit;  (2)  the  slope  of  the  thermal  profile  at  the  en¬ 
try  approximated  by  and  the  slope  at  the  exit  is  equal  to  zero;  (3) 
the  inactive  portion  of  the  chip  is  a  rigid  block  that  is  loaded  by  the  tool 
through  linear  springs,  and  this  load  produces  a  shear  stress  on  the  shear- 
zone;  and  (4)  the  heat  generation  in  the  shear  zone  is  given  by  rVehip  where 
Vchip  =  K  *  4>  with  $  defined  in  Eq.  2.  Using  these  assumptions  it  can  be 
shown  that  the  the  nondimensional  equations  for  the  exit  temperature  and 
the  shear  stress  on  the  shear  zone  have  the  form  (Burns  and  Davies,  1997), 


dr 

di. 

dO 

df 


1  - 


—kO  -b  7r4> 


(3) 
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Figure  5.  Approximation  of  the  shear  zone  as  a  control  volume  with  piecewise  linear 
thermal  profile  as  suggested  by  simulations.  Tildes  again  represent  dimensional  quantities. 


where  6  and  r  now  represent  the  nondimensional  exit  temperature  and  shear 
stress  on  the  shear  zone  respectively,  k  and  7  are  nondimensional  groups 
that  can  be  related  to  those  in  Eq.  2  and  $  is  defined  as  above.  Eq.  3  are 
similar  in  form  to  those  that  describe  the  behavior  of  an  open  chemical 
reactor.  The  authors  have  shown  that  for  parameter  values  corresponding 
to  hardened  steel,  these  equations  will  undergo  a  Hopf  bifurcation  as  the 
cutting  speed  is  increased  (Burns  and  Davies,  1997).  It  is  likely  that  in  the 
future,  this  heuristic  derivation  of  Eq.  3  can  be  made  more  mathematically 
rigorous. 

5.  Conclusions 

We  have  presented  two  new  models  of  chip  formation  in  machining  that 
strongly  suggest  that  the  transition  from  continuous  to  segmented  chip  for¬ 
mation  is  due  to  a  Hopf  bifurcation  in  the  material  flow.  These  models 
represent  a  significant  improvement  over  previous  analytical  models  that 
treat  chip  formation  as  a  shear-  localization  problem  and  thus  contain  no 
mechanism  for  oscillation.  Our  new  models  lead  to  an  interpretation  of 
metal  cutting  as  a  process  of  thermomechanical  feedback  with  dynamics 
that  are  very  similar  to  those  of  an  open  chemical  reactor.  Like  the  chemi¬ 
cal  reactor  problem,  continuous,  non-oscillatory  behavior  occurs  when  the 
convective,  conductive  and  heat  generation  terms  are  balanced  so  that  the 
rate  of  change  of  temperature  in  the  shear  zone  (or  reactor)  is  zero.  This 
is  the  case  for  low  cutting  speeds.  At  higher  cutting  speeds,  the  convective 
term  grows  relative  to  the  conduction  term,  and  this  leads  to  oscillations. 
Each  cycle  of  oscillation  is  characterized  by  two  distinct  phases.  The  first 
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phase  consists  of  a  slow  buildup  of  stress  and  a  convective  and  conductive 
cooling  of  the  shear  zone,  while  the  second  phase  consists  of  a  sudden,  ex¬ 
plosive,  thermoplastic  deformation  which  leads  to  a  relaxation  of  the  shear 
stresses.  The  apparent  nonperiodic  behavior  in  the  chip  segments  observed 
at  speeds  just  above  the  critical  speed  for  segmentation  is  still  unexplained. 
However,  the  addition  of  a  strain  hardening  term  in  the  constitutive  behav¬ 
ior  of  the  approximate  ODE  model  will  increase  the  dimension  of  the  state 
space  to  three  and  allow  more  complex  (possibly  chaotic)  motions  that 
could  explain  the  observed  nonperiodic  behavior. 
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Abstract.  Previous  work  on  machine-tool  dynamics  has  identified  three 
mechanisms  that  lead  to  the  dynamic  instability  known  as  chatter,  namely 
the  regenerative  effect,  velocity-dependent  friction  or  stick-slip,  and  mode¬ 
coupling.  It  has  long  been  recognized  that  the  underlying  physics  of  these 
mechanisms  is  nonlinear,  yet  traditional  treatments  of  the  problem  focus 
on  linearized  reduced-order  approaches. 

In  this  paper,  we  report  our  efforts  to  examine  and  control  the  complex 
dynamic  response  of  a  boring  tool.  We  have  designed  and  fabricated  a 
boring  bar  system  with  sensors  and  actuators  to  aid  our  investigations. 
Experiments  with  this  so-called  “smart”  tool  reveal  evidence  of  a  subcritical 
transition  from  stable  to  unstable  cutting.  We  examine  a  nonlinear  machine- 
tool  dynamics  model  from  the  literature  that  possesses  a  similar  instability. 
Local  analysis  of  this  system  suggests  that  the  bifurcation  is  supercritical. 
However,  the  created  small-amplitude  limit  cycle  quickly  loses  stability  via 
a  cyclic-fold  bifurcation.  We  find  theoretically  and  experimentally  that  such 
a  behavior  can  be  controlled  by  enhancing  the  structural  damping. 


1.  Introduction 

The  dynamic  response  of  boring  bars  has  long  been  recognized  for  its  com¬ 
plexity.  Salje  [1]  examined  experimentally  the  problem  of  tools  with  two  or¬ 
thogonally  oriented  degrees  of  freedom  and  revealed  rich  dynamics.  Kuchma 
[2]  considered  boring  bars  with  non-circular  cross-sections  and  found  that 
the  stability  is  strongly  dependent  on  the  orientation  of  the  plane  of  sym¬ 
metry  with  respect  to  the  normal  to  the  machined  surface.  Tlusty  [3]  devel¬ 
oped  the  first  simple  model  for  mode-coupled  chatter,  whereas  Tobias  [4] 
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suggested  that  regeneration  must  also  be  considered  in  these  systems.  A  va¬ 
riety  of  other  models  have  been  suggested  and  studied  [5-7]  that  incorporate 
both  effects. 

In  our  experiments  [8-10],  we  have  observed  jumps  from  static  to  dy¬ 
namic  cutting  conditions  like  those  reported  by  Hooke  and  Tobias  [11],  for 
single-point  turning,  and  those  observed  and  modeled  by  Hanna  and  Tobias 
[12],  for  face  milling.  Hanna  and  Tobias  [12]  used  a  single-degree-of-freedom 
model  with  both  cutting-force  and  structural  nonlinearities  to  account  for 
the  jump  behavior.  Shi  and  Tobias  [13]  reproduced  the  theoretical  results  of 
Hanna  and  Tobias  [12]  by  dropping  the  structural  nonlinearity  and  consid¬ 
ering  the  effect  of  the  tool  leaving  the  cut,  a  condition  known  as  '‘multiple 
regenerative  chatter”. 

We  consider  a  chatter  control  method  for  boring  tools  based  on  a  Hanna 
and  Tobia5-like  [12]  model.  We  assume  that  the  boring  tool  can  be  approx¬ 
imated  by  a  single-degree-of-freedom  system  in  a  direction  normal  to  the 
machined  surface  and  that  it  is  this  mode  that  is  largely  responsible  for 
the  chip  thickness  modulations  that  give  rise  to  chatter.  We  derive  the 
linear  stability  boundary  and  show  how  it  can  be  extended  by  increasing 
the  structural  damping.  We  discuss  the  tangential  boundary  to  the  lobed 
stability  curve  and  demonstrate  how  it  provides  a  conservative  estimate  of 
the  tool  stability  regardless  of  the  nonlinear  effects.  An  active  vibration- 
absorber  approach  for  enhanced  tool  damping,  similar  to  methods  employed 
by  previous  investigators  [14],  is  then  analyzed. 

We  present  experimental  evidence,  in  the  form  of  various  chatter  signa¬ 
tures,  that  regeneration  and  mode  coupling  are  present  in  the  uncontrolled 
tool.  We  then  apply  active  vibration  control  in  the  tangential  direction  and 
show  that,  for  very  light  chatter  cuts,  the  normal  direction  appears  to  have 
a  subcritical  instability  that  can  be  quenched  using  the  active  vibration- 
absorber  controller. 


2.  Control  Strategy 

We  develop  a  control  strategy  for  a  simple  orthogonal  cutting  condition. 
This  condition  is  approximated  in  boring  when  the  width  of  cut  is  approx¬ 
imately  five  times  the  feed  and  the  tool  nose  radius  is  small  [17].  Typically, 
one  assumes  that  only  tool  motions  directed  normal  to  the  machined  surface 
modulate  the  chip  [18]  and  then  models  the  system  using  a  single-degree- 
of-freedom  approximation  for  the  first  lateral  bending  mode  of  the  tool  in 
this  direction. 
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2.1.  MACHINE-TOOL  STABILITY 

As  a  test  case  for  our  control,  we  investigate  the  stability  and  complicated 
dynamics  of  boring  by  using  the  following  single-degree-of-freedom  model 
[12]: 


=  —p^w  fa:  —  Xt  +  02(2:  —  Xr)^  -f  az{x  —  Xr)^ 

(la 

where 

Xr  =  x(t  —  t)  (lb) 

Here,  w  is  an  effective  width  of  cut,  and  the  time  delay  t  is  the  period 
of  one  revolution  of  the  workpiece.  Our  numerical  analysis  is  based  on 
the  experimentally  determined  parameter  values  [12]:  p  =  1088.56  rad/sec, 
^  =  24792/a;  rad^/sec,  P2  =  479.3  1/in,  (h  =  264500  l/in^,  02  =  5.668 
1/in,  and  03  =  —3715.2  1/in^.  The  equivalent  system  is  shown  in  Fig.  1. 
The  linearized  form  of  Eq.  (la)  can  be  written  as 

X  +  2^a:  -f  p^x  -f  p^w{x  —  Xr)  =  0  (2) 

To  study  the  neutral  stability,  we  substitute 

X  =  a  cos  cjt  (3) 

into  Eq.  (  2),  set  each  of  the  coefficients  of  cosut  and  sinut  equal  to  zero, 
and  obtain 


p^  —cJ^  +  p^u;(l  —  cos  ujt)  =  0  (4) 

2^0;  -f  p^w  sin  (jJT  =  0  (5) 

We  establish  the  linear  stability  boundary  in  Fig.  2  by  solving  Eqs.  (4)  and 
(5)  for  w,  T,  and  w.  It  follows  from  Eqs.  (4)  and  (5)  that  when  w  <  2^o}c/p^i 
which  is  0.0418,  the  cutting  process  remains  stable. 

The  line  w  =  0.0418  on  the  stability  plot  is  known  as  the  tangential 
boundary  to  the  lobed  stability  curve.  This  boundary  takes  on  different 
shapes  if  we  include  the  tool  penetration  rate  and  the  effect  of  friction  along 
the  rake  face.  Tobias  [4]  showed  that,  as  the  cutting  speed  is  increased,  the 
tangent  boundary  asymptotically  approaches  this  straight  line  boundary, 
even  if  one  considers  penetration-rate  effects.  Wu  and  Liu  [19]  explored  both 
penetration-rate  and  friction  effects  and  found  that  the  penetration  effect 
tends  to  have  a  stabilizing  influence  at  low  cutting  speeds  (i.e.,  an  increased 
process  damping  effect),  whereas  friction  along  the  rake  face  tends  to  have 
a  destabilizing  effect  (i.e.,  a  negative  damping  effect  due  to  friction).  Both 
effects  axe  shown  to  diminish  at  high  cutting  speeds. 
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It  appears  from  the  lobed  stability  curve  that  by  operating  at  certain 
speeds,  one  can  achieve  a  substantial  improvement  in  the  limit  width  of  cut 
beyond  the  tangential  boundary.  However,  if  one  considers  the  nonlinear 
stability,  this  improvement  seems  questionable. 

Consider  the  case  where  r  =  1/75.  Nayfeh,  Chin,  and  Pratt  [15]  gen- 
erated  the  bifurcation  diagram  shown  in  Fig.  3  by  solving  Eqs.  (1)  using 
a  sevemterm  harmonic-balance  solution  while  monitoring  the  stability  us¬ 
ing  a  combination  of  Floquet  theory  and  Hilhs  determinant.  We  see  that 
locally  the  transition  from  stable  to  unstable  cutting  occurs  through  a  su¬ 
percritical  Hopf  bifurcation.  However,  the  created  small  limit  cycle  quickly 
looses  stability  via  a  cyclic  fold.  Thus,  the  global  stability  has  a  subcritical 
structure,  as  we  confirmed  using  analog  simulation  [16].  As  a  consequence, 
the  nonlinearity  reduces  the  instability  limit  w  ==  Wc  ^  0.117072  predicted 
by  the  linear  theory  to  w  ^  0,0431,  a  reduction  of  about  63%.  This  limit 
width  of  cut  is  approximately  that  defined  by  the  tangential  boundary. 
Using  the  same  techniques,  Nayfeh,  Chin,  and  Pratt  [20]  investigated  the 
influence  of  the  time  delay  on  the  subcritical  instability.  In  Fig.  4  we  repeat 
their  results  for  the  nonlinear  response  of  the  tool  as  a  function  of  width 
of  cut  for  the  four  time  delays  r  =  1/60,  1/64.4,  1/66,  and  1/75.  We  see 
that  large-amplitude  solutions  always  coexist  with  the  trivial  solution  for 
widths  of  cut  between  the  tangential  boundary  and  the  limit  width  of  cut 
predicted  by  linear  stability  analysis. 

These  results  indicate  that  the  simple  straight-line  tangent  stability 
boundary  provides  a  conservative  target  for  designing  chatter  control  be¬ 
cause  any  control  that  increases  this  level  is  an  improvement,  regardless  of 
the  type  of  cutting  forces  present.  Because  this  limit  is  determined  wholly 
by  the  damping  in  the  structure,  our  control  task  is  simply  that  of  enhanc¬ 
ing  the  structural  damping. 

2.2.  ACTIVE  DAMPING  FOR  INCREASED  STABILITY 

If  an  actuator/sensor  pair  is  available  to  provide  collocated  acceleration 
feedback,  second-order  compensation  is  completely  analogous  to  a  tradi¬ 
tional  vibration  absorber  [21],  and  the  equations  of  motion  for  the  feedback 
control  system  are 

x-\-  2^x  +  p^x  =  -p^w{x  -  Xr)  +  d{cay  +  uly)  (6) 

y+  Caii  +  U)ly  =  (7) 

where  y  is  a  second-order  compensator  with  damping  Ca  and  frequency  u)a 
and  d  is  a  coupling  gain. 

We  now  consider  the  linear  stability  of  the  controlled  system.  We  take 
the  Laplace  transform  of  Eqs.  (6)  and  (7),  assume  zero  initial  conditions, 
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and  obtain 


[s^+  2^s  +  p^+  p^w{l  -  e-"^)]X(s)  =  d{cas  +  u}l)Y{s)  (8) 

(52+  2cas  +  iol)Y{s)  =  -s^X{s)  (9) 

Solving  for  y(s)  in  terms  of  Ar(s)  yields 


Y{s) 


-s^Xjs) 

5^  +  2CaS  +  UjI 


(10) 


Substituting  Eq.  (10)  into  Eq.  (8),  we  obtain  the  characteristic  equation  of 
the  system  as 

s^+  [2e  +  Ca(l  +  d)]s^  +p2[i  +  u,(i  _  ^  2^Ca  +  a;2(l  +  d)s^ 

+  CaP^[l  +  u;(l  -  e-^^)]  +  2^u}ls  +  u^yil  +  u;(l  -  6“"^)]  =  0  (11) 


We  establish  the  linear  stability  boundary  by  substituting  s  =  iu)  into  Eq. 
(  11),  separating  real  and  imaginary  parts,  and  solving  the  resulting  pair  of 
equations  for  w,  r ,  and  a;.  Choosing  compensator  values  to  give  d  =  0.35, 
^a/p  =  0.7,  and  ^  =  0.57,  we  plot  the  limit  width  of  cut  with  and  without 
the  absorber  as  a  function  of  the  time  delay  in  Fig.  5.  Clearly,  the  absorber 
has  substantially  increased  the  limit  width  of  cut. 

Next,  we  consider  the  nonlinear  stability.  In  Fig.  6  we  compare  the  bi¬ 
furcation  diagram  of  the  controlled  system  for  the  case  1/r  =  75  obtained 
by  the  method  of  harmonic  balance  with  that  obtained  via  analog  simula¬ 
tions.  The  agreement  is  excellent  and  suggests  that  the  global  subcritical 
instability  is  suppressed  in  the  controlled  system. 


3.  Cutting  Tests 

A  series  of  experiments  are  performed  on  a  two-axes  engine  lathe  to  obtain 
chatter  signatures  while  using  a  boring  tool  with  and  without  vibration 
control.  Time  series,  autospectra,  cross  spectra,  and  coherence  are  employed 
to  examine  the  chatter  signatures. 


3.1.  SETUP 

The  tool  is  a  12”  long  and  a  1”  diameter  boring  bar  with  an  ISO  TNMG 
160304  insert.  The  side  rake  angle  is  —5°,  the  back  rake  angle  is  —12°, 
and  the  lead  angle  is  0°.  The  bar  is  tapped  with  a  series  of  10/32  holes 
to  accommodate  the  attachment  of  actuators  through  flexural  elements 
known  as  “stingers”.  Magnetostrictive  actuators  oriented  in  the  normal  and 
tangential  direction  to  the  machined  surface  sting  the  boring  bar  at  a  point 
1.75^^  from  the  tool  holder  while  the  motion  is  sensed  in  each  direction  using 
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accelerometers  mounted  at  a  point  3"  from  the  tool  holder.  The  tangentially 
oriented  actuator  stud  mounts  directly  to  the  bar.  The  normally  oriented 
actuator  is  attached  using  a  tensioned  wire  stinger.  The  arrangement  is 
much  stifFer  in  the  tangential  than  the  normal  direction.  Workpieces  are 
aluminum  tubes  of  nominal  inner  diameter  4.50"  -  5.25",  outer  diameter 
6.1"  ,  and  length  5".  Further  details  of  the  hardware  and  compensator 
design  and  implementation  can  be  found  in  [8-10]. 

3.2.  CHATTER  SIGNATURES 

We  investigate  boring  bar  chatter  for  light,  finish  style  cuts  at  the  mini¬ 
mum  feedrate  of  the  lathe,  which  is  0.0024"  per  revolution  (ipr).  Chatter 
signatures  are  obtained  for  a  variety  of  spindle  speeds  at  nominal  widths  of 
cut  of  Wo  =  0.002"  and  wq  =  0.03". 

In  Fig.  7  the  amplitude  of  the  fundamental  harmonic  of  the  tool’s  ac¬ 
celeration  tangent  to  the  machined  surface  is  plotted  as  a  function  of  the 
workpiece  rotational  speed  in  revolutions  per  minute  (rpm)  for  the  case 
when  Wo  =  0.03".  We  find,  as  did  Salje  [1],  that  the  modal  characteristics 
of  the  tool  system  vary  greatly  depending  on  the  clamping  conditions.  For 
the  data  in  this  plot,  the  first  lateral  vibration  modes  have  frequencies  and 
dampings  of  ft  =  524  Hz  and  0.03  and  /„  =  365  Hz  and  Cn  ^  0.02, 
respectively,  as  determined  by  impact  testing  and  circle  fits  of  the  resulting 
frequency-response  functions. 

Two  observations  can  be  made  from  the  results  in  Fig.  7.  First,  the 
presence  of  stable  cutting  for  all  workpiece  rotational  speeds  below  165  rpm 
indicates  that  the  cutting  forces  are  dependent  on  the  mean  cutting  velocity 
and  contribute  a  positive  damping  effect  at  low  speeds,  in  agreement  with 
Tlusty’s  results  [18]  for  aluminum.  Second,  a  subcritical-type  instability 
occurs  between  165  and  195  rpm,  where  both  chatter  and  stable  cutting 
conditions  coexist. 

Next,  we  consider  the  time  histories  and  autospectra  of  tangential  and 
normal  accelerations  as  well  as  the  cross  spectra  and  coherence  between 
these  signals  for  some  typical  chatter  signatures  obtained  when  the  tool 
frequencies  and  dampings  are  ft  =  491  Hz  and  0.025  and  /„  =  364  Hz 
and  ^  0.02.  In  this  series  of  tests,  the  tool  tends  to  chatter  more  easily, 
and  the  effect  of  positive  damping  due  to  the  cutting  process  seems  to  be 
much  less. 

Chatter  is  observed  at  spindle  rotational  speeds  as  low  as  90  rpm  and 
for  widths  of  cut  as  small  as  0.002",  as  seen  in  Fig.  8.  We  note  that  for  the 
shallow  cut  of  0.002",  chatter  tends  to  be  localized  in  a  direction  normal  to 
the  machined  surface,  whereas  for  a  deeper  cut  of  0.03",  chatter  is  oriented 
more  along  a  line  tangent  to  the  machined  surface,  as  is  evident  in  Fig.  9.  In 
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both  cases,  the  fundamental  harmonic  of  the  motion  is  seen  to  be  linearly 
coherent,  suggesting  that  mode  coupling  is  present. 


3.3.  CONTROLLED  RESPONSES 

In  Fig.  10,  we  show  an  example  of  a  jump-type  phenomenon  in  the  time 
record  of  accelerations  normal  to  the  machined  surface  when  only  the  tan¬ 
gential  control  loop  is  active.  Initially,  the  control  is  only  active  in  the 
tangential  direction.  The  cut  appears  to  be  stable.  A  disturbance  is  intro¬ 
duced  by  hitting  the  bar  in  the  normal  direction  with  a  hammer.  Clearly, 
the  disturbance  grows  due  to  regeneration.  After  the  chatter  reaches  steady 
state,  control  is  added  in  the  normal  direction,  thereby  stabilizing  the  sys¬ 
tem.  Another  disturbance  is  applied  but  the  control  maintains  stability.  In 
Fig.  11,  we  show  the  time  traces,  autospectra,  cross-spectrum,  and  coher¬ 
ence  of  the  normal  and  tangential  accelerations  during  steady-state  chatter 
of  this  type.  We  see  that  though  chatter  is  predominantly  oriented  in  the 
normal  direction,  a  substantial  tangential  component  exists. 

Finally,  we  demonstrate  biaxial  control  in  Fig.  12.  Large-amplitude  chat¬ 
ter  is  allowed  to  develop  before  applying  feedback  control  in  both  directions 
that  stabilizes  the  system.  We  observe  a  dramatic  improvement  in  the  sur¬ 
face  finish. 


4.  Conclusions 

A  nonlinear  machine-tool  dynamics  model  has  been  applied  to  boring-bar 
chatter  analysis  and  its  implications  for  vibration  control  has  been  exam¬ 
ined.  We  find  that  global  subcritical-type  instabilities  due  to  cutting-force 
and  structural  nonlinearities  reduce  the  limit  width  of  cut  expected  based 
on  local  stability  analysis  to  that  of  the  tangential  stability  boundary.  By 
increasing  the  structural  damping,  we  show  that  it  is  possible  to  both  raise 
the  tangential  stability  boundary  and  suppress  the  subcritical  behavior. 
Experimental  evidence  of  a  jump  phenomenon  in  boring  bars  is  presented 
and  controlled  via  a  relatively  simple  feedback  strategy.  Chatter  signatures, 
in  the  forms  of  time  traces,  auto-  and  cross-spectra,  and  coherence,  indicate 
coupled  motions  that  are  essentially  periodic.  We  speculate  that  a  model 
for  boring-bar  chatter  may  be  fabricated  by  using  a  pair  of  Hanna  and 
Tobias-like  [12]  systems  that  are  coupled  through  the  cutting  force.  Prelim¬ 
inary  investigations  of  such  a  system  appear  to  be  promising  and  will  be 
reported  on  in  subsequent  work. 
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Figure  L  Single- degree-of-freedom  tool. 
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Figure  2.  Stability  lobes  for  the  model  of 
Hanna  and  Tobias. 


Figure  4-  Nonlinear  response  curves  when 
(a)  r=l/60,  (b)  r=l/64.4,  (c)  r=l/66, 
and  (d)  r=l/75.  Solid  lines  denote  stable 
and  trivial  solutions,  dotted  lines  denote 
unstable  trivial  or  periodic  solutions,  and 
dotted-dashed  lines  denote  the  region  of 
quasiperiodic  and  chaotic  solutions. 


Figure  5.  Stability  diagram  showing  the 
critical  width  of  cut  as  a  function  of  the 
rotational  frequency.  Upper  curve  corre¬ 
sponds  to  the  controlled  system  and  the 
lower  curve  corresponds  to  the  uncontrolled 
system. 


Figure  3.  Bifurcation  diagram  showing  the 
stability  as  a  function  of  width  of  cut  for  a 
fixed  time  delay  r=l/75. 


Figure  6.  Bifurcation  diagram  showing  the 
stability  as  a  function  of  width  of  cut  for  r 
=  1/75  after  addition  of  an  absorber. 
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Figure  7.  Bifurcation  diagram  showing 
the  amplitude  of  the  fundamental  harmonic 
of  chatter  for  various  spindle  speeds  when 
w  =  0.03"  and  feedrate  =  0.0024  ipr. 


Figure  8.  Time  traces,  autospec¬ 
tra,  cross-spectrum,  and  coherence  when 
w  =  0.002",  speed  =  90  rpm,  and  feedrate 
=  0.0024  ipr. 
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Figure  9.  Time  traces,  autospcc- 
tra,  cross-spectra,  and  coherence  when 
w  =  0.03",  speed  =  210  rpm,  and  feedrate 
0.0024  ipr. 


Figure  10.  Time  trace  of  tool  accelerations 
normal  to  the  machined  surface;  initially, 
only  tangential  control  is  active;  then,  in 
addition,  control  is  applied  in  the  normal 
direction  to  quench  the  chatter  and  elimi¬ 
nate  the  jump-type  instability;  w  =  0.002", 
speed  =  170  rpm,  and  feedrate  =  0.0024 
ipr. 
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Figure  11.  Time  traces,  autospec¬ 
tra,  cross-spectrum,  and  coherence  when 
w  =  0.002",  speed  =  180  rpm,  and  feedrate 
=  0.0024  ipr. 


Figure  12.  Time  trace  of  normal  and  tan¬ 
gential  tool  accelerations;  w  —  0.03",  speed 
=  210  rpm,  and  feedrate  =  0.0024  ipr. 
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Abstract.  The  equations  governing  the  response  of  hysteretic  systems  to 
sinusoidal  forces  are  given  as  a  vector  field  over  an  enlarged  phase  space. 
Hysteretic  Masing  and  Bouc-Wen  models  joined  to  nonlinear  elastic  mod¬ 
els  are  considered.  Depending  on  the  model  characteristics  it  is  po.ssible 
to  reduce  the  dimension  of  the  phase  space  and  to  implement  efficient  al¬ 
gorithms.  The  paper  presents  results  for  one  dof  systems  and  for  two  dof 
systems.  The  capacity  of  the  model  energy  dissipation  makes  the  dynam¬ 
ics  more  or  less  complex.  The  coupling  produces  a  strong  modification  of 
the  response  over  a  large  frequency  range  with  new  resonance  peaks  and 
bifurcation  of  quasi-periodic  motions. 


1.  Introduction 

In  recent  years  many  papers  have  been  published  on  hysteretic  systems  [1- 
17] .  However,  only  one  dof  oscillators  are  relatively  well  studied;  because  of 
the  non-monodromy  of  relations,  the  vector  space  of  velocity  and  displace¬ 
ment  is  no  longer  a  proper  phase  space  and  tools  of  nonlinear  dynamics 
cannot  be  used.  It  has  been  shown  however  that,  by  introducing  a  certain 
number  of  internal  variables,  a  rigorous  analysis  of  the  oscillator  dynamics 
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lators,  labelled  as  Ramberg-Osgood  type,  which  includes  the  elastoplastic 
case,  the  conjecture  is  validated  that  the  asymptotic  response  is  only  made 
up  of  IT  periodic  symmetric  response,  stable  for  any  values  of  the  exter¬ 
nal  excitation  parameters.  For  more  general  hysteretic  oscillators  a  richer 
behaviour  has  been  found.  In  [4,  9],  with  the  use  of  the  harmonic  balanc¬ 
ing,  oscillators  which  exhibit  coexisting  resonant  and  nonresonant  periodic 
solutions  are  analyzed;  in  [1]  a  hysteretic  oscillator  is  studied  that  shows 
quasi-periodic  and  perhaps  chaotic  motions.  In  [14]  an  oscillator  based  on  a 
plastic  hinge  and  nonlinear  geometric  effects  exhibits  chaotic  motions.  Sub¬ 
harmonic  orbits  of  various  periodicity  are  found  in  [17]  for  the  Bouc-Wen 
oscillator  and  in  [3]  for  an  oscillator  based  on  Masing  rules. 

The  response  of  multi  dof  systems  is  much  less  known.  Only  a  few 
old  papers  cover  hysteretic  behaviour  and  all  of  them  are  based  on  the 
approximate  harmonic  balancing  [10,  11).  Recent  papers  [5,  6]  study  the 
behaviour  of  a  two  dof  hysteretic  systems  system,  based  on  elastoplastic 
and  Masing  models  which  exhibit  coupling  phenomena  not  observed  for 
nonlinear  elastic  systems. 

In  this  paper  the  response  is  reported  of  one  and  two  dof  hysteretic 
systems.  The  oscillators  studied  arc  mainly  those  based  on  Masing  rules,  but 
reference  is  also  made  to  oscillators  of  Bouc-Wen  type,  joined  to  an  elastic 
nonlinear  model.  After  the  introduction  of  the  vector  field  that  governs  the 
dynamic.s  of  the  oscillator,  which  operates  over  a  high  dimension  manifold, 
some  arguments  arc  introduced  that  show  how  the  asymptotic  motion  can 
be  studied  over  a  reduced  dimension  submanifold  where  a  cheap  systematic 
numerical  study  is  developed,  by  varying  all  the  control  parameters,  using 
concepts  derived  from  the  Poincare  map. 

2.  General  Aspects 

2.1.  HYSTERETIC  SYSTEMS 

Pure  hysteretic  systems  have  the  forms: 

Canonical  Noncanonical 

z  =  /i(x,7c)  z  —  h{z,K,s\gn{v))v  (1) 

'k  =  sign(u))u  k  =  x(^.  sign(t;))t; 

where  z  is  the  hysteretic  force,  x  the  displacement,  t;  =  x,  k  and  k  are 
vectors  of  internal  state  variables.  The  formulation  in  the  left  hand  side, 
called  canonical,  is  common  in  the  field  of  continuum  mechanics  where  a 
thermodynamically  con.sistent  law  is  sought;  the  formulation  in  the  right 
side,  called  non-canonical,  is  common  in  the  theory  of  dynamic  systems. 
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Among  the  hysteretic  systems  those  based  on  Masing  rules  are  very 
important  in  structural  mechanics;  they  are  characterized  by  a  skeleton 
curve  around  which  the  hysteretic  cycles  develop.  Since  their  correct  defini¬ 
tion  requires  the  introduction  of  an  infinite  dimensional  phase  space,  very 
often  approximate  implementations  are  used.  One  possibility  is  to  use  a 
multilinear  discretization  of  the  skeleton  curve;  there  are  as  many  internal 
variables  as  linear  segments  on  the  skeleton.  Another  po.s.sibility,  suggested 
by  Jennings  [12]  and  followed  in  the  paper,  consists  to  assume  as  internal 
variables  (ki,K2)  the  maximum  value  of  z  and  the  value  of  z  at  the  last 
unloading  point  respectively.  When  the  skeleton  curve  becomes  bilinear  the 
Masing  model  furnishes  the  elastoplastic  kinematic  hardening  model  and 
the  perfectly  elastoplastic  model  as  particular  cases. 

The  perfectly  plastic  model  can  also  be  seen  as  particular  case  of  an¬ 
other  important  class  of  hysteretic  systems,  very  used  in  random  vibration 
analysis.  It  is  the  class  of  Bouc-Wen  endocronic  models,  defined  in  nondi- 
mentional  form  by  the  noncanonical  expres.sion: 

z  =  [1  -  /?lz|”sign(z).sign(i;)]u  (2) 

For  n  =  oo  the  elastoplastic  model  is  obtained.  Though  the  Bouc-Wen 
model  is  thermodynamically  consistent,  it  presents  very  low  dissipation 
about  z  =  0  and  for  this  reason  it  can  violate  the  Druker  stability  criterion. 


Figure  1.  Cycles  for  different  degree  of  hysteresis 
Decomposable  models  have  the  form: 

/  =  az  +  (1  -  <x)g{x)  (3) 

where  a  is  the  degree  of  hysteresis.  A  satisfactory  class  of  models  is  obtained 
when  z  is  a  Masing  model  and  g{x)  is  its  skeleton  curve.  The  choice  presents 
an  internal  coherence  because  the  elastic  component  is  not  arbitrary,  but 
it  is  directly  connected  to  the  pure  hysteretic  component  and  allows  to 
obtain  models  with  fixed  yielding  limit  and  stiffness  while  the  dissipation 
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of  energy  in  a  dosed  loop  can  be  varied  continuously  with  a.  This  is  no 
longer  true  for  example  for  the  union  between  a  Bouc-Wen  model  and  a 
nonlinear  elastic  model  [17].  Figure  1  shows  cyclas  of  Masing  and  Bouc- 
Wen  models  for  different  hysteresis  degree  a.  In  the  following  decomposable 
models  are  analyzed,  they  will  be  denoted  by  the  name  of  the  corresponding 
pure  hysteretic  model. 

2.2.  VECTOR  FIELDS 

Reference  is  here  only  made  to  one-dof  oscillators  subjected  to  a  sinu¬ 
soidal  external  excitation  of  the  form  F  =  7  cascjf;  developed  concepts  can 
straightforwardly  be  extended  to  many-dof  systems.  With  reference  to  the 
non-canonical  representations,  the  vector  fields  associated  with  the  oscilla¬ 
tors  based  on  Masing  models  and  Bouc-Wen  models  are  respectively: 

Masing  Bouc-Wen 

X  =  V  X  =  V 

V  ==  —[az  +  (1  —  a)^(x)]  -|-  7COS0  v  =  —  [az  +  (1  —  a)r7(a:)]  +  7cos0 
i  =  /i(z,sign('u),  Ki,  ^2)^  z  =  h{z,s\gn{v))v 

=  x(^i2;,sign(x;),Ki,/C2)^  i~l,2 

0  u)  0  =  CJ 

The  phase  space  dimension  is  six,  B?  x  S,  in  the  first  case  and  four,  x  5, 
for  the  second  case.  For  a  n-dof  chain  oscillator  the  full  dimension  of  the 
phase  space  is  5n  +  1  for  the  first  case  and  3n  +  1  for  the  second. 

3.  Methods 

3.1.  PERIODIC  RESPONSE 

Common  methods  are  based  on  the  harmonic  balancing  and  the  fixed  points 
of  the  stroboscopic  Poincare  map. 

3.1.1.  One  dof  systems 

With  the  harmonic  balancing  the  leading  unknowns  are  the  Fourier  series 
coefficients  of  displacement  histories.  For  the  Masing  oscillators  where  the 
force  can  directly  be  expressed  as  function  of  displacement,  an  easier  alge¬ 
braic  problem  comes  out. 

With  the  fixed  point  approach,  for  the  Bouc-Wen  oscillators,  periodic 
solutions  are  found  as  fixed  points  of  the  stroboscopic  Poicare  map  in  the 
three-dimensional  phase  space  A/  =  {p  =  (x,u,z)}.  For  the  Masing  oscilla¬ 
tors,  which  have  a  larger  full  phase  space,  things  go  better;  it  is  shown  that 
all  possible  asymptotic  motions  can  be  obtained  assuming  initial  conditions 
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on  the  submanifold  Mb  of  M  =  {p  =  (x,v,  z,  ki,  K2)}: 

Mo  =  {pe  M  :p  =  (xo,O,g(xo),g(xo),g(xo),0o),  xq  e  R,0o  ^  5} 

In  principle  a  map  Qo  can  be  defined  over  Mo  as  the  map  which  carries 
the  point  (0O)a^o)j  corresponding  to  an  unloading  from  the  skeleton  at  do, 
to  the  point  (^i.ei)  at  0i.  Though  the  fixed  points  of  such  a  map  furnish 
periodic  solutioas,  the  most  convenient  numerical  approach  consists  in  the 
evaluation  of  the  fixed  points  for  the  phase  flux  <^r  over  a  period  on  the 
submanifold  Mo  [3,  6],  accordingly  to  the  equation: 

<f>T(xo,0,g(xo),g(xo),g(xo),do)  =  (xo,O,g(xo),g(xo),g(xo),0o)  (4) 

where  T  is  the  period  of  the  sought  orbit.  In  this  equation  the  number  of 
equations  is  redundant  so  that  it  is  solved  with  a  least  square  approach. 
Stability  is  determined  by  the  eigenvalues  of  the  map  tangent  to  4>t. 

3.1.2.  Two  dof  systems 

With  the  harmonic  balancing,  the  unknowns  are  the  Fourier  series  coeffi¬ 
cients  of  the  displacement  histories  of  the  two  masses,  then  the  number  of 
unknowns  is  twice  as  previously. 

Also  with  the  fixed  point  approach  the  number  of  unknown  is  twice 
that  of  one  dof  oscillator.  For  the  Bouc-Wen  oscillators,  fixed  points  of  the 
stroboscopic  Poicare  map  are  searched  in  the  six  dimensional  phase  space 
M  =  {p  =  (,xi,vi,z\,X2,V2,Z2)}.  For  the  Masing  o.scillators,  the  periodic 
motion  can  in  principle  be  studied  over  a  submanifold  Mi  with  dimension 
four,  twice  that  of  Mq.  To  introduce  this  manifold  it  is  useful  the  definition 
of  the  vectors:  q  —  (s,v,z,  ^1,^2),  9°  =  (a:0)  0,a:o,aJo,a;o)‘  The  state  variable 
associated  to  the  i-th  dof  will  be  consistently  denoted  by  qi,qf  and  the 
generic  point  of  the  phase  space  is  p  =  {q\,q2,0)-  The  whole  phase  space 
is  defined  as  M  =  {p  =  {q\,q2,0),  91,92  €  fi®,  0  €  S}  and  the  four 

dimensional  submanifold  Mi  is: 

Ml  =  {p  G  M  :  p  =  (9°,  92, 0i)  such  that  (f>ej-6i(p)  =  (9I)  9°.  ^2),  ^2  e  R} 

On  the  submanifold  Mi  it  is  po.ssible  to  define  a  map  Q\  corresponding  to 
Qo;  this  map  is  however  very  complex  to  build,  becau.se  for  given  91,92,^1 
and  02  an  inverse  problem  must  be  solved  to  find  92.  From  an  algorithmic 
point  of  view  it  was  felt  more  convenient  to  search  for  the  fixed  points  of 
the  phase  flux  over  a  submanifold  M2,  of  larger  dimension,  seven  instead 
of  four,  defined  by: 


M2  =  {p  €  M  :p  =  (91,92,0);  9i  €  R,92  €  R®,0  €  5} 
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Periodic  motions  are  solutions  of  the  algebraic  fixed  point  problem; 

92.0)  =  ('??,  92.0)  (5) 

which  is  still  redundant  and  has  been  solved  with  a  least  square  approach. 
Stability  is  determined  by  the  eigenvalues  of  the  map  tangent  to  4>t, 

3.2.  NONPERIODIC  RESPONSE 

For  one  dof  Masing  oscillators  all  possible  asymptotic  motions  can  be  ob¬ 
tained  with  the  aid  of  attracting  basins  on  the  cylinder  (xq^^o)  isomorphic 
to  Mq.  The  approach  is  still  practicable  though  the  computation  time  for  an 
exhaustive  study  becomes  very  large.  For  the  Bouc-Wen  one-dof  oscillator 
and  for  the  two  dof  oscillators  in  general,  the  evaluation  of  attracting  basins 
is  not  practicable  because  of  the  large  dimension  of  the  phase  space.  A 
possible  procedure  to  search  for  nonperiodic  motions,  consists  in  evaluating 
the  frequency-raspon.se  curves,  or  alternatively  the  characteristic  curves,  for 
the  IT  periodic  solution  and,  during  continuation,  to  look  for  the  bifurca¬ 
tion  points  around  which  a  step-by-step  numerical  analysis  is  carried  out 
to  investigate  the  nature  of  the  bifurcated  solutions. 

4.  Phenomena  in  the  asymptotic  response 


Figure  2.  Frequency  response  curves  of  Idof  hysteretic  oscillator 


Nonlinear  dynamic  phenomena  are  strongly  dependent  on  the  characteris¬ 
tics  of  the  shape  of  the  oscillator  restoring  force.  Hysteretic  models  with 
different  hysteresis  capacity,  governed  by  the  parameter  a,  without  or  with 
positive  small  hardening,  are  considered  in  the  following.  It  will  be  shown 
that  most  of  the  various  phenomena  exhibited  by  the  elastic  models  are  not 
found  in  many  cases. 
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For  the  Idof  systems,  the  always  singlevalued  frequency  response  curves, 
obtained  in  [12]  using  bilinear  and  Ramberg-Osgood  models,  diffused  the 
idea  that  hysteresis  makes  jump  phenomenon  to  disappear.  This  result  is 
however  only  connected  with  those  specific  models;  actually  multivalued 
f.r.c.’s  characterize  a  large  class  of  hysteretic  oscillators  [4].  Restricting  the 
attention  to  the  Masing  models,  the  results  given  in  Figure  2  allow  for 
a  synthetic  description  of  Idof  systems.  They  show  a  softening  behavior, 
with  a  resonance  frequency  which  tends  to  that  defined  by  the  post  elastic 
stiffness,  and  an  unbounded  response.  The  re.sonance  peak  is  large  and  the 
response  is  very  rich  of  superharmonies  in  a  wide  range  of  low  frequencies. 
The  asymptotic  response  is  always  periodic;  for  models  with  large  hystere¬ 
sis  (a  =  1)  only  IT  periodic  solutions  occur  (Figure  2a),  while  for  small 
hysteresis  (a  <  1)  regions  of  coexisting  .solutions  are  found,  IT  (Figure  2b) 
near  the  primary  resonance  and  IT,  5T,  7T  in  the  subharmonic  range. 


Figure  3.  Attracting  basins  and  phase  portraits  of  solutions  for  cv  =  3  and 
7  =  8, 10, 18.  IT(white),  5T(black),  IT  (grey).  Horizontal  axis  xq,  vertical  axis  6o 


Basins  of  attraction  for  w  =  3  are  illustrated  in  Figure  3;  at  high  7  they 
tend  to  be  freictal. 

The  response  of  the  two  dof  hysteretic  .system  under  sinusoidal  bound¬ 
ary  acceleration  is  in  general  found  to  be  periodic.  Since  the  ratio  of  the 
small  amplitude  oscillation  frequencies  Is  three,  there  is  an  internal  reso¬ 
nance  conditions  [6].  The  frequency  response  curves  (f.r.c.’s)  of  the  relative 
velocities  of  the  ma.sse.s  for  model  with  complete  hysteresis  are  single  valued 
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with  a  high  number  of  superharmonics  (Figure  A). 


Figure  4.  F.rx.*s  of  velocity,  modal  and  harmonic  components. 

The  mode  interaction  is  such  that  only  around  the  first  resonance  both 
modas  are  involved,  differently  from  nonlinear  elastic  systcms[18].  A  new 
rasonance  peak  appears  in  the  region  of  the  combination  rasonance  which  is 
due  to  the  second  mode;  by  increasing  the  excitation  intensity  it  produces 
a  large  rasonance  area  together  with  the  second  mode  peak  [6], 


Figure  5.  F.r.c’s  curves  of  velocity  for  low  hysteresis.  A  general  view 
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For  models  with  reduced  hysteresis  (Figure  5),  similar  considerations  of 
previoiLS  case  hold,  but  the  f.r.c.’s  are  no  longer  singlevalued  and  on  the 
new  peak  in  between  the  primary  resonances  nonstationary  motions  arise. 
This  is  the  only  example  of  nonperiodic  motion,  which  was  found  for  two 
different  models  (a=  0.25  and  0.50),  in  Figures  5c  and  5d  respectively. 


Figure  6.  Phase  portraits  of  quasi-periodic  motions 


By  referring  to  the  case  of  Figure  5c  the  trajectories  on  the  phase  plane 
are  illustrated  in  Figure  6,  passing  from  the  periodic  response  to  a  nonsta- 
tionary  motion  through  a  bifurcation  and  then  regaining  periodicity.  For 
a  slightly  different  control  parameter  value,  in  the  quasi-periodic  region  a 
thin  window  of  periodic  oscillations  occurs,  as  a  consequence  of  a  locking 
phenomenon  which  tunes  the  two  new  harmonics  to  be  exactly  a  half  and 
double  the  forcing  frequency. 


5.  Conclusions 

The  description  of  the  model  as  a  dynamic  system  requires  the  introduction 
of  internal  variables  that  rises  the  dimension  of  the  phase  space.  Thanks  to 
its  peculiarity  the  important  class  of  Masing  based  models  can  be  studied 
in  a  reduced  dimension  phase  space. 

The  one  dof  oscillator  is  presented  first,  for  a  preliminary  study  of 
the  basic  behaviour.  For  full  hysteresis  only  one  IT  periodic  response  ex¬ 
ists.  For  low  hysteresis  attracting  basins  on  a  two  dimensional  manifold 
displacement-phase,  show  that  a  rich  variety  of  respon.se  is  possible:  res¬ 
onant  and  nonresonant  IT  periodic  motions,  5T  and  7T  subharmonic  re¬ 
sponses  have  been  found  with  large  attracting  basins. 

For  the  two  dof  systems  most  aspects  of  the  periodic  response  are  stud¬ 
ied  looking  at  the  frequency  response  curves.  Multivaluedness  appears,  for 
the  reduced  hysteresis  model  both  around  the  first  and  the  second  mode. 
It  tends  to  disappear,  for  low  frequencies,  by  increasing  7.  The  phenomena 
of  nonlinear  coupling  strongly  modifies  the  behaviour  of  the  system.  De¬ 
pending  on  the  yielding  of  the  elements,  new  resonance  peaks  arise  where 
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quasi-periodic  motion  bifurcate  with  windows  of  2T  periodic  motion,  as  a 
result  of  a  frequency  locking  phenomenon. 
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Abstract.  A  simply  supported  elasto-plastic  beam  is  subject  to  unforced 
damped  vibration.  It  is  modeled  as  a  single  degree  of  freedom  oscillator 
with  bilinear  hysteresis  and  kinematic  hardening.  An  iterative  process  is 
used  to  simulate  the  system’s  behavior  and  generate  maps  of  maximum 
yield  in  either  direction,  for  a  variety  of  kinematic  hardening  coefficients 
and  various  degrees  of  damping.  The  maps  are  compared  to  show  the  effect 
of  changing  either  of  these  parameters.  Interesting  regions  of  these  maps 
and  their  meaning  in  reference  to  the  model  are  discussed. 


1.  Introduction 

Many  materials  exhibit  elastoplastic  behavior,  that  is,  under  small  loads 
they  are  elastic,  but  subjected  to  loading  beyond  a  certain  point  they  re¬ 
spond  plastically.  When  a  beam  of  some  elastoplastic  material  vibrates  with 
enough  energy  to  undergo  plastic  motion,  there  can  sometimes  be  perma¬ 
nent  plastic  offset  left  after  this  energy  has  been  dissipated.  Pratap  et  al. 
[1]  modeled  the  behavior  of  an  elastoplastic  beam  under  free  vibration,  and 
developed  explicit  maps  for  predicting  the  effects  of  the  plastic  cycles. 

While  the  plastic  motion  itself  dissipates  energy,  such  a  beam’s  vibration 
could  also  damped  in  a  more  classic  sense.  When  a  velocity-proportional 
damping  term  is  added  to  the  equations  of  motion,  the  solution  becomes 
transcendental  and  the  times  at  which  the  system  switches  from  elastic 
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to  plastic  behavior  and  back  cannot  be  solved  for  expbcitly.  (for  a  similar 
problem  in  piecewise  elastic  systems,  see  [2]).  This  simulation  of  the  free 
responce  of  a  damped  elasto-plastic  beam  involves  the  use  of  an  iterative 
process  to  find  these  times  and  thereby  predict  the  behavior  of  the  beam. 

The  model  for  the  beam  (Figure  1)  ,  consists  of  two  massless,  rigid  links, 
of  length  /,  with  the  mass  of  the  beam,  m,  concentrated  at  the  center  [3,  4]. 
At  this  joint  is  an  elastoplastic  torsional  spring  to  model  the  elastoplastlc 
nature  of  the  beam,  and  a  rotational  damper  to  model  any  sort  of  velocity 
proportional  damping  of  the  beam’s  vibration.  It  is  assumed  that,  even 
under  plastic  deformation,  the  deflection  y  remains  small  enough  that  « 

yl^- 


Elastoplastlc  Spring  and 
Rotational  Damper 


Figure  1.  Model 


Figure  2.  Spring  Characteristic 


Figure  2  shows  the  characterisitcs  of  the  spring.  Moment  M  is  plotted 
against  normalized  displacement.  The  spring  has  spring  constant  k  during 
elastic  motion  and  vj^k  during  plastic  motion,  is  the  kinematic  hardening 
coefficient,  and  is  between  0  (perfect  plasticity),  and  1,  for  which  there  is  no 
plastic  region  and  the  spring  is  perfectly  elastic.  The  spring  is  modeled  as 
having  kinematic  strain  hardening,  so  that  the  difference  in  moment  from 
one  extreme  of  elastic  motion  to  the  other  (C  to  D)  is  always  the  same  [5]. 
The  rotational  damper  provides  for  damping  proportional  to  the  rate  of 
change  of  the  angle  o:;  the  constant  of  this  proportionality  is  h. 

In  any  particular  region  of  motion  of  the  system  (elastic  or  plastic  mo¬ 
tion  of  the  spring)  there  is  only  one  degree  of  freedom,  and  the  equation 
of  motion  for  the  system  is  a  single  second  order  differential  equation.  This 
would  indicate  that  there  are  two  state  variables,  position  and  velocity. 
However,  the  constants  in  the  equation  of  motion  for  each  elastic  region 
of  motion  depend  on  the  state  of  the  system  at  the  end  of  the  previous 
plastic  region.  Therefore,  three  variables  are  necessary  to  fully  describe  the 
state  of  the  system:  position,  velocity,  and  a  third  variable  to  describe  the 
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amount  of  plastic  offset  in  the  system  (and  thus  the  equilibrium  for  elastic 
osculations). 

The  non-dimensionalized  equation  of  motion  under  free  vibration  is 

^  +  2a>C^  +  (1) 


where 

^  =  y/la  m  |a/o  w  =  y/4kfmP  (  =  hjly/km 

with  7/=l  and  c=^*  in  the  elastic  region, 
and  c  =  — 1(1  —  ?7^)sgn(^)  in  the  plastic  region. 

The  three  variables  necessary  to  describe  the  state  of  the  system  are 
and  where  ^*  =  (^  -  |sgn(0)(l  -  ri^)  in  the  plastic  region,  and 
remains  constant  in  the  elastic  region,  where  it  is  the  equilibrium  of  the 
elastic  oscillations. 

2.  Iterative  Solution 

Determining  the  behavior  of  the  system  during  either  type  of  motion  is 
straightforward,  but  because  there  are  both  ^  and  ^  terms  in  the  equation 
of  motion,  time  cannot  be  solved  for  explicitly.  An  iterative  process  based 
on  Newton’s  method  is  used  to  determine  the  times  at  which  the  behavior 
changes  from  plastic  to  elastic  or  back.  The  system  switches  from  plastic 
motion  in  one  direction  to  elastic  motion  in  the  other  whenever  velocity, 
reaches  zero.  It  then  switches  from  elastic  motion  to  plastic  motion  in  the 
same  direction  after  ^  has  changed  by  a  unit  amount  (this  is  due  to  the 
kinematic  strain  hardening  assumption  and  the  fact  the  ^  is  normalized  so 
that  the  maximum  difference  between  one  extreme  of  elastic  motion  and 
the  other  is  1).  Once  the  time  of  a  behavior  change  is  found,  ^  and  |  at 
that  time  become  initial  conditions  for  the  next  motion,  and,  in  the  case 
where  the  system  in  beginning  elastic  motion,  at  the  time  of  the  change 
becomes  the  equilibrium  of  the  new  elastic  motion. 

The  permanent  plastic  offset  is  the  value  when  the  system  has  finished 
aU  plastic  motion.  This  occurs  when  ^  no  longer  changes  by  a  full  unit 
amount  during  an  occurance  of  elastic  behavior,  and  so  no  new  plastic 
motion  is  begun.  The  various  means  by  which  ^  no  longer  changes  a  full 
unit  amount  are  dicussed  below  in  Section  3. 

The  maps  shown  in  Figures  3  and  4  are  the  result  of  iterative  simulations 
of  the  system’s  behavior.  Yp+  and  Yp_  are  the  extreme  values  of  motion; 
the  values  of  ^  at  which  ^  is  zero  and  the  behavior  changes  from  plastic 
motion  in  the  positive  direction  to  elastic  motion  in  the  negative  direction 
(Yp+),  or  vice  versa  (Yp_).  The  map  allows  prediction  of  Yp_  given  Yp4. 
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then  use  of  that  value  of  Yp_  to  predict  the  next  Yp+,  and  so  on  until 
the  system  no  longer  undergoes  plastic  deformation.  It  is  then  possible  to 
find  Ci  which,  since  any  plastic  motion  is  finished,  is  then  the  permanent 
plastic  deformation.  The  size  of  the  elastic  region  is  always  the  same,  so 
the  value  of  C  when  the  system  switches  from  elastic  to  plastic  behavior  is 

either  Yp+  -  5  or  Yp_  + 1.  ,  v  »  1 

Each  map  has  two  curves;  an  upper  curve  which  shows  the  next  value 

of  Yp_  given  Yp+,  and  a  lower  curve  which  shows  the  next  value  of  Yp+ 
given  Yp_.  The  map  is  read  by  taking  an  initial  known  value  of  Yp+  or  Yp_ 
and  finding  consecutive  Yp’s  by  Mowing  a  stairlike  path  between  the  two 
curves,  upwards  and  to  the  left,  until  the  line  of  slope  1  passing  through 
(0.5,  -0.5)  is  reached.  Without  damping  (C  =  0),  the  two  curves  meet  at 
(0.5,  -0.5),  so  any  intersection  with  this  hne  will  be  at  that  point  or  outside 
the  curves.  When  damping  is  introduced,  the  two  curves  move  away  from 
each  other  along  this  line,  so  that  the  stair-path  could  end  either  outside 
the  curves  or  between  them. 


Figure  S,  Map  of  Maximum  Yield  for  C  =  0 


3.  Physical  Interpretation 

The  line  of  slope  1  passing  through  (0.5,  -0.5)  can  be  called  the  elastic 
oscillation  line.  On  this  line,  Yp+  and  Yp_  are  1  unit  apart,  which  is  the 
amplitude  of  undamped  elastic  motion.  Once  the  stmr-path  reaches  this 
line,  a  beam  can  continue  to  undergo  elastic  osiUations,  but  no  further 
plastic  motion  will  occur,  since  the  amplitude  of  the  elastic  oscillations  wifi 
be  <1  (assuming  C  ^  0)-  stair-path  reaches  this  line,  a  damped 

beam  will  undergo  decaying  elastic  oscillations  about  the  C  value  deter¬ 
mined  by  the  most  recent  Yp.  Thus,  the  elastic  oscillation  line  is  the  end  of 
all  stair  paths,  and  marks  the  point  at  which  no  further  plastic  motion  can 
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Figure  4-  Maps  of  Maximum  Yield 

occur.  The  amount  of  permament  plastic  offset,  (Yp+  —  5  or  Yp_  + 1), 
is  zero  at  (0.5,  -0.5)  and  increases  as  the  distance  from  this  point  grows. 

Figure  3  shows  maps  for  various  values  of  if,  without  any  damping 
(C  =  0).  As  Pratap  et  al.  [1]  discussed,  if  =  0.5  is  a  critical  value.  If 
rf  >  0.5,  all  paths  lead  to  (0.5, -0.5).  No  matter  how  much  energy  the 
vibration  starts  with,  there  is  no  net  plastic  deformation  once  the  system 
reaches  steady  state  (^^aj  is  always  zero).  For  rf  <  0.5,  the  curves  have 
regions  to  the  left  of  Yp+=0.5  and  above  Yp_=-0.5.  These  areas,  which 
result  in  permanent  plastic  offset  (^^^j  7^  0),  are  called  elastic  trapping 
regions,  and  are  discussed  in  greater  detail  below. 

Figure  4  shows  maps  for  various  amounts  of  damping,  for  four  values 
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of  rf  (0.1,  0.4,  0.5,  and  0.8).  As  damping  increases  for  constant  the 
curves  spread  further  apart  and  a  gap  opens  between  them  along  the  elastic 
oscillation  line.  The  portion  of  this  line  between  the  endpoints  of  the  curves 
can  be  called  a  damping  trapping  region^  also  discussed  below. 

3.1.  ELASTIC  TRAPPING  REGION 

When  the  system  reaches  an  extreme  of  motion  in  one  direction  and  docs 
not  have  enough  energy  left  to  reach  the  next  onset  of  plastic  behavior, 
remaining  oscillations  will  be  in  the  elastic  region  only.  Pratap  et  al.  [1] 
discussed  elastic  trapping  regions  for  the  undamped  case.  These  are  the 
regions  of  the  curves  on  the  maps  in  Figure  3  which  allow  the  stair-path  to 
end  up  on  the  elastic  oscillation  line  outside  the  curves.  That  the  stair-path 
reaches  this  line  rather  than  the  other  curve  indicates  that  the  amount  of 
energy  remaining  in  the  system  at  the  most  recent  maximum  yield  is  not 
enough  to  move  the  system  elastically  to  the  extent  that  it  yields  in  the 
opposite  direction,  and  the  system  continues  motion  only  elastically.  As 
damping  is  introduced  to  the  system,  these  regions  grow  larger.  Energy  is 
dissipated  by  the  damping  as  well  as  the  plastic  deformation,  so  there  is 
less  energy  available  at  the  end  of  each  plastic  motion. 

3.2.  DAMPING  TRAPPING  REGION 

It  is  possible  for  the  system  to  have  enough  energy  left  at  the  end  of  one 
plastic  cycle  to  theoretically  reach  the  next  plastic  cycle,  but  fail  to  do  so 
because  too  much  of  that  energy  is  dissipated  during  the  elastic  motion. 
When  this  is  the  case,  the  path  on  the  Yp-f  vs.  Yp_  map  reaches  the  elastic 
oscillation  line  between  the  ends  of  the  curves.  Once  again,  the  vibration 
becomes  limited  to  elastic  oscillations,  but  in  this  case  it  is  the  damping 
alone  which  causes  this  rather  than  a  combination  of  damping  and  plastic 
dissipation  of  energy. 

3.3.  CRITICAL  DAMPING 

Without  any  damping,  both  curves  on  any  Yp-|_  vs.  Yp-  map  eventually 
reach  a  slope  of  -1  as  |Yp|  increases.  As  damping  is  increased,  the  curves 
not  only  spread  apart,  their  slopes  also  diverge.  The  frequency  of  oscillation 
of  the  solution  to  the  equation  of  motion  in  the  plastic  region  is 
Thus,  =  7/  is  a  critical  value  above  which  there  are  no  oscillations.  At  that 
value,  the  curve  for  Yp-  as  a  function  of  Yp4.  becomes  horizontal  for  large 
values  of  |  Yp|,  and  the  curve  for  Yp^.  as  a  function  of  Yp_  becomes  vertical. 
This  is  apparent  when  observing  the  curves  for  the  largest  values  of  on 
Figure  4  (The  phenomenon  is  not  visible  on  Figure  4d,  as  it  occurs  at  Yp 
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values  beyond  the  edge  of  the  map).  In  the  model,  this  means  that  the 
damping  is  just  enough  that  the  final  maximum  yield  occurs  when  there  is 
no  energy  stored  in  the  spring,  so  that  no  subsequent  oscillations  of  either 
the  plastic  or  elastic  variety  occur. 

3.4.  INITIAL  CONDITIONS 

The  Yp+  vs.  Yp_  maps  allow  one  to  determine  final  position  given  the  first 
maximum  yield  (first  Yp+).  It  is  apparent  from  these  maps  that  stronger 
initial  conditions,  which  produce  greater  first  maximum  yields,  will  not  nec¬ 
essarily  result  in  more  permanent  plastic  offset  when  the  plastic  oscillations 
are  finished.  The  final  plastic  offset,  determined  from  either  the 

last  Yp+  or  Yp_,  which  will  be  within  a  certain  range  defined  by  the  geome¬ 
try  of  the  map.  Figure  5  shows  the  maximum  amount  of  permanent  plastic 
offset  possible,  given  a  certain  combination  of  rf'  and  C*  While  the  exact 
amount  of  permament  plastic  offset  is  determined  by  the  initial  conditions, 
it  cannot  be  outside  a  region  determined  only  by  the  system  parameters. 


Figure  6  shows,  for  two  cases  of  (one  less  than  0.5  and  one  greater), 
which  trapping  region  the  motion  ends  up  in,  depending  on  ^  and  intial 
speed  For  simplicity’s  sake,  zero  initial  displacement  is  assumed.  The 
bottom  region  of  both  plots  corresponds  to  initial  conditions  that  do  not 
impart  enough  energy  to  reach  the  first  plastic  yield. 

For  <  0.5,  for  which  0.4  is  an  example,  undamped  motion  ends  in 
the  elastic  trapping  region,  and  as  damping  in  introduced  and  increased, 
the  damping  trapping  region  appears  and  grows.  The  corresponding  bands 
on  Figure  6a  move  upwards  to  the  right  because  as  damping  is  increased, 
higher  initial  speeds  are  needed  to  achieve  the  same  results.  For  q'^  >  0.5, 
all  lightly  damped  motion  ends  up  in  the  damping  trapping  region.  Only 
when  sufficient  damping  has  been  introduced  do  any  initial  conditions  send 
the  motion  into  an  elastic  trapping  region. 
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Figure  6.  Mechanism  responsible  for  finail  state  given  initial  (  and  ( 

3.5.  ACCURACY  OF  THE  RESULTS 

Since  the  results  shown  in  the  maps  in  Figures  3  and  4  are  based  upon  the 
small  angle  approximation,  they  are  only  reasonably  accurate  for  values  of 
|Yp|  less  than  1572a. 

4.  Conclusions 

Maps  such  as  those  developed  in  this  simulation  allow  one  to  take  plas¬ 
ticity  and  damping  into  account  when  designing  beams  in  structures  and 
mechanisms.  Beams  can  be  analyzed  to  determine  whether  vibrations  with 
enough  energy  to  cause  plastic  deformation  during  oscillation  will  result 
in  any  permanent  deformation  when  the  oscillations  have  ceased,  and  the 
amount  of  any  such  permanent  deformation  can  also  be  predicted. 
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IV.  MACHINE  SYSTEM  DYNAMICS 


The  key  lecture  by  Shaw  et  al.  shows  how  concepts  of  nonlinear  dynamics  can 
be  used  in  the  design  of  vibration  absorbers.  The  paper  by  Pfeiffer  on  chain  dynamics 
shows  how  advanced  simulation  systems  are  able  to  capture  complex  multi-body 
dynamics  in  transmission  systems. 

Finally,  Boedo's  paper  on  hydro-dynamic  rotor  bearing  dynamics  provides 
some  new  evidence  for  chaos  in  rotor  bearing  systems. 

All  of  these  papers  are  close  to  industrial  applications. 
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Abstract 

This  paper  presents  a  survey  of  recent  results  obtained  from  a  series  of 
analytical  investigations  into  the  nonlinear  dynamic  behavior  of  systems  of 
centrifugal  pendulum  vibration  absorbers.  Issues  related  to  the  performance 
capabilities  and  limitations  of  existing  and  proposed  designs  are  discussed. 
Specifically,  we  consider  the  performance  acheived  for  various  types  of  ab¬ 
sorber  paths,  a  subharmonic  absorber,  and  the  dynamic  stability  of  systems 
composed  of  multiple  absorber  masses.  A  set  of  study  summaries  is  offered 
for  these  topics,  with  details  left  to  the  references. 

1.  Introduction 

There  exist  several  methods  for  reducing  troublesome  torsional  vibrations 
in  rotating  machinery,  including  the  application  of  flywheels,  tuned  eleis- 
tomeric  dampers,  and  tuned  pendulum  absorbers.  Flywheels  are  effective 
at  all  operating  speeds,  but  add  mass  and  inertia  to  the  system,  thereby 
reducing  responsiveness.  Elaistomeric  dampers  are  tuned  to  a  particular 
resonance  frequency  of  the  system  of  interest  and  work  quite  well,  but 
they  are  not  effective  over  a  range  of  operating  speeds.  Centrifugally  driven 
pendulum  vibration  absorbers  (CPVA’s)  offer  vibration  attenuation  over  a 
continuous  range  of  rotation  speeds.  These  devices  have  been  in  wide  use 
since  the  1940’s  and  are  commonly  employed  in  helicopter  rotors  and  light 
aircraft  engines,  and  are  finding  more  use  in  specialty  applications,  includ¬ 
ing  the  camshafts  of  certain  heavy  diesel  engines  and  the  crankshafts  of 
some  automotive  racing  engines  (Albright,  1994). 

A  CPVA  system  is  composed  of  a  set  of  absorber  masses,  each  of  which 
is  kinematically  connected  to  a  rotor  in  such  a  manner  that  its  center  of 
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Figure  1.  A  schematic  diagram  of  one  possible  arrangement  of  the  rotor  and  absorber 
masses.  This  bifilar  configuration  supports  the  absorber  masses  by  means  of  rollers  that 
travel  along  machined  surfaces  cut  into  the  absorber  masses  and  the  carrier.  The  carrier 
is  fixed  to  the  crankshaft  at  a  location  where  a  counterweight  is  typically  found.  The  axis 
of  rotation  is  perpendicular  to  the  page. 


mass  is  restricted  to  move  along  a  prescribed  path  relative  to  the  rotor.  A 
configuration  used  in  an  experimental  automotive  application  is  schemat¬ 
ically  shown  in  Figure  1.  The  absorber  masses  use  the  centrifugal  field, 
rather  than  a  resilient  element,  in  order  to  provide  a  restoring  force,  and 
this  allows  them  to  address  vibrations  at  a  given  order  of  rotation,  that 
is,  a  certain  multiple  of  the  rotation  rate,  rather  than  at  a  fixed  frequency. 
The  linear  theory  of  CPVA’s  and  some  of  their  limitations  have  been  known 
for  several  decades.  The  treatise  by  (Ker  Wilson,  1968)  describes  the  basic 
operation  of  CPVA’s,  presents  several  actual  implementations,  and  offers 
some  historical  background. 

This  paper  outlines  results  that  have  recently  been  obtained  regard¬ 
ing  the  nonlinear  dynamics  of  CPVA  systems.  The  main  objectives  of  this 
research  have  been  the  following: 

—  To  point  out  limitations  in  absorber  systems  designed  by  conventional 
linear  vibration  analysis. 

—  To  use  these  results  to  offer  refined  design  guidelines  that  account  for 
dynamic  instabilities  and  nonlinear  behavior. 

~  To  generate  new  designs  of  absorber  systems  that  exploit  nonlinearities 
for  improved  system  performance. 
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Here  we  present  some  highlights  of  the  main  results  obtained  and  provide 
references  where  the  reader  can  find  detailed  results.  The  paper  is  organized 
as  follows.  The  remainder  of  this  section  covers  a  brief  history  of  CPVA 
developments  and  an  overview  of  why  nonlinear  effects  are  important  for 
these  systems;  section  2  describes  the  dynamic  model  used  in  the  analysis; 
section  3  deals  with  simple  absorber  systems  consisting  of  one  and  two 
masses;  section  4  briefly  describes  a  special  subharmonic  absorber  system; 
section  5  considers  the  dynamic  stability  and  performance  of  general  multi¬ 
mass  absorber  systems;  and  the  paper  closes  with  a  description  of  some 
work  in  progress  in  section  6. 

Since  they  are  easily  manufactured,  virtually  all  existing  CPVA  systems 
use  circular  paths  for  the  absorber  masses,  and  the  associated  geometric 
parameters  are  selected  so  that  the  small  amplitude  dynamics  are  tuned  as 
desired.  However,  such  designs  can  fail  at  moderate  amplitudes,  due  to  the 
fact  that  the  pendulum  frequency  changes  a  function  of  its  oscillation 
amplitude.  This  was  known  to  Den  Hartog  (DenHartog,  1938),  and  New- 
land  identified  the  possible  catastrophic  failure  of  circular-path  CPVA’s 
due  to  this  mistuning,  wherein  a  sudden  jump  in  torsional  vibration  am¬ 
plitude  can  occur  as  the  torque  level  is  increased  (Newland,  1964).  They 
both  suggested  a  remedy  for  this  problem:  to  build  into  the  system  a  slight 
overtuning  of  the  linearized  pendulum  frequency  such  that  the  absorber, 
while  perfectly  tuned  only  at  a  single  amplitude,  will  remain  somewhat 
close  to  the  desired  tuning  over  a  larger  amplitude  range.  These  tuning 
refinements  allow  devices  to  operate  over  a  large  amplitude  range,  but  they 
ignore  the  fact  that  nonlinearities  generate  vibrations  at  higher  harmonics 
which  degrade  performance  and  can  excite  structural  resonances. 


These  simple  nonlinear  effects  are  crucial,  and  are  among  some  of  the 
several  factors  that  make  systems  of  tuned  vibration  absorbers  fertile  ground 
in  which  nonlinear  phenomena  can  appear.  While  these  eflfects  can  cause 
problems,  they  also  offer  the  possibility  that  nonlinearities  may  play  a  use¬ 
ful  role  in  generating  new  absorber  configurations.  These  factors  include 
the  following: 


—  Absorbers  are  tuned  to  match  the  frequency  of  the  applied  fluctuating 
torque,  and  are  therefore  forced  in  a  resonant  manner. 

—  Absorbers  maintain  tuning  at  all  rotation  speeds  and  thus  operate 
most  effectively  when  they  are  lightly  damped. 

—  Absorbers  must  be  effective  over  a  range  of  applied  loads,  and  in  con¬ 
ventional,  linear-based  designs  this  necessitates  the  use  of  a  sufficient 
amount  of  absorber  mass  in  order  to  maintain  small  amplitudes.  Such 
added  mass  is  highly  undesirable. 

—  In  many  situations  in  which  these  absorbers  are  used,  a  system  of 
several  identical  absorber  masses  is  employed  for  dynamic  balancing 
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and/or  due  to  spatial  restrictions  around  the  rotor.  These  multi-mass 
systems  inherently  posses  internal  resonances,  which  raises  questions 
about  the  stability  of  the  desired  synchronous  motion  of  the  absorbers. 

—  The  nonlinear  behavior  of  an  absorber  can  be  altered  by  varying  the 
path  followed  by  the  absorber  center  of  meiss  relative  to  the  rotor. 
Thus,  the  possibility  exists  to  design  desirable  nonlinear  features  into 
the  system. 

The  final  item  on  the  above  list  has  been  the  subject  of  investiga¬ 
tion  over  the  past  twenty  years.  It  is  practically  feasible  since  the  com¬ 
monly  used  bifilar  suspensions  of  absorber  masses  make  non-circular  paths 
quite  easy  to  realize  in  practice.  In  1980,  Madden  proposed  and  imple¬ 
mented  the  use  of  cycloidal  paths  (Madden,  1980).  These  paths  have  fa¬ 
vorable  tuning  behavior  at  large  amplitudes  —  they  stay  quite  close  to 
perfectly  tuned,  with  only  a  slight  frequency  increase  as  the  amplitude  is 
increased,  thereby  avoiding  the  catastrophic  jump  behavior.  Madden  pre¬ 
sumably  used  the  cycloidal  path  since  it  is  known  to  be  the  solution  of 
the  tautochrone  problem  for  a  gravitational  field,  that  is,  it  offers  the  path 
along  which  a  point  mass  can  slide  without  friction  such  that  the  result¬ 
ing  oscillations  are  independent  of  the  amplitude  of  motion  in  a  uniform 
force  field.  (Note  that  the  solution  of  the  tautochrone  problem  is  iden¬ 
tical  to  that  of  the  more  well-known  brachristichrone  problem  (Denman, 
1985)).  In  the  mid-1980’s  Denman  proposed  that  a  certain  epicycloid  be 
used  for  the  absorber  path,  as  it  is  the  exact  tautochrone  in  the  radially- 
dependent  force  field  that  is  induced  by  constant-rate  rotation.  When  tuned 
to  frequency  n,  the  motion  of  a  tautochronic  absorber  provides  a  periodic 
torque  which  is  capable  of  counteracting  most  of  the  order  n  harmonic  of 
a  disturbing  torque,  thereby  reducing  torsional  oscillations  at  that  order. 
This  promising  property  of  tautochronic  paths  launched  analytical  studies 
which  explored  the  effectiveness  of  tautochronic  absorbers  (Denman,  1992; 
Cronin,  1992),  and  it  also  motivated  an  experimental  study  by  Borowski 
and  co-workers  at  the  Ford  Motor  Company  that  considered  absorbers  rid¬ 
ing  on  cycloidal  and  epicycloidal  paths  (Borowski  et  aZ.,  1991).  In  that 
investigation  second-order  cycloidal  absorbers  were  experimentally  tested 
and  found  to  be  very  effective  (92  %)  in  reducing  the  second-order  torsional 
vibrations  in  an  in-line,  four-cylinder,  four-stroke,  2.5L  engine.  However, 
fourth-order  vibrations  were  significantly  magnified,  due  to  the  harmonic 
generation  mentioned  above.  The  remedy  offered  for  this  problem  was  to 
use  a  combination  of  second  and  fourth  order  absorbers.  A  more  recent 
development  in  terms  of  absorber  paths  is  the  subharmonic  vibration  ab¬ 
sorber  system  proposed  in  (Shaw  and  Lee,  1995),  in  which  a  pair  of  identical 
absorbers  tuned  to  one-half  the  order  of  the  applied  torque  can  totally  elim¬ 
inate  a  harmonic  torque  over  a  large  amplitude  range  without  generating 
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higher-order  harmonics.  This  promising  system  has  yet  to  be  experimen¬ 
tally  tested. 

2.  Mathematical  Model 

The  basis  of  the  analytical  work  carried  out  by  the  authors  to  date  is 
a  nondimensionalized  mathematical  model  for  an  idealized  rotor/multi- 
absorber  dynamic  system.  Details  of  its  development  can  be  found  in  (Shaw 
and  Lee,  1995).  It  is  based  on  the  following  assumptions  and  definitions: 

—  The  rotor  is  rigid,  rotates  about  a  fixed  axis  O,  has  an  orientation 
angle  0,  and  is  subjected  to  an  applied  torque  T, 

—  The  N  absorbers  are  taken  to  be  point  masses  m,-  that  move  along 
paths  prescribed  for  the  absorbers’  centers  of  mass.  For  bifilar  arrange¬ 
ments  this  is  dynamically  exact  if  one  includes  the  moments  of  inertia 
of  the  absorbers  about  their  respective  centers  of  mass  in  the  total 
moment  of  inertia  of  the  rotor. 

—  The  nondimensional  arc-length  position  of  the  ith  absorber  is  s,-  and 

its  path  is  specified  by  the  function  which  represents  the  square 

of  the  nondimentionalized  distance  from  O  to  the  location  of  m,*  at 

function,  defined  for  convenience,  is  = 

—  The  disturbing  torque  is  assumed  to  consist  of  a  constant  part  (in¬ 
cluding  load)  and  a  harmonic  fluctuating  part  of  order  n,  as  follows, 
r  =  To  +  r^(0),  where  r^(^)  =  rnsin(n0).  This  represents  n  torque 
pulses  per  revolution;  for  example,  n  =  M/2  for  an  M-cylinder,  four- 
stroke  engine. 

—  The  damping  between  the  ith  absorber  and  the  rotor  is  assumed  to 
be  an  equivalent  viscous  damping  with  coefficient  fiai*  Resistance  be¬ 
tween  the  rotor  and  ground  is  also  modeled  as  equivalent  linear  viscous 
damping  with  coefficient  fiQ. 

—  The  equations  of  motion  are  formulated  with  0^  rather  than  time,  as 
the  independent  variable.  This  transforms  the  nonlinear  term  r^(0) 
into  a  periodic  forcing  term. 

~  The  normalized  rotor  speed  is  given  by  y,  where  y  =  1  is  the  desired 
steady-state. 

—  In  terms  of  derivatives  with  respect  to  denoted  by  a  prime,  ()\  the 
rotor  angular  acceleration  is  given  by  yy  , 

—  The  ratio  of  the  moment  of  inertia  of  the  ith  absorber  when  positioned 
at  its  vertex  to  that  of  the  rotor  is  given  by  6,-,  a  quantity  that  in 
practice  is  always  much  less  than  unity. 
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—  Gravitational  acceleration  is  extremely  small  when  compared  to  rota¬ 
tional  accelerations,  and  its  effects  are  neglected. 

The  resulting  equations  of  motion  that  describe  the  dynamics  of  the  N 
absorbers  and  the  rotor,  respectively,  are. 


N 


ft  .  I  /  \T  '  1  .  .  t  ^  ^  ^  -KT 

y^i  +  [^i+Si{Si)]y  -  ^ 

dgi{si) 


Xi  +  ^i{si)yy'  +  9iisi)s,yy  +  gi{si)s”y'^  + 


t=l 


^dSi 


dsi 


N 

+yy  =  YlbiHaigi{si)s'iy  -  ploy  +  To  +  r„sin(n9). 

i=l 


(la) 


(lb) 


A  comment  on  the  absorber  paths  is  in  order  here,  for  which  we  consider 
a  single  absorber,  iV  =  1,  and  drop  the  subscript  t.  The  simplest  way  to 
show  the  nature  of  the  absorber  dynamics  is  to  consider  the  case  when 
the  rotor  speed  is  constant  and  there  is  no  absorber  damping.  This  is  the 
case  of  a  large  flywheel  attached  to  the  system,  so  that  the  absorber  moves 
under  the  action  of  the  rotor,  but  the  movement  of  the  absorber  does  not 
affect  the  rotor.  Specifically,  take  y  =  1,  y  =0,  and  =  0,  in  which 
case  the  equation  for  the  absorber  becomes  a  conservative  oscillator  in  s, 
s'  —  =  0.  The  idea  behind  the  tautochronic  absorber  is  to  select 

the  path  for  which  this  equation  becomes  a  linear  harmonic  oscillator,  that 
is,  by  taking  x(s)  =  1  -  This  path  is  a  special  epicycloid  and  it 

renders  the  absorber  motion  purely  harmonic  with  frequency  n  over  the 
entire  range  of  operation^  that  is,  until  the  absorber  reaches  the  cusps  on 
the  corresponding  epicycloidal  path  (where  g{s)  =  0).  This  design  is  optimal 
in  eliminating  the  mistuning  generated  by  large  amplitudes.  However,  as 
seen  from  the  equation  of  motion  for  the  rotor,  the  harmonic  motion  of  the 
absorber,  5(^)  =  Asin(n0),  induces  a  more  complicated  torque  on  the  rotor 
containing  many  harmonics,  even  when  y  =  1  (more  on  this  below).  We 
now  turn  to  some  design  issues  related  to  simple  CPVA  systems. 


3,  Nonlinear  Dynamics  of  Simple  CPVA  Systems 

An  ambitious  analytical  design  process  for  selecting  the  paths  for  a  CPVA 
system  may  be  proposed  as  follows.  Given  an  applied  torque,  determine  an 
arrangement  of  absorbers  that  will  result  in  minimizing  torsional  oscilla¬ 
tions  in  the  rotor.  For  example,  one  can  use  some  measure  of  the  angular 
acceleration  of  the  rotor  as  an  objective  function  in  an  optimization  formu¬ 
lation,  with  the  absorber  masses  and  their  paths  in  the  role  of  design  param¬ 
eters.  Posed  in  this  manner  the  design  of  a  general  multi-absorber  system  is 
daunting,  due  to  the  sheer  number  of  design  variables  and  the  complexity 
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involved  in  finding  periodic  steady-state  solutions  of  the  underlying  dy¬ 
namic  system.  Furthermore,  it  will  generally  yield  results  of  little  practical 
importance,  due  to  the  fact  that  a  given  rotor  system  will  be  subjected  to 
various  combinations  of  harmonics,  over  different  operating  conditions.  In 
practice,  one  designs  absorber  systems  to  address  individual  harmonics  of 
the  torque  that  are  particularly  bothersome.  These  harmonics  are  treated 
individually,  and  superposition  is  expected  to  provide  the  necessary  addi¬ 
tive  quality  to  the  overall  design.  Such  a  philosophy  is  adopted  even  for 
nonlinear  designs,  although  the  issue  of  nonlinear  interactions  looms  large. 

The  first  and  simplest  nonlinear  design  problem  is  that  of  attenuating 
vibrations  due  to  harmonic  order  n  using  one  absorber  mass,  or  a  set  of 
masses  constrained  to  move  in  a  particular  manner.  Our  approach  to  this 
problem  has  been  to  investigate  the  relationship  between  the  path  of  the 
absorber,  the  torque  it  can  generate,  and  the  resulting  angular  acceleration 
of  the  rotor.  This  has  produced  some  interesting  and  useful  results.  One 
approach  of  this  type  is  rather  brute-force  —  it  attacks  the  problem  by 
specifying  particular  forms  for  the  absorber  paths  and  testing  their  effec¬ 
tiveness  by  (approximately)  determining  the  periodic  steady-state  response 
of  the  system  over  a  range  of  paths  and  evaluating  the  results.  For  this  ap¬ 
proach  one  must  have  a  systematic  means  of  specifying  the  absorber  path. 
There  are  many  ways  of  doing  this,  and  our  choice  has  been  guided  by 
historical  developments.  A  two-parameter  family  of  paths  has  been  system¬ 
atically  explored  in  which,  roughly  speaking,  one  parameter  fixes  the  linear 
tuning  and  the  other  sets  the  sign  and  level  of  nonlinearity  encountered 
along  the  path.  Using  a  formulation  suggested  by  Borowski  and  developed 
by  Denman,  these  parameters  can  be  independently  varied,  and  this  family 
of  paths  contains  the  most  interesting  and  useful  absorber  paths,  namely, 
circles,  cycloids,  and  epicycloids  (Denman,  1992).  Perturbation  techniques 
and  simulations  have  been  employed  in  systematic  investigations  of  these 
paths,  and  the  results  show  that  the  epicycloidal  path  is  the  most  favorable 
for  moderate  torque  ranges,  and  that  the  cycloidal  and  mistuned  circu¬ 
lar  paths  are  also  quite  effective  when  torque  amplitudes  become  large.  In 
fact,  by  adding  some  mistuning  to  nearly  any  path,  typically  in  the  range  of 
5  —  10%,  the  absorber  system  is  found  to  act  in  an  essentially  linear  manner 
and  still  function  as  an  absorber.  Detailed  results  from  these  studies  can 
be  found  in  (Shaw  et  al,  1997). 

Another  approach  along  similar  lines  involved  a  classification  of  the 
(function)  space  of  periodic  torques  that  can  be  exactly  addressed  by  a  sin¬ 
gle  absorber,  or  by  a  set  of  absorbers  operating  in  some  constrained  man¬ 
ner,  with  arbitrary  paths  (Shaw  and  Lee,  1995).  This  investigation  yielded 
a  proof  of  the  fact  that  a  single  absorber  cannot  exactly  absorb  a  purely 
harmonic  torque  over  a  finite  amplitude  range,  no  matter  how  clever  one  is 
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Figure  2.  The  qualitative  features  of  the  performance  of  various  idealized  absorber 
systems,  depicted  in  terms  of  the  amplitude  of  the  rotor  acceleration  versus  the  amplitude 
of  the  fluctuating  part  of  the  applied  torque.  Curve  1:  Perfectly  tuned  circular  path;  curve 
2:  slightly  overtuned  circular  path;  curve  3:  perfectly  tuned  tautochronic  epicycloidal 
path;  curve  4:  subharmonic  absorber  pair. 


in  designing  the  path,  even  in  the  ideal,  undamped  case.  This  is  due  to  the 
kinematics  of  the  system  and  the  manner  in  which  the  absorber  motion  gen¬ 
erates  torque  on  the  rotor.  Furthermore,  the  undesirable  torque  harmonics 
generated  at  moderate  and  large  amplitudes  of  motion  for  the  tautochronic 
absorber  system  were  quantified.  The  nature  of  these  harmonics  lead  to  the 
development  of  the  subharmonic  absorber  system,  as  described  below. 

A  schematic  summary  of  the  performance  of  these  absorber  systems  is 
shown  in  Figure  2,  which  shows  qualitative  features  for  various  idealized, 
undamped  absorber  systems.  It  shows  the  peak  rotor  acceleration  versus 
the  amplitude  of  the  nth-order  torque  component.  It  is  seen  that  the  per¬ 
fectly  tuned  circular  path  leads  to  disaster  at  a  moderate  torque  level  (curve 
1),  whereas  mistuned  circular  paths  behave  essentially  linearly  over  a  large 
torque  range  (curve  2).  The  tautochronic  epicycloid  is  seen  to  perform  very 
well  over  a  moderate  torque  range,  but  the  amplification  of  higher  har¬ 
monics  limits  its  effectiveness  at  large  torque  amplitudes  (curve  3).  The 
subharmonic  pair  offers  perfect  performance,  that  is,  zero  angular  acceler¬ 
ation,  over  this  torque  range  (curve  4),  although  it  requires  more  space  to 
implement  since  the  absorbers  are  tuned  to  order  n/2  —  a  much  shallower 
path  than  those  tuned  to  order  n. 

An  application  study  of  these  absorber  systems  was  carried  out  wherein 
various  configurations  were  tested  via  simulations  on  a  detailed  dynamic 
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model  of  an  internal  combustion  (IC)  engine.  The  model  considered  was  an 
in-line,  four-stroke,  four-cylinder  engine  that  included  realistic  torques  aris¬ 
ing  from  the  inertia  of  engine  components,  from  gas  pressure  in  the  cylinder 
(based  on  experimental  in-cylinder  measurements),  and  from  bearing  resis¬ 
tance.  These  lead  to  a  multi-harmonic  applied  torque  that  depends  on  6  and 
6  in  addition  to  0,  as  well  cts  on  several  inertial  and  geometrical  parameters. 
It  was  found  that  systems  of  tautochronic  absorbers  tuned  to  various  orders 
were  the  most  robust  in  handling  the  variety  of  torques  encountered  under 
different  operating  conditions,  although  the  subharmonic  pair  also  worked 
very  well  (Lee  and  Shaw,  1995).  A  very  intriguing  observation  made  during 
the  course  of  this  study  was  that  an  identical  pair  of  absorbers  tuned  to 
the  dominant  order  of  the  applied  torque  and  moving  in  exact  unison  could 
undergo  a  dynamic  bifurcation  at  a  moderate  torque  level,  after  which  the 
absorbers’  relative  amplitudes  and  phases  were  shifted.  It  was  observed  that 
this  instability  actually  reduced  torsional  vibration  levels  in  the  engine.  This 
leads  naturally  to  questions  related  to  the  dynamic  stability  and  effective¬ 
ness  of  systems  composed  of  multiple  absorber  masses,  and  this  forms  the 
subject  of  section  5. 

4.  The  Subharmonic  Absorber  System 

A  tautochronic  absorber  tuned  to  order  p,  when  moving  in  a  harmonic  man¬ 
ner  on  a  rotor  that  is  spinning  at  a  constant  speed,  generates  all  odd  order 
torque  harmonics  (p,  3p,  5p, . . .),  but  only  a  single  even  order  harmonic  — 
the  second  (2p).  Therefore,  if  an  identical  pair  of  absorbers  move  in  an  ex¬ 
actly  out  of  phase  manner,  the  net  torque  generated  will  be  a  pure  harmonic 
of  second  order  (2p).  Thus,  by  tuning  absorbers  to  one-half  the  order  of  the 
applied  torque  (p  =  n/2),  a  very  attractive  absorber  system  is  realized  in 
which  no  higher-order  torque  harmonics  are  generated.  This  system  utilizes 
a  global  subharmonic  response  that  is  induced  by  Coriolis  effects  of  the  ab¬ 
sorbers’  motion,  resulting  in  a  system  that  works  beautifully  over  a  large 
torque  range.  This  is  an  example  where  nonlinearity  can  improve  system 
performance  and  where  the  proposed  design  cannot  be  imagined  by  simply 
extending  ideas  from  linear  dynamics.  The  general  results  of  this  research 
for  undamped  systems  have  been  published  in  (Shaw  and  Lee,  1995),  and 
a  forthcoming  paper  offers  the  proof  of  dynamic  stability  and  effectiveness 
of  the  subharmonic  absorber  pair  when  absorber  damping  is  present  (Lee 
et  al.,  1997). 

A  more  recent  study  has  considered  the  robustness  of  the  subharmonic 
absorber  system  to  certain  modeling  uncertainties,  particularly  small  vari¬ 
ations  in  the  absorber  path.  It  was  found  that  the  absorber  paths  should  be 
manufactured  in  a  particular  manner  in  order  to  achieve  dynamic  stability 
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of  the  desired  response  and  to  avoid  some  potential  subcritical  bifurcations 
that  lead  to  undesirable  jumps  in  the  response  as  torque  levels  vary.  In 
particular,  the  absorber  paths  should  be  made  as  identical  as  possible,  but 
the  linearized  frequency  and  the  amplitude-dependent  nonlinear  frequency 
of  the  absorbers  should  both  be  very  slightly  overtuned  (Chao  and  Shaw, 
1997). 


5.  The  Performance  of  Multi- Absorber  Systems 

When  designing  absorber  systems  for  implementation,  the  total  amount  of 
absorber  mass  required  is  dictated  by  the  torque  levels  encountered,  but  this 
mass  must  be  distributed  about  and  along  the  axis  of  rotation  for  purposes 
of  balancing  and  to  satisfy  spatial  constraints.  It  is  implicitly  assumed  that 
these  absorber  masses  will  move  in  a  unison  manner  during  steady-state 
operation,  thereby  creating  the  dynamic  effect  of  a  single  mass. 

A  study  was  undertaken  of  the  dynamic  stability  of  the  unison  response 
of  a  system  of  N  tautochronic  absorbers  fitted  to  a  rotor  that  is  subjected 
to  a  harmonic  torque.  An  investigation  of  the  dynamic  stability  of  this 
response  turns  out  to  be  an  example  of  a  symmetric  bifurcation  problem. 
The  symmetry  of  this  system  can  be  deduced  directly  from  the  absorbers’ 
equations  of  motion  for  the  case  of  N  identical  absorbers  moving  in  a  unison 
manner,  whereupon  the  absorbers  are  completely  interchangeable  with  one 
another.  By  allowing  the  N  absorbers  to  move  independently,  it  was  found 
that  the  stability  of  the  unison  response  is  lost  at  a  small  torque  level 
when  the  absorber  damping  is  small  (Chao  et  al.^  1997a).  This  result  is  of 
practical  importance,  since  small  damping  is  required  for  effective  operation 
of  CPVA’s.  It  was  also  shown  that  the  stable  post-bifurcation  response  of 
the  system  has  N  —  1  absorbers  moving  in  unison,  while  one  absorber  moves 
at  a  different  phase  with  larger  amplitude.  The  character  of  this  response 
is  that  torsional  vibration  levels  are  reduced  when  compared  against  the 
corresponding  (unstable)  unison  motion,  but  the  effective  operating  range 
is  significantly  reduced.  This  occurs  since  the  one  “out-of-step”  absorber 
will  reach  the  limits  of  its  path  at  a  lower  torque  level  as  compared  with 
the  unison  response  (Chao  et  a?.,  1997b),  This  work  has  some  interesting 
features,  including  the  following:  due  to  the  tautochronic  nature  of  the 
absorbers,  results  can  be  obtained  for  large  amplitude  absorber  motions;  the 
post-critical  steady-state  dynamics  of  the  system  lie  on  a  stable  invariant 
ellipse;  the  peak  rotor  acceleration  is  a  constant  on  this  ellipse;  there  are 
many  possible  steady-state  solutions  on  the  ellipse;  but  the  only  stable 
solution  is  the  one  mentioned  above;  and  it  leads  to  the  smallest  feasible 
torque  range. 

A  similar  study  has  also  been  carried  out  for  multiple  pairs  of  subhar- 
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monic  absorbers,  with  encouraging  conclusions.  The  desired  solution  for 
this  case  has  the  absorber  masses  moving  in  two  synchronous  groups  of 
N/2  masses  each,  at  the  same  amplitude  with  a  phase  difference  of  tt  be¬ 
tween  the  groups.  This  response  is  found  to  be  dynamically  stable  and  can 
be  made  to  be  robust  to  variations  in  the  absorber  paths  by  proper  selection 
of  linear  and  nonlinear  mistuning  of  the  absorber  path.  This  implies  that 
systems  composed  of  multiple  subharmonic  absorber  pairs  can  be  designed 
to  perform  as  desired,  that  is,  as  predicted  from  the  analysis  of  a  single  pair 
(Chao,  1997). 

6.  Work  in  Progress 

These  results  have  expanded  our  understanding  of  the  operation  of  CPVA 
devices  and  have  opened  the  door  to  potentially  useful  new  CPVA  con¬ 
figurations,  but  several  interesting  topics  remain  for  study.  The  following 
analysis-based  research  topics  are  being  pursued  at  this  time:  model  exten¬ 
sions  that  include  rotor  flexibility  and  torque  distribution  along  the  shaft; 
model  extensions  that  include  the  dynamic  effects  of  the  rollers  which  carry 
the  absorber  masses  in  typical  bifilar  arrangements  and  the  stability  of  the 
unison  response  for  systems  of  multiple,  general-path  absorbers,  including 
the  commonly-employed  mistuned  circular  paths.  In  addition,  the  authors 
are  aware  of  no  studies  of  CPVA  systems  in  which  controlled  systematic  ex¬ 
periments  are  carried  out  over  a  range  of  operating  conditions  for  different 
Mrangements  of  absorbers.  Such  a  program  is  currently  being  initiated  by 
the  lead  author  and  Professor  Alan  Haddow  of  Michigan  State  University. 
A  key  feature  of  this  investigation  will  be  the  evaluation  of  the  subharmonic 
absorber  system. 
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Abstract:  Chains  are  important  machine  components  being  applied  in 
cars,  in  gears  and  in  armoured  vehicles.  The  dynamics  of  chains  typically 
is  characterized  by  free  motion  and  by  contact  processes,  which  may  include 
impacts  and  friction.  Therefore  modeling  by  multibody  theory  augmented 
by  methods  of  contact  mechanics  represents  an  appropriate  way  to  evaluate 
the  dynamical  chain  behavior.  Paper  gives  some  examples. 

1.  Introduction 

Typically  chains  consist  of  chain  elements  which  might  be  connected  by 
ideal  joints,  joints  with  backlash  or  by  joints  like  journal  bearing.  Further¬ 
more  and  considering  Continuous  Variable  Transmission  Systems  (CVT) 
chains  may  be  connected  by  rocker  pins  or  by  more  complicated  pin  sys¬ 
tems.  Chains  come  into  contact  with  guides  and  sprocket  wheels,  or  they 
have  contact  with  controllable  sheaves.  In  the  case  of  vehicles  they  have 
sprocket  and  ground  contact.  In  all  cases  contacts  start  by  nullifying  rela¬ 
tive  distances  between  guides,  sprockets,  sheaves  and  some  chain  element, 
and  contacts  end  by  nullifying  some  force  condition  like  normal  forces  or 
static  friction  forces.  Contacts  possess  sliding  friction  or  stick-slip  tran¬ 
sitions,  there  might  be  local  separation  and  closure  again.  Altogether  all 
types  of  contact  mechanical  phenomena  may  occur  between  chains  and  their 
controlling  elements. 

For  a  long  time  chains  have  been  modeled  as  some  kind  of  uniform 
strings  (Fritzer,  1992;  Yue,  1992),  because  the  methods  available  could 
hardly  deal  with  chains  composed  from  single  elements.  Nevertheless  poly- 
gonial  effects  have  been  considered  already  in  a  very  early  stage  (Chen  and 
Freudenstein;  1988,  Mahaligham,  1958).  The  basic  work  of  Binder  (1956) 
describes  the  various  possibilities  of  eigenfrequencies  and  parametric  exci¬ 
tations.  All  these  contributions  did  not  regard  contact  processes  between 
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chains  and  their  controlling  elements  like  sprockets,  guides,  sheaves.  In 
an  approximative  way  the  paper  (Naja  and  Marshek,  1983)  analyzed  the 
contact  forces  for  a  steady  state  behavior  depending  on  the  stress  ratio  be¬ 
tween  the  tight  and  slack  span.  Nakanishi  and  Shabana  (1994)  developed 
very  detailed  chain  models  including  contact  forces  for  links,  sprockets  and 
idlers  with  special  application  to  large-scale  tracked  vehicles. 

At  the  author’s  institute  a  series  of  works  have  been  performed  dealing 
with  contact  problems  in  multibody  systems  (Fritzer,  1992;  docker,  1995; 
docker  and  Pfeiffer,  1995;  Pfeiffer,  1984;  Pfeiffer  and  docker,  1996;  Prestl, 
1991;  Seyfferth  and  Pfeiffer,  1992).  These  findings  form  a  sound  basis  for 
analyzing  chains. 


2.  Contact  Dynamics 

Multibody  systems  like  chains  with  multiple  unilateral  contacts  may  be  dy¬ 
namically  influenced  by  stick-slip  phenomena  and  by  impulsive  processes. 
Such  events  are  indicated  by  kinematical  magnitudes  like  relative  distances 
or  relative  velocities  which  become  constraints  when  the  contact  event  oc¬ 
curs.  Examples  are  a  closing  contact  or  a  transition  from  sliding  to  stic- 
tion.  Constraints  generate  constraint  forces  which  for  an  existing  (active) 
contact  situation  like  contact  of  two  bodies  or  stiction  serve  as  indicator 
for  the  duration  of  the  event.  For  example,  a  contact  separates  when  the 
normal  constraint  force  changes  sign,  or  stiction  breaks  down  for  static 
friction  forces  smaller  than  the  tangential  constraint  forces.  Designating 
with  Oi/  £  the  vector  of  relative  distances  in  n^r  contacts  and  with 
gjj  £  the  vector  of  relative  velocities  in  tih  contacts  we  may  write  the 
appropriate  equations  of  motion  in  the  form  (docker  and  Pfeiffer,  1995) 


Mq-h-  {wn  +  Wat^G-WH^  .  ^  j  =  0  €  IR^ 


9n 

9h 


(1) 


where  the  following  abbreviations  have  been  used:  M  6  mass  ma¬ 

trix,  g  e  IR-^  generalized  coordinates,  h  G  IR'^  all  forces  except  constraint 
forces,  Wat  G  IR-^’"^,  W h  ^  IR-^’"",  Wg  G  constraint  matri¬ 

ces,  wn  G  IR"^,  wh  6  IR"^  constraint  vectors  mostly  excitation  terms, 
Hg  =  diag{— /ijSgn  pri}  sliding  friction  coefficient  matrix,  A//  £  IR"^, 
Xh  G  1R"^  constraint  forces  (Lagrange  vectors).  The  constraint  equations 


DYNAMICAL  BEHAVIOR  OF  CHAINS 


for  Qff  and  gjj  have  been  placed  in  second-order  form.  The  different  sets 
can  conveniently  be  characterized  in  the  following  form: 


Ig  =  {1,2,  •• -tig} 

Is  =  {i  S  Ig  1 9Ni  —  0}  with  ns  elements 

In  ~  {*  G  fs  1 5JVt  =  0}  with  njv  elements 

In  =  {*'  €  Ih  1 9Ti  =  0}  with  njj  elements  (2) 

The  multibody  system  under  consideration  possesses  altogether  nc  con¬ 
tacts.  In  ns  contacts  the  relative  distance  qni  =  0,  but  only  in  njv  contacts 
the  relative  velocity  gjfi  is  also  zero.  Only  for  such  contacts  stick-slip  might 
happen,  where  stiction  takes  place  in  nn  contacts.  Consequently,  sliding 
friction  developes  only  in  (njv  —  njy)  contacts  for  i  6  In\Ih-  Combining 
further 


W  =  i  Wh)  ,  Ng  =  (wGfiG  '■  o)  , 


we  write  eq.  (1) 


Mq-h-{W  +  NG)X  =  0  eJR^  , 
g  =  w'^q  +  W  G  ^ 


(3) 

(4) 


which  can  be  solved  for  (g.  A)  for  time  instants  where  no  transitions  or 
separations  occur.  In  this  special  case  g  =  0,  and  we  come  out  with 


{W  -I-  Ng)]  a  =  -  -b  w)  (5) 

which  results  in  the  unknown  vector  A.  Prom  the  first  equation  (4)  we  then 
evaluate  q. 

In  cases  of  transitions  or  separations  the  sets  (1)  or  (4)  cannot  be  evalu¬ 
ated  in  a  straight-forward  way.  In  multiple  contact  situations  every  change 
of  one  contact  only  might  influence  all  other  contacts.  It  is  not  known  be¬ 
forehand  what  combination  of  constraints  in  all  other  contacts  will  follow 
such  a  change.  We  could  start  a  combinatorial  search  for  solving  this  prob¬ 
lem,  a  more  elegant  way  consists  in  a  complementarity  formulation  (Lemke, 
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1970;  Pfeiffer  and  Glocker,  1996)  by  applying  a  basic  law  of  contact  me¬ 
chanics.  It  roughly  says,  that  in  mechanical  contacts  either  magnitudes  of 
relative  kinematics  are  zero  and  the  thus  generated  constraint  forces  arc 
not  zero,  or  vice  versa.  The  product  of  these  two  groups  of  magnitudes  is 
always  zero. 

To  apply  this  for  our  chain  problem  we  start  with  eq.  (1),  where  the 
kinematical  constraints  are  expressed  on  an  acceleration  level.  The  above 
law  means  for  normal  contacts 


Sn  >0,  Aiv  >  0,  gJfXN  =  0  .  (6) 

These  are  n//  inequalities  for  {gj^,  X^)  and  one  complementarity  con¬ 
dition.  For  stick-slip  processes  a  complementarity  form  is  much  more  com¬ 
plicated  to  establish,  because  we  must  consider  very  thouroughly  the  prop¬ 
erties  of  the  friction  cone  in  each  contact.  For  a  contact  i  we  have  with 
9h  =  {i^i}  Xh  =  {Ari}: 

^Ni  >  0;  lArd  <  pioi^Ni  ; 

{  |At«|  <  PoiAiVi  9Ti  =  0  "I  (7) 

<  Axi  =  +l^0i^Ni  9Ti  <0  >  ;  t  €  /// 

[  Axi  =  -poiATVi  iixi  >  0  J 

The  inequalities  (7)  can  be  put  in  a  standard  complementarity  form  by  a 
rather  tedious  decomposition  procedure  (Glocker  and  Pfeiffer,  1995;  Pfeiffer 
and  Glocker,  1996).  Altogether  we  always  can  combine  the  equations  (1), 
(6),  (7)  in  a  final  set  forming  a  Linear  Complementarity  Problem  in  its 
standard  form  (Lemke,  1970) 

j/  =  A®  d-  6,  j/  >  0,  X  >  0,  y^x  =  0 , 

y,  X  G  ^  ^ 

It  should  be  noted  that  for  general  spatial  contact  problems  a  formu¬ 
lation  of  a  linear  complementarity  problem  cannot  be  achieved.  Spatial 
contact  problems  are  connected  with  two  tangential  force  directions  in  the 
plane  of  contact.  As  a  consequence  the  direction  of  motion  after  a  transition 
stick  to  slip,  for  example,  depends  on  the  geometric  sum  of  two  tangential 
forces  thus  generating  a  nonlinear  complementarity  form  (Wosle  and  Pfeif¬ 
fer,  1996). 

For  describing  our  chain  problem  we  additionally  need  an  impact  analy¬ 
sis  which  will  not  be  presented.  All  details  about  impacts  with  and  without 
friction  may  be  found  in  (Glocker,  1995;  Pfeiffer  and  Glocker,  1996). 
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3.  Chain  and  Chain  Elements 

3.1.  GENERAL  REMARKS 

In  modeling  chains  and  chain  elements  we  first  must  choose  convenient 
coordinate  frames.  We  start  with  an  inertial  coordinate  base  chosen  in  such 
a  way  that  the  geometry  of  the  elements  becomes  as  simple  as  possible,  for 
example  located  in  the  centers  of  sprockets  or  of  sheaves.  We  further  fix 
at  each  element  (chain  element,  sheave,  sprocket,  guides)  a  moving  body- 
fixed  coordinate  system  in  a  convenient  point  for  instance  in  the  mass- 
center.  Sometimes  it  might  be  convenient  to  have  a  second  body-related 
frame  which  is  inertially  fixed  with  one  axis  and  rotates  with  a  nominal 
speed,  for  example  for  shafts  and  wheels.  Anyway,  the  system  of  coordinate 
frames  must  allow  a  complete  and  unambiguous  geometrical  description  of 
all  system  elements. 

Secondly,  we  must  define  a  nominal  motion,  which  is  for  chain  dynamics 
nontrivial.  We  start  with  a  prescribed  (time-dependent  or  not)  motion 
of  the  driving  component,  for  instance  one  sprocket,  or  one  pulley.  But 
then  we  have  to  decide  how  a  nominal  motion  of  the  chain  system  might 
look  like.  One  could  go  back  to  the  string-like  model  as  developed  earlier 
which  is  a  reasonable  bcisis.  A  more  advanced  nominal  motion  can  be 
evaluated  by  taking  into  account  the  discrete  chain  structiure  and  thus  the 
polygonial  effects  but  by  not  considering  the  detailed  friction  and  impact 
phenomena.  By  experience  of  the  last  yecirs  this  approach  gives  good  results 
and,  moreover,  a  sound  basis  for  more  refined  investigations. 

3.2.  LINKS  AND  JOINTS 

Typical  links  and  joints  for  chains  are  very  similar  in  different  applications 
like  roller  chains  in  cars,  rocker  pin  chains  in  CVT-gears  or  even  chains  for 
tracked  vehicles.  A  typical  chain  element  is  shown  in  Fig.  1.  Generally 
every  element  possesses  six  degrees  of  freedom  though  in  most  application 
it  will  be  sufficient  to  consider  only  three  degrees  of  freedom  (two  DOF 
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translation,  one  DOF  rotation). 


lY 


Prom  Figure  1  we  get  the  coordinates  of  the  link 


(9) 


which  might  be  written  down  in  any  coordinate  frame.  For  the  roller  chain- 
and  CVT-models  to  follow  we  consider  only  the  plane  case  (lz  =  0,  1,0  = 
0,  Lf3  =  0). 

For  the  chain  joints  we  may  either  use  an  ideal  joint  model  reducing 
further  the  number  of  degrees  of  freedom  to  one  namely  and  two  addi¬ 
tional  geometrical  constraints  for  which  then  follows  from  a  kinematical 
consideration.  It  is 


lV>  = 


LT  =  Lriiq)  = 


(10) 


Alternatively  we  may  apply  an  approximation  as  a  journal  bearing  with 
symmetric  stiffness  and  damping  matrices  (Figure  2). 
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Figure  2.  Chain  connection  as  a  journal  bearing 


3.3.  CONTACT  AND  CONTROLING  ELEMENTS 


Figure  3.  Typical  CVT-configuration 


CVT-chains  axe  controlled  by  movable  and  non-movable  sheaves 
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chains  by  sprockets  and  guides.  The  contact  processes  in  the  first  case  in¬ 
clude  impacts  at  the  sheave  entry  and  stick-slip  phenomena  during  sheave 
contact.  At  the  pulley  exit  we  might  have  an  impulsive  effect  when  the 
chain  rocker  pin  leave  the  pulley.  In  the  second  case  of  roller  chains  we  do 
not  observe  stick-slip  processes  but  more  sliding  friction  effects.  Instead  we 
have  more  impulsive  processes  on  the  guides  and  when  entering  or  leaving 
the  sprockets.  Separation  effects  with  subsequent  contacts  might  happen 
along  the  guides. 


sX 


Figure  3  illustrates  a  typical  configuration  of  a  CVT-gear.  The  chain 
elements  may  have  contact  with  one  pulley,  and  they  are  moving  without 
such  contacts  in  the  strands  between  the  two  pulleys.  Pulley  1  is  the  driv¬ 
ing  wheel.  During  motion  the  rocker  pin  contacts  with  the  pulley  cones 
change.  The  rocker  pin  itself  is  modeled  as  one  bolt  with  linear  axial  stiff¬ 
ness.  We  assume  that  Coulomb’s  law  can  be  applied  in  the  contact  zone. 
The  rocker  pin  moves  within  the  conical  pulley  in  two  directions,  radial 
and  circumferential  direction.  This  gives  rise  to  a  two-dimensional  contact 
problem  with  nonlinear  complementarity  properties  (Figure  4).  With  re¬ 
spect  to  Coulomb’s  law  it  turns  out  that  computing  time  could  in  this  Ccise 
be  reduced  significantly  by  approximating  the  dry  friction  characteristic  by 
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a  continuous  function. 

The  relative  normal  distance  gmiQi't)  and  the  relative  tangential  veloc¬ 
ity  9TiiQ,  Q,  t)  must  be  expressed  in  generalized  coordinates  and  included  in 
eqs.  (1).  The  forces  Fr,Ft  in  radial  and  circumferential  directions  depend 
on  the  constraint  force  vectors  {Xn,  Xh)-  It  should  be  noted  that  gmiQt't) 
results  from  the  approaching  motion  of  the  rocker  pin  as  part  of  a  strand 
element  when  approaching  the  pulley. 


The  mechanical  models  for  the  pulleys  are  comparatively  simple  and 
very  similar  to  those  of  sprockets.  In  both  cases  we  have  wheels  with  three 
degrees  of  freedom  in  a  plane  model  and  six  degrees  of  freedom  in  a  spatial 
model.  Stiffness  and  damping  of  the  wheel-bearings  depend  on  their  design, 
for  instance  roller  or  journal  bearings.  It  is 
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where  the  index  W  stands  for  sprocket  or  sheave  and  the  angles  wV  of 
deviation  are  small.  In  the  plane  case  =  0,  vva  =  0,  =  0.  It 

should  be  noted  however  that  for  more  detailed  investigations  the  elastic 
deformations  of  the  pulley  must  be  taken  into  account.  This  is  a  topic  of 
ongoing  research. 

Coming  back  to  the  roller  chains  and  considering  the  sprocket  wheel 
we  must  take  into  account  the  external  torques  from  the  camshafts  and 
the  rotational  vibrations  of  the  crankshaft.  In  addition  to  the  chain  forces 
between  the  links  contact  forces  act  on  the  chain  bolts  and  on  the  sprocket 
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toothing  (Figure  6).  Particularly  the  impulsive  forces  due  to  the  polygonial 
excitation,  when  a  link  enters  the  sprocket,  influence  the  sprocket  dynamics  , 
and  the  dynamics  of  the  chain  strands. 


Figure  7.  Guide-chain  dynamics 
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Guides  (Figure  7)  are  applied  in  chain  drives  to  reduce  the  vibrations  of 
the  chain  strands  and  to  preload  the  chain  with  a  definite  stress,  produced 
by  some  tension  device.  Therefore  guides  develop  their  own  dynamics,  so 
that  the  links  might  loose  their  contact  to  the  guide.  At  each  contact  of 
the  links  normal  and  tangential  forces  act  on  the  guide  and  the  link  plate. 
Again  we  have  to  calculate  the  impulsive  forces  when  a  contact  between  a 
link  and  a  guide  becomes  active. 

4.  Examples 

4.1.  ROCKER  PIN  CHAINS  IN  CVT-GEARS 


axially  movable 


Rocker  Pin  Chains  represent  one  typical  design  in  CVT-gears.  Figure 
8  shows  the  main  elements,  and  their  assemblage.  The  continuous  vari¬ 
able  properties  are  achieved  by  axially  moving  sheaves  which  are  shifted 
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hydraulically.  This  device  applies  also  the  necessary  forces  on  the  chain. 
The  mechanical  model  takes  into  account  the  plane  motion  of  the  63  links 
with  189  DOF,  the  driven  pulley  with  one  rotational  DOF  and  a  torsional 
excitation,  the  driving  pulley  with  no  DOF  but  a  torsional  excitation.  The 
results  are  computed  for  a  stationary  operation  with  constant  driving  speed. 
Computing  time  for  this  case  amounts  about  8  hours  on  a  SUN-workstation. 
Figure  9  shows  the  contact  forces  acting  on  a  pair  of  rocker  pins  during  one 
revolution  as  well  eis  the  tensile  force  in  the  corresponding  chain  link. 


Normal  Force 


Tangential  Force  Tensile  Force 


Figure  9.  Forces  acting  on  the  rocker  pins  and  in  a  chain  link 

As  long  as  the  chain  link  is  part  of  a  strand  no  contact  forces  work  on 
its  rocker  pins.  When  it  comes  into  contact  with  one  of  the  pulleys  the  pins 
are  pressed  between  the  two  sheaves  and  hence  the  normal  force  increases. 
Its  amplitude  depends  on  the  geometry  of  the  sheaves  and  the  transmitted 
power.  The  frictional  force  is  a  function  of  this  normal  force  and  the  relative 
velocity  between  the  pulley  and  the  pins.  It  is  split  into  one  radial  and  one 
circumferential  component.  The  radial  contact  force  coincides  with  a  radial 
movement  of  the  chain  link  generating  power  dissipation.  In  contrast  to  this 
the  circumferential  contact  force  causes  the  changes  of  the  tensile  force  in 
the  corresponding  chain  link,  leading  to  different  tensile  force  levels  in  the 
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two  strands  which  agree  with  the  transmitted  torque. 

Due  to  the  mechanical  model  the  simulation  provides  an  integrated 
value  of  the  tensile  force  in  the  plates  of  a  chain  link,  whereas  measurement 
was  performed  for  the  tensile  force  in  a  clasp  plate^  (Figure  10  left). 


simulation 


Figure  10.  Tensile  force  in  the  clasp  plate^ 

Therefore  it  is  necessary  to  determine  the  distribution  of  the  tensile  force 
on  the  plates  of  the  chain  links.  Using  the  results  of  the  dynamic  simulation 
shown  in  Figure  9  and  modeling  the  pair  of  rocker  pins  as  bending  beams 
as  well  as  the  plates  as  linear  springs  we  evaluated  the  graph  of  Figure  10 
right  for  the  clasp  plate.  The  comparison  of  simulation  and  measurement 
confirms  the  mechanical  model. 


4.2.  ROLLER  CHAINS  IN  A  CAR  DRIVE  SYSTEM 

In  combustion  engines  chain  drives  are  applied  as  a  driving  unit  for 
camshafts  and  injection  pumps.  The  chain  drive  is  composed  of  several 
sprockets  (crankshaft,  camshafts)  and  several  guides.  Figure  11  portrays 
a  typical  configuration,  which  is  basis  of  the  theoretical  and  experimental 
research. 

The  chain  consists  of  120  links  with  360  DOF.  The  crankshaft  (CrS)  is 
excited  by  a  rotational  vibration.  The  angle  dependent  torques  from  the 
valve  drive  system  as  a  result  from  measurement  act  on  the  camshafts  (CS). 
On  the  right  side  of  the  chain  drive  the  guide  (G)  is  inertial  fixed.  On  the 
other  side  the  tension  guide  (TG)  possesses  one  rotational  DOF.  The  guide 

^Measurements  performed  by  G.  Sauer  and  K.Th.  Renius,  Lehrstuhl  fur  Landmaschi- 
nen,  Technical  University  of  Munich 
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is  pressed  against  the  chain  by  a  hydraulic  tension  device  (TD). 


Figure  11.  Configuration  of  a  typical  roller  chain  drive  (BMW  318  is) 


Contact  force  [N] 


time  [ms] 

Chain  force  [kN] 


DYNAMICAL  BEHAVIOR  OF  CHAINS 


One  cycle  of  a  chain  link  is  presented  in  Figure  12.  The  first  graph  shows 
the  contact  forces  between  the  link  and  the  sprockets  or  guides.  Regarding 
the  contact  between  a  link  and  a  sprocket  (Naja  and  Marshek,  1983)  the 
typical  march  of  the  contact  force  can  be  seen  clearly.  At  the  beginning 
and  the  end  of  the  contact  phase  there  is  a  peak  in  the  contact  force,  due  to 
the  stress  of  the  chain  strands.  These  forces  decrease  rapidly  when  the  link 
moves  along  the  toothing  of  the  sprocket.  Because  of  the  low  curvatmre  of 
the  guide  these  contact  forces  are  on  a  very  low  level. 

The  second  graph  presents  the  chain  force  of  one  link.  The  time  history 
follows  mainly  the  torque  excitation  of  the  valve  drive  unit.  The  effects  of 
the  polygonial  excitation  from  the  sprocket  results  in  additional  forces  with 
small  amplitudes.  On  the  tight  side  of  the  chain  drive  the  average  forces 
are  twice  as  large  as  the  forces  on  the  slack  side. 

Figure  13  portrays  a  comparison  between  measurements  (left  side)  for 
the  BMW  318  is  -  chain  with  corresponding  simulations  (right  side).  The 
speed  of  4320  rpm  lies  around  an  internal  resonance  which  is  essentially 
generated  by  the  dynamics  of  the  hydraulic  tension  device  in  combination 
with  other  components.  This  resonance  is  well  damped.  The  graphs  at 
the  top  illustrate  the  amplitude  response  to  a  crankshaft-excitation  for  the 
tension  guide  motion  on  the  left  side  (Figure  11). 

The  middle  graphs  depict  the  frequency  response  for  the  forces  in  the 
hydraulic  tension  device.  In  both  cases  the  second  engine  order  is  dom¬ 
inant,  whereas  the  polygonial  frequency  shows  no  significant  effect.  The 
bottom  diagrams  give  a  comparison  of  these  tension  device  forces  on  a  time 
scale.  Measurements  and  simulations  compare  very  well  which  has  been 
also  confirmed  by  many  simulation  and  measurements  for  the  whole  speed 
range. 

5.  Summary 

The  dynamic  of  chains  is  investigated  by  applying  multibody  theory 
with  unilateral  contacts.  The  problem  of  multiple  and  non-decoupled  con¬ 
tacts  being  typical  for  chains  affords  a  special  treatment  of  multibody  sys¬ 
tems  including  aspects  of  linear  and  nonlinear  complementarity  theories. 
The  availability  of  such  tools  is  an  indispensable  prerequisite  for  modeling 
complex  systems  like  chains  with  their  numerous  impulsive  and  friction- 
induced  contact  processes.  The  related  theory  is  presented  and  applied 
to  two  cases,  the  case  of  rocker  pin  chains  in  CVT-gears  and  the  case  of 
roller  chains  in  car  applications.  The  results  and  comparisons  with  mea¬ 
surements  confirm  the  way  of  modeling  such  systems.  Further  research  has 
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to  be  invested  in  numerical  and  computer  time  problems. 
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Figure  13.  Theory  and  measurement  for  a  4-stroke-engine 
(BMW  318  is  with  4320  rpm) 


6.  References 

Binder,  R.C.  (1956)  Mechanics  of  the  Roller  Chain  Drive,  Prentice  Hall, 
Englewood  Cliffs,  New  Jersey. 

Chen,  C.K.  and  Preudenstein,  F.  (1988)  Towards  a  More  Exact  Kincmat- 


DYNAMICAL  BEHAVIOR  OF  CHAINS 


ics  of  Roller  Chain  Drives,  Trans,  ASME,  Journal  of  Mechanisms, 
Transmissions  and  Automation  in  Design,  Vol.llO,  169-275. 

Fritz,  P.  and  Pfeiffer,  F.  (1995)  Dynamics  of  High  Speed  Roller  Chain 
Drives,  ASME  Conf.  on  Vibration  and  Noise,  Boston. 

Fritzer,  A.  (1992)  Nichtlineare  Dynamik  von  Steuertrieben,  VDI-Fort- 
schrittsberichte,  Reihe  11,  Nr.l76,  VDI-Verlag,  Diisseldorf. 

docker,  Ch.  (1995)  Dynamik  von  Starrkorpersystemen  mit  Reibung  und 
Stofien,  VDLFortschrittsberichte,  Reihe  18,  Nr.  182,  VDI  Verlag, 
Diisseldorf. 

docker,  Ch.  and  Pfeiffer,  F.  (1995)  Multiple  Impacts  with  Friction  in 
Rigid  Multibody  Systems,  Nonlinear  Dynamics,  Klumer  Academic 
Publishers,  Netherlands. 

Lemke,  C.E.  (1970)  Recent  Results  on  Complementarity  Problems,  In: 
Rosen,  J.B.  et  al.  (eds.),  Nonlinear  Programming,  Academic  Press, 
New  York,  349-384. 

Mahaligham,  S.  (1958)  Polygonial  Action  in  Chain  Drives,  J,  Franklin 
Institute,  Vol.256,  No.l,  23-28. 

Naja,  M.R.  and  Marshek,  K.M,  (1983)  Analysis  of  the  Sprocket  Load 
Distribution,  Mechanism  and  Machine  Theory,  Vol.18,  No.5,  349-356. 

Pfeiffer,  F.  (1984)  Mechanische  Systeme  mit  unstetigen  Ubergangen,  Inge- 
nieur-Archiv,  Vol.54,  232-240. 

Pfeiffer,  F.  and  docker,  Ch.  (1996),  Multibody  Dynamics  with  unilateral 
Contacts,  Nonlinear  Science  Series,  John  Wiley,  New  York. 

Prestl,  W.  (1991)  Zahnhammern  in  Radertrieben  von  Dieselmotoren,  VDI 
Forts chrittsberichte,  Reihe  11,  Nr.  145,  VDI-Verlag,  Diisseldorf. 

Seyfferth,  W.  and  Pfeiffer,  F.  (1992)  Dynamics  of  Rigid  and  Flexible  Part 
Mating  with  a  Manipulator,  Proc,  of  IMACS  Symp.  MCTS,  13-23. 

Srnik,  J.  and  Pfeiffer,  F.  (1994)  Simulation  of  a  CVT  Chain  Drive  as  a 
Multibody  System  with  Variant  Structure,  CISS-First  Conference  of 
International  Simulation  Societies,  Zurich. 

Nakanishi,  T.  and  Shabana,  A.A.  (1994)  Contact  Forces  in  the  Nonlin¬ 
ear  Dynamic  Analysis  of  Tracked  Vehicles,  International  Journal  for 
Numerical  Methods  in  Engineering,  Vol.37,  1251-1275. 

Wosle  M.  and  Pfeiffer,  F.  (1996)  Dynamics  of  Multibody  Systems  Con¬ 
taining  Dependent  Unilateral  Constraints  with  Friction,  Journal  of 
Vibration  and  Control,  2:161-192,  Sage  Publications,  Inc. 


F.  PFEIFFER 


Yue,  G.  (1992)  Belt  Vibration  Consideration  Moving  Contact  and  Para¬ 
metric  Excitation,  ASME  -  International  Power  Transmission  and 
Gearing  Conference,  DE-Vol.43-1,  Vol.l,  311-318. 


CHAOS  IN  OFFSET  HYDRODYNAMIC  ROTOR  BEARINGS 
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Nonlinear  diagnostic  tools  are  applied  to  the  dynamic  analysis  of  the  dual  offset  bearing 
over  a  representative  set  of  design  parameters  employed  in  conventional  rotordynamic 
applications.  For  particular  values  of  gravity  angle  and  dimensionless  offset  ratio,  case 
studies  reveal  that  improvements  in  bearing  performance  (as  measured  by  cyclic- 
maximum  segment  eccentricity  ratio)  appear  to  be  linked  to  observed  period  doubling 
and  chaotic  motion. 

1.  Introduction 

Multi-lobe  and  tilting-pad  bearing  designs  are  often  employed  in  rotordynamic 
machinery  to  alleviate  half-speed  whirl  instability  encountered  with  cylindrical  journal 
bearings.  An  alternative  and  perhaps  less  costly  design  approach  is  to  divide  axially 
both  journal  and  sleeve  into  two  or  more  cylindrical  segments  with  offset  centerlines  as 
shown  in  the  exploded  view  of  Figure  1,  whereby  each  section  retains  circumferential 
symmetry.  (Each  cylindrical  segment  in  Figure  1  is  in  fact  complete.) 


Figure  I.  Dual  offset  bearing 
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Booker  and  Olikara  (1984)  found  improved  performance  for  offset  bearings  in 
which  the  load  rotates  at  half  shaft  speed,  the  result  of  which  prompted  Booker  and 
Govindachar  (1984)  to  provide  the  first  and  apparently  only  study  devoted  to  the 
stability  of  offset  journal  bearings  for  rotating  machinery.  However,  their  study  was 
limited  in  the  range  of  parameter  space,  and  their  conclusions  related  to  the  dynamic 
characteristics  of  the  system  remained  essentially  subjective. 

This  paper  applies  Poincar6  maps,  Lyapunov  exponents,  and  frequency  spectra  to 
assess  the  dynamic  behavior  of  offset  bearings  over  a  region  of  design  parameter  space 
known  to  produce  undesirable  period  2  limit  cycles  (half-speed  whirl)  in  conventional 
bearings.  As  in  Booker  and  Govindachar  (1984),  this  study  w'ill  be  restricted  to  dual 
offset  bearings  shown  in  Figure  1  with  a  common  offset  applied  to  both  journal  and 
sleeve.  In  addition,  the  Ti-film  (cavitating)  short  bearing  lubrication  model  will  be 
employed  for  each  bearing  segment.  The  use  of  the  short  bearing  model  allows  for  rapid 
qualitative  assessment  of  bearing  performance  over  a  relatively  large  design  space  with 
minimal  computational  effort. 

2.  Problem  Formulation 

Much  of  what  follows  is  based  heavily  on  the  analysis  of  Booker  et  al.  (1982),  Booker 
and  Olikara  (1984),  and  Booker  and  Govindachar  (1984);  a  brief  outline  is  presented 
here  for  completeness. 

2.1  KINEMATIC  RELATIONS 


The  geometry  of  the  dual  offset  bearing  is  best  understood  by  first  considering  separate 
descriptions  of  (disassembled)  sleeve  and  journal  as  shown  in  Figures  2a  and  2b, 
respectively.  The  sleeve  is  fixed  in  space  and  the  journal  rotates  relative  to  the  sleeve. 
In  Figure  2a,  the  originally  cylindrical  sleeve  is  divided  into  tw'o  offset  segments;  each 
sleeve  segment  offset  aj  is  defined  relative  to  fixed  reference  axes  x,y.  Similarly,  in 
Figure  2b,  the  originally  cylindrical  journal  is  divided  into  two  offset  segments;  each 
journal  segment  offset  bj  is  defined  relative  to  reference  axes  x*,y’  which  are  fixed  to 
and  rotate  with  the  journal  at  a  constant  angular  velocity  co  >  0  about  the  sleeve  z-axis. 

Assembling  journal  and  sleeve.  Figure  2c  shows  that  segment  eccentricity  Cj  is 
related  to  journal  reference  position  Cq  by  the  kinematic  loop 

Cj  =  Cq  -  Hj  +  bj  (la) 


with  sleeve-frame  components 


cos  cot 
sin  cot 


sin  cot 
coscot 


(lb) 
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(a)  sleeve  geometry 


(c)  kinematic  relations 


Figure  2.  Geometry  and  kinematic  relations 
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Thus,  for  non-zero  journal  offsets,  the  orientation  of  the  journal  relative  to  the  sleeve  is 
completely  determined  by  specification  of  time  t  and  reference  position  Cq. 

2.2  EQUATIONS  OF  MOTION 

For  the  analysis  which  follows,  each  bearing  segment  has  length  L,  diameter  D,  and 
radial  clearance  C,  while  segment  offset  components  arc  given  by 


af  =  bf'  =  a2  =  b2'  =  0 

af  =  h(  =  -5/2 


^2  =  =  +S/2 


where  relative  offset  5  is  defined  over  the  range  0  <  6  <  C.  This  application  of 
identical  segment  offsets  to  both  journal  and  sleeve  in  their  respective  reference  frames 
results  in  the  limiting  condition  5  <  C  required  to  assure  full  rotation  without 
interference.  (Journal  and  sleeve  offsets  depicted  in  Figures  1  and  2  are  thus 
exaggerated  for  clarity.) 

Upon  application  of  a  fixed  gravity  load  with  magnitude  Mg  and  orientation  angle  p 
relative  to  the  x,y  sleeve  frame,  dynamic  equilibrium  of  the  journal  under  assumed 
steady  journal  rotation  requires 


2 

Mg  cos  pi  +  MgsinPJ  -  Z  P, 

i=l 


M- 


d^er 


dt^ 


(2) 


in  terms  of  segment  film  loads 


Pj  =  2pL(R/C)3VjWi 


which,  as  described  by  Childs  et  al  (1977),  depends  upon  segment  squeeze  velocity 
magnitude  Vj  and  segment  impedance  Wp  Segment  impedance  for  short  bearings  is 
proportional  to  (L/D)^  and  is  a  function  only  of  segment  eccentricity  ratio  ej  =  Cj/C  and 
segment  squeeze  velocity  vector  orientation.  The  foregoing  analysis  also  requires 
ambient  pressure  between  the  bearing  segments  which  would  be  supplied  in  practice  by 
a  circumferential  groove. 

Introducing  dimensionless  time  and  dimensionless  reference  position 


T=  cot 


^0  ~ 


CHAOS  IN  OFFSET  ROTOR  BEARINGS 


dimensionless  load,  speed,  and  offset  design  parameters 


p  ^  Mg(C/Rr  (D/Lr 

pLD© 


o  = 


© 


(g/C) 


1/2 


6  =  5/C 


and  dimensionless  state  variable  vector  z  s  [zj,  22,  Z3,  Z4]  with  components 


z,  S  £§ 


Z2  s  eg 


Z3  S 


dt 


Z4  S 


dx 


equation  (2)  can  be  rewritten  in  the  functional  form 
dz 


=  f(2  ;  F,  a) 
dx 

^  =  f(z  ,  X  ;  F,  c,  5,  P) 
dx 


5  =  0 


0  <  5  <  1 


(3a) 


(3b) 


which  includes  conventional  zero-offset  cylindrical  bearings.  Specification  of  state 
initial  conditions  completes  problem  formulation. 


3.  Case  Studies 


Unlike  conventional  cylindrical  rotors  given  in  equation  (3a),  equation  (3b)  represents  a 
non-autonomous  system  due  to  the  incorporation  of  journal  offset  segments.  Hence,  a 
fixed  equilibrium  point  does  not  exist  for  such  offset  bearings,  and  thus  linearized  small- 
motion  stability  analyses  employed  in  representative  studies  by  Holmes  (1960)  and 
Hollis  and  Taylor  (1986)  are  not  applicable  here.  Instead,  offset  bearing  stability  is 
investigated  using  nonlinear  diagnostic  tools  based  on  the  time  history  of  state  vector  z. 

Fixing  gravity  orientation  p  =  0  and  offset  ratio  5  =  0.3,  we  present  some  case 
studies  which  describe  the  behavior  of  offset  bearings  for  load  and  speed  parameters 
which  lie  near  the  well-known  instability  threshold  locus  of  cylindrical  bearings 
(Holmes,  1960).  Each  case  is  started  with  zero  initial  conditions  and  is  run  until  the 
resulting  attractor  is  established.  Power  spectral  density  per  unit  time  is  created  from  a 
fast-fourier  transform  (FFT)  of  dimensionless  journal  reference  position  £o('c) 
comprised  of  2^^  points  at  a  sample  rate  corresponding  to  0.25  degree  of  journal 
rotation.  The  largest  Lyapunov  exponent  is  estimated  by  repeated  measurement  of  the 
divergence  over  time  of  randomly-selected  trajectories  of  journal  reference  position 
which  are  initially  close  to  the  attractor  (Moon,  1986). 

Figure  3  shows  that  the  offset  bearing  undergoes  periodic  motion  synchronous  with 
journal  rotation  for  design  parameters  F  =  11,  a  =  1.  (Circles  mark  position  after  each 
journal  rotation.)  This  period  1  motion  contrasts  with  the  transient  approach  to  a  fixed 
equilibrium  point  found  with  the  conventional  cylindrical  bearing.  Yet,  Table  1  shows 
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Figure  3.  Period  1  motion:  F  =  1 1,  O  =  1,  p  =  0,  6  =  0.3 


that  the  resulting  cyclic-maximum  segment  eccentricity  ratio  for  the  offset  bearing  is 
only  somewhat  larger  than  the  static  eccentricity  ratio  for  the  cylindrical  bearing. 

Of  particular  interest  is  the  behavior  of  offset  bearings  for  load  and  speed 
parameters  which  can  produce  period  2  limit  cycles  in  conventional  bearings.  Period  2 
(half-speed)  subharmonic  journal  motion  is  encountered  in  the  offset  bearing  with  load 
and  speed  parameters  F  =  1 1  and  a  =  4.  Adjusting  the  speed  parameter  to  a  =  5,  the 
resulting  journal  motion  jumps  to  a  period  4  subharmonic  attractor.  Further  adjusting 
the  speed  parameter  to  a  =  6,  Figures  4  and  5  show  the  appearance  of  chaotic  journal 
motion  as  indicated  by  the  fractal-like  structure  of  the  Poincard  projection  coupled  with 
a  relatively  broad  frequency  spectra  and  a  converged  positive  Lyapunov  exponent.  The 
corresponding  cylindrical  bearing  (with  zero  initial  conditions)  produces  a  large  period  2 
limit  cycle  for  a  =  4  which  continues  to  grow  as  the  speed  parameter  is  increased. 
Comparison  of  cyclic-maximum  eccentricity  ratio  in  Table  1  shows  that  the  process  of 
period  doubling  into  chaos  for  offset  bearings  reduces  eccentric  journal  motion  and 
hence  improves  bearing  performance  over  their  cylindrical  counterparts. 


TABLE  I.  Cyclic-maximum  eccentricity  ratio 


F  a  Cylindrical  bearing,  5  =  0  Offset  bearing,  p  =  0,  6  =  0.3 

segment  I  segment  2 


11 

1 

0.718 

fixed  point 

0.779 

0.793 

period  1 

11 

4 

0.972 

period  2 

0.946 

0.941 

period  2 

11 

5 

0.986 

period  2 

0.890 

0.775 

period  4 

11 

6 

0.989 

period  2 

0.894 

0.790 

chaotic 

power  spectral  density  per  unit  time 


CHAOS  IN  OFFSET  ROTOR  BEARINGS 


Figure  4.  Chaotic  motion:  F  =  1 1,  c  =  6,  p  =  0,  8  =  0.3 
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Figure  5.  Chaotic  motion;  F  =  11,  a  =  6,  p  =  0.  5  =  0.3 


4.  Conclusions 

Case  studies  have  shown  that  offset  bearings,  through  period  doubling  and  chaos,  can 
provide  improvements  in  bearing  performance  (as  measured  by  segment  eccentricity 
ratio)  for  load  and  speed  conditions  known  to  produce  half-speed  whirl  in  conventional 
cylindrical  bearings.  This  is  apparently  the  first  observation  of  chaos  with  a  balanced 
gravity  load;  chaos  was  observed  in  numerical  studies  by  Brown  et  al  (1994)  for 
cylindrical  journal  bearings  subjected  to  rotating  load  imbalance. 

Further  studies  with  the  dual  offset  bearing  will  include  the  influence  of  gravity 
angle,  offset  ratio,  and  initial  conditions  on  bearing  performance.  Further  improvements 
in  bearing  performance  are  also  contemplated  through  the  use  of  multiple  segments  or 
through  variable  journal/sleeve  offset  specifications.  Additional  measures  of  bearing 
performance  such  as  maximum  film  pressure  and  power  loss  require  inclusion  in  the 
design  process. 
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V.  IMPACT  AND  NONSMOOTH  SYSTEMS 


Dynamics  problems  with  discontinuous  force  elements  provide  strong 
nonlinearities.  The  seven  papers  in  this  group  explore  a  variety  of  problems. 
Theoretical  methods  are  discussed  by  Balachandran  et  al.,  Hogan  and  Momer, 
Wiercigroch  and  Glocker.  Numerical  methods  in  impact  problems  are  presently  in  the 
papers  by  Peterka  and  Van  Campen  et  al.  And  Popp  et  al.  present  experimental  results 
for  a  mechanical  impact  oscillator  problem. 

This  area  of  research  will  likely  remain  a  rich  vein  of  problems  in  nonlinear 
dynamics,  especially  contact  problems  relating  friction  and  impact  between  bodies. 
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Abstract. 

A  collection  of  results  obtained  through  experimental  and  analytical 
investigations  into  the  dynamics  of  thin-walled  structures  subjected  to  im¬ 
pact  excitations  is  presented.  A  stainless  steel  cantilever  beam  with  a  tip 
mass  is  considered  and  this  elastic  structure  is  impacted  close  to  the  free 
end.  The  considered  excitations  include  harmonic  excitations  and  periodic 
excitations  of  the  form  |Dcos(Ot)|.  The  excitation  amplitude  and  excita¬ 
tion  frequency  are  used  as  control  parameters.  The  experimental  results  are 
presented  in  the  form  of  bifurcation  diagrams  and  phase  portraits.  During 
harmonic  impact  excitations,  period-doubled  motions,  incomplete  period¬ 
doubling  sequences,  and  aperiodic  motions  are  observed.  In  addition  to 
these  responses,  the  responses  observed  during  half-sine  impact  excitations 
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include  period-three  motions  and  modulated  motions.  A  finite-dimensional 
model  is  developed  in  the  analytical  efforts  through  a  Galerkin  projection 
and  numerical  studies  are  conducted  by  using  this  model.  The  analytical 
results  show  many  qualitative  similarities  with  the  experimental  results.  In 
the  considered  parameter  ranges,  nonlinear  interactions  are  not  observed. 
Some  of  the  observed  experimental  responses  appear  to  suggest  the  presence 
of  grazing  impacts.  The  implications  of  the  current  study  for  workpiece-tool 
interactions  during  milling  of  thin- walled  structures  arc  discussed. 


1.  Introduction 


Dynamics  of  mechanical  systems  with  impacts  have  quite  been  extensively 
studied  in  the  literature  previously  [e.g.,  Wood  and  Byrne  (1981,1982); 
Holmes  (1982);  Whiston  (1987a,b);  Shaw  and  Shaw  (1989);  Nordmark  (1991); 
Moon  (1992);  Fang  and  Wickert  (1994);  Pfeiffer  and  Glocker  (1996)].  Com¬ 
mon  assumptions  made  in  some  of  these  studies  include  the  following:  1) 
the  response  amplitude  is  large  compared  to  the  amplitude  of  impactor  mo¬ 
tions,  2)  the  impacted  oscillator’s  motion  reverses  after  an  impact,  and  3) 
the  impacted  system  is  linear.  To  a  certain  extent,  the  validity  of  the  first 
two  assumptions  has  been  addressed  by  Fang  and  Wickert  (1994)  in  a  set¬ 
ting  where  they  considered  the  dynamics  of  an  impacted  elastic  structure. 
Although  the  dynamics  of  systems  subjected  to  harmonic  impacts  have 
been  extensively  studied,  the  same  is  not  true  for  other  types  of  periodic 
impacts. 

In  this  work,  the  validity  of  all  of  the  three  assumptions  stated  above  are 
examined  in  a  setting  where  an  elastic  structure  is  considered.  Furthermore, 
this  work  is  motivated  by  a  need  to  understand  workpiece-tool  interactions 
during  milling  of  thin-walled  structures.  In  recent  work  by  Davies  and  Bal- 
achandran  (1996),  it  was  shown  that  when  a  low-immersion  cut  of  a  thin 
elastic  structure  is  carried  out  by  using  a  two-fluted  cutter  over  a  “small” 
span,  one  can  effectively  consider  this  problem  to  be  a  problem  of  an  elastic 
structure  subjected  to  a  dynamic,  half-sine  transverse  impact  loading.  Here, 
analytical  and  experimental  investigations  are  conducted  into  the  dynamics 
of  an  elastic  structure  subjected  to  harmonic  as  well  as  half-sine  impact  ex¬ 
citations.  The  rest  of  this  article  is  organized  as  follows.  In  Sections  2  and 
3,  the  experimental  arrangement  and  analytical  development  arc  briefly 
discussed.  Results  are  provided  in  the  next  section. 
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2.  Experimental  Arrangement 

The  experimental  set  up,  which  is  depicted  in  Figmre  1,  is  similar  to  that 
used  by  Fang  and  Wickert  (1994).  In  this  set  up,  a  stainless  steel  can- 


□ptical  Sensor  Force  Transducer 


Figure  1.  Experimental  set  up  for  impact  studies 


tilever  structure  with  a  tip  mass  is  considered.  From  the  cantilevered  end, 
the  beam  has  a  length  of  about  184.2  mm.  The  beam  width  and  beam 
thickness  are  25.4  mm  and  1.6  mm,  respectively.  On  each  side  of  the  beam, 
at  the  top,  a  stainless  steel  block  with  the  dimension  25.4  mm  x  25.4  mm  x 
5.9  mm  is  located.  The  center  of  the  tip  meiss  is  impacted  by  using  a  perma¬ 
nent  magnet  shaker,  and  the  applied  impact  force  is  measured  by  using  a 
piezoelectric  force  transducer.  The  beam  is  instrumented  with  strain  gages 
at  the  base  to  get  a  mecisure  of  the  motions  of  the  free-end  of  the  structure 
as  well  as  to  establish  the  initial  contact  position  between  the  impactor  and 
the  structure.  A  noncontact  fiber-optic  sensor  located  as  shown  in  Figure 
1  is  used  to  measure  the  structure’s  displacement  at  the  free  end.  The  first 
natural  frequency  of  the  structure  is  about  14.8  Hz,  and  the  associated  vis¬ 
cous  damping  factor  is  about  0.0028.  The  range  of  excitation  frequencies 
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considered  in  the  experiments  is  restricted  to  be  less  than  150  Hz,  which  is 
below  the  second  natural  frequency  of  the  structure. 

3.  Analytical  Development 

In  Figure  2,  the  illustration  used  for  modeling  purposes  is  shown.  Here, 
only  planar  motions  of  the  structure  are  considered,  and  the  steps  used  for 
deriving  the  equations  follow  along  the  lines  of  Balachandran  and  Nayfeh 
(1990).  The  Lagrangian  L  for  the  continuous  system  is  constructed  and  it 


Figure  2.  Modeling  for  impact  studies 


is  augmented  to  account  for  the  inextensionality  constraint.  The  resulting 
equation  is 


where  T  represents  the  kinetic  energy  of  the  continuous  system,  V  repre¬ 
sents  the  potential  energy  of  the  system,  A  is  a  Lagrange  multiplier,  v{s^t) 
is  the  axial  displacement  at  spatial  location  s  and  time  t,  is  the 

transverse  displacement,  and  I  is  the  length  from  the  catilevered  end  to  the 
center  of  the  tip  mass.  i 
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After  using  extended  Hamilton’s  principle,  the  governing  equation  ob¬ 
tained  is  of  the  form 

phw  +EIw*^  —  pgh[w'  +  (5  —  i)w'']  -H  mgw" 

+EI[w'iw'w"y]'  -  ^mw"  si ^{w’^)ds 
+lmgw''^w"  +  Iphw'^lSf  ^{w'^)dsds] 

+^phy'Uf  So"  ^(w'^)d3ds]  -  pgh{\W'^  +  lis-.  i)w'^w'')  =  0 

(2) 

In  equation  (2),  p  is  the  mass  density  of  the  elastic  structure,  h  is  the 
thickness  of  the  structure,  El  is  the  flexural  rigidity  of  the  structure,  and 
m  is  the  tip  mass.  The  impeict  force  F,  which  is  shown  in  Figure  2,  is 
accounted  for  in  the  boundary  conditions.  These  conditions  without  the 
nonlinear  terms  read  as 


w{s,t)  =  0  at  s  =  0 

w'{s,t)  =  0  at  s  =  0 

EIw"’  -f  mgx)/  =  mw  +  F  at  s  =  I 

EIw"  -f  Jtn'd)'  =  0  at  s  —  i 


(3) 


A  system  similar  to  equation  (2)  was  treated  by  Zavodney  and  Nayfeh 
(1989).  Next,  the  transverse  displacement  w{s,t)  is  written  in  the  form 
w{s,t)  =  q{t)(l>i{s),  where  the  spatial  function  ^i(s)  is  chosen  to  satisfy 
the  associated  linear  partial  differential  equation  with  constant  coefficient 
terms  and  linear  boundary  conditions.  Here,  ^1(5)  is  the  first  mode  shape 
of  the  system.  (The  analytical  predictions  for  the  first  and  second  natural 
frequencies  are  about  14.80  Hz  and  167.6  Hz,  respectively.)  After  carrying 
out  a  Galerkin  projection  and  including  dissipation,  the  resulting  equation 
is 


mrq'r  +krqr  +Crqr 

+aiqr^  +a2[9r^gr  +  qr^&]  -  SrF 


(4) 


where  =  2.2944,  kr  =  1.9859  x  10“,  Cr  =  1.1625,  ai  =  -1.4289  x  10^ 
02  =  —242.1232,  and  /r  =  —1.5405.  It  is  to  be  noted  that  the  system  has 
softening  type  of  nonlinearities  unlike  the  case  in  the  study  of  Zavodney 
and  Nayfeh  (1989)  and  other  related  studies  in  the  literature  where  beams 
with  tip  masses  have  been  considered.  Through  numerical  computations,  it 
has  been  ascertained  that  if  the  tip  mass  is  reduced  to  be  about  10  grams 
or  less,  the  resulting  system  has  hardening  type  of  nonlinearities.  When  the 
free-end  displacement  w{s  =  l,t)  is  larger  than  or  equal  to  the  impactor 
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displacement  Wq,  the  forcing  term  is  nonzero.  Otherwise,  it  is  zero.  Other 
more  complete  conditions  to  define  an  impact  are  considered  by  Pfeiffer  and 
docker  (1996).  Equation  (3)  is  numerically  integrated  for  different  forcing 
parameter  values  to  determine  the  numerical  results. 

4.  Results  and  Discussion 

In  the  experiments,  the  chosen  Poincare  section  is 

E  =  x  x  =  0,x  <  o]  (5) 

where  x{t)  is  the  displacement  measured  at  the  center  of  the  tip  mass  by 
using  the  fiber-optic  sensor.  The  bifurcation  diagrams  obtained  during  the 
forward  and  reverse  sweeps  of  the  excitation  frequency,  while  holding  the 
excitation  amplitude  F  constant  at  0.157  Newtons,  are  shown  in  Figures  3 
and  4,  respectively. 


Figure  S,  Bifurcation  diagram  on  a  Poincar6  section:  Forvs’ard  sweep  of  excitation 
frequency  during  harmonic  excitations 

The  features  that  can  be  discerned  in  Figure  3  include  period-one  mo¬ 
tions,  period-two  motions,  windows  of  aperiodic  motions,  and  incomplete 
period-doubling  bifurcation  sequences.  [Pointwise  dimension  calculations 
are  indicative  of  fractal  dimensions  for  the  aperiodic  motions.  These  mo¬ 
tions  are  also  characterized  by  a  broadband  spectral  character.  These  fea¬ 
tures  are  suggestive  of  chaotic  motions  (Nayfeh  and  Balachandran,  1995)]. 
During  the  reverse  sweep  of  the  excitation  frequency,  similar  features  are 
observed.  However,  the  character  of  the  motion  at  an  excitation  frequency 
is  not  always  the  same  during  the  forward  and  reverse  sweeps.  For  instance. 
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Figure  Bifurcation  diagram  on  a  Poincare  section:  Reverse  sweep  of  excitation  fre¬ 
quency  during  harmonic  excitations 


at  the  excitation  frequency  of  70  Hz,  aperiodic  motions  and  period-one  mo¬ 
tions  are  observed  during  the  forward  and  reverse  sweeps,  respectively. 


Figure  5.  Bifurcation  diagram  on  a  Poincar^  section;  Forward  sweep  of  excitation 
frequency  during  half-sine  excitations 
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In  Figure  5,  the  bifurcation  diagram  obtained  during  the  half-sine  ex¬ 
citations  is  shown.  In  addition  to  the  features  observed  during  harmonic 
excitations,  period-three  motions  and  modulated  motions  with  dimensions 
of  two  are  observed.  Also,  many  more  windows  of  aperiodic  motions  are 
observed.  Also,  in  some  of  the  experimental  results  obtained,  it  is  noted 
that  the  motion  of  the  structure  does  not  always  reverse  after  an  impact. 
Furthermore,  the  displacement  amplitude  of  the  structure  is  found  to  be  of 
the  same  order  as  the  excitation  amplitude;  in  particular,  at  low  frequen¬ 
cies.  Some  of  the  motions  observed  during  sine  and  half-sine  excitations 
are  suggestive  of  grazing  impacts  [e.g.,  Nordmark  (1991);  Nusse,  Ott  and, 
Yorke  (1994);  Chin,  Ott,  Nusse,  and  Grebogi  (1995)]. 

The  analytical  results  obtained  for  a  harmonic  excitation  with  an  ampli¬ 
tude  of  0.157  Newtons  are  presented  in  Figure  6.  Many  qualitative  similar¬ 
ities  between  the  bifurcation  diagrams  of  Figures  3  and  6  can  be  discerned. 
The  results  obtained  with  the  nonlinear  terms  in  equation  (3)  are  seen  to 
agree  better  with  the  experimental  results. 


^ ^ ^ ^ ^ ^ - 1 
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Figure  6.  Bifurcation  diagram  on  a  Poincar^  section:  Forward  sw'eep  of  excitation 
frequency  during  harmonic  excitations 


It  is  speculated  that  a  good  understanding  of  the  dynamics  of  elastic 
structures  subjected  to  impact  excitations  will  be  useful  for  manufacturing 
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applications.  Examples  of  two  applications  are  milling  of  thin-walled  struc¬ 
tures  (e.g.,  Davies  and  Balachandran,  1996)  and  micro-machining  of  alloy 
steels  (e.g.,  Moriwaki,  Shamoto,  and  Eguchi,  1996).  In  these  applications, 
the  cutting  forces  can  take  the  form  of  impact  forces.  A  good  understanding 
of  the  dynamics  of  the  impacted  structure  may  help  in  controlling  the  work- 
piece  and/or  tool  motions  to  achieve  a  good  surface  finish.  The  features  of 
the  responses  observed  during  half-sine  excitations  may  be  important  for 
cases  where  one  carries  out  a  low-immersion  cut  on  a  thin-walled  structure 
by  using  a  cutter  with  two  identical  flutes.  Grazing  impacts  may  also  be 
useful  in  these  cases.  Furthermore,  nonlinear  interactions  (e.g.,  Balachan¬ 
dran  and  Nayfeh,  1991)  need  to  be  considered  when  milling  or  cutting  thin 
plate-like  elastic  structures. 
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Abstract 

Ideas  from  graph  theory  are  used  to  systematically  uncover  all  possible  periodic  orbits 
in  piecewise  continuous  mechanical  systems  of  arbitrary  dimension.  The  method  is 
illustrated  by  its  application  to  one  low  dimensional  system  (a  confined  rocking  block) 
and  to  one  high  dimensional  system  (a  heat  exchanger).  In  the  latter  case  the  number 
of  possible  periodic  orbits  is  shown  to  be  a  Fibonacci  sequence  in  the  system 
dimension. 


1.  Introduction 

The  systems  considered  in  this  paper  can  be  described  by  sets  of  ordinary  differential 
equations  of  the  form 


^  =  fix,t,p)  (1) 

at 

where  is  a  real  vector,  t  is  time,  p  is  a  real  parameter  vector.  The  real  function 
/  is  piecewise  continuous,  that  is,  the  phase  space  is  divided  into  several  adjacent 
regions,  in  each  of  which  /  has  a  different  continuous  form. 

Systems  such  as  these  are  studied  in  a  variety  of  different  areas  of  practical 
importance  such  as  impact  osciUators  (Shaw  &  Holmes  1983),  earthquake  engineering 
(Housner  1963,  Hogan  1989, 1992, 1994)  and  structural  engineering  (Doole  &  Hogan 
1996).  The  theoretical  approaches  have  been  analytical  (especially  if  /  is  linear  in 


each  of  its  regions),  numerical  or  more  usually  a  combination  of  both.  Chaotic 
solutions  have  been  found  for  certain  functions  /  over  ranges  of  values  of  /? .  In 
addition,  bifurcations  between  different  solutions  have  been  found.  Not  only  are 
classical  bifurcations  possible  but  also  a  new  type  of  bifurcation  is  seen  when  part  of 
the  system  trajectory  becomes  tangent  to  a  boundary'  that  separates  the  different 
functional  forms  of  /  (e.  g.  Feigin  1970,  Nordmark  1991).  Path  following  computer 
codes  can  be  used  to  follow  these  bifurcations  (Doole  &  Hogan  1996), 

In  this  paper  we  present  a  method  for  finding  all  possible  periodic  responses 
in  piecewise  continuous  systems  of  arbitrary  dimension  which  will  always  produce  the 
full  set  of  possible  periodic  solutions,  even  if  this  is  extensive. 


2.  General  Overview 

A  piecewise  continuous  system  consists  of  several  connected  regions  of  phase  space. 
During  its  evolution,  a  system  trajectory  may  encounter  a  border  between  two  regions, 
where  it  may  alter  one  or  more  of  its  state  vector  values  discontinuously.  Subsequent 
evolution  in  the  neighbouring  region  may  occur  with  different  dynamics  until  another 
border  is  reached. 

Exactly  how  many  different  types  of  periodic  solution  are  possible  in  a  given 
piecewise  continuous  system  and  how  can  they  be  found?  Any  practical  method  would 
have  to  be  both  systematic  and  generalisable  to  more  complicated  problems  of  higher 
dimension.  We  now  provide  such  a  method,  based  on  graph  theory,  which  can  fully 
answer  both  questions. 

The  main  ideas  of  this  paper  are  that: 

1)  the  phase  space  borders  of  a  piecewise  continuous  mechanical  system  can 
be  inteipreted  as  vertices  of  a  directed  graph  of  the  system, 

2)  the  phase  space  trajectory  between  two  borders  is  then  an  edge  of  the  graph 
between  corresponding  vertices, 

3)  the  direction  along  an  edge  corresponds  to  increasing  time, 

4)  a  (proper)  circuit  of  the  graph  (that  is,  starting  at  one  point,  visiting  one  or 
more  vertices  by  traversing  edges  in  the  direction  of  increasing  time,  and  then 
returning  to  the  starting  point)  corresponds  to  a  periodic  orbit  of  the  underlying 
piecewise  continuous  system. 

In  the  next  section,  we  give  a  few  brief  graph  theory  preliminaries  before 
illustrating  the  method  on  two  different  problems. 


3.  Graph  theory  preliminaries. 


Following  Biggs,  Lloyd  &  Wilson  (1976),  a  graph  G  =  (V,  E)  is  a  collection  of  vertices 

V={A,  and  edges  E={fl,  b . ,h];  see  for  example  Figure  4.  An  edge  a  is 

incident  with  a  vertex  A  if  A  is  one  of  the  ends  of  a.  A  path  from  (say)  A  to  D  is  a 
sequence  (say)  AaBbCdD  of  alternating  vertices  and  edges.  If  the  initial  and  final 
vertices  are  the  same,  then  the  path  is  said  to  be  a  circuit  of  the  graph.  Circuits  are 
crucial  in  this  work  as  they  are  possible  candidates  for  periodic  orbits  of  the  underlying 
piecewise  continuous  mechanical  system,  although  we  shall  soon  see  that  not  all 
circuits  can  be  periodic  orbits.  Our  starting  point  is  a  well-known  result  from  graph 
theory,  that  any  circuit  of  a  graph  may  be  expressed  as  a  combination  of  fundamental 
circuits  of  the  graph  (Biggs  et  al.  1976,  Ch.  8).  Circuits  are  independent  if  none  of 
them  can  be  expressed  as  the  sum  of  any  others.  A  maximal  set  of  independent  circuits 
is  a  set  of  fundamental  circuits  of  the  graph.  Kirchhoff  (1847)  proved  that  any 
connected  graph  with  Ny  vertices  and  N*  edges  has  exactly  (N^  -  Ny  +  1)  fundamental 
circuits.  Veblen  (1922)  showed  how  to  construct  these  circuits. 


4.  A  low  dimensional  system. 

In  this  section  we  consider  the  confined  rocking  block.  This  problem  has  been  treated 
at  length  in  Hogan  (1994).  The  physical  situation  is  illustrated  in  Figure  1.  The  block 
is  mounted  on  a  horizontal  surface  which  is  sufficiently  rough  to  prevent  sliding.  When 
subject  to  a  horizontal  excitation,  the  block  may  rotate  about  O  and  O’  and  can  impact 
the  floor  or  either  rigid  wall.  In  suitably  scaled  co-ordinates  the  equations  of  motion 
can  be  written  in  the  form 


,  dX  y  X 

-^  +  k  —  -x  +  \  =  F{t)  {0<x<s)  (2) 

at  at 

,  dX  y  X  , 

-^  +  k—-x-l  =  F(t)  (-s<x<0)  (3) 

at  at 

Here  x(t)  is  the  scaled  angle  of  rotation  of  the  block,  s  is  the  angular  distance  of  the 
block  from  the  wall,  ^  is  a  damping  coefficient  and  F(t)  is  the  forcing.  Clearly  this 
is  in  the  form  of  equation  (1)  above  and  is  hence  a  piecewise  continuous  system.  The 
connected  regions  are  the  two  sides  of  the  phase  plane;  (— J  <  a:  <  0)  and 

(0  <  a;  <  5)  .  The  borders  are  the  boundary  a;  =  0  (the  floor)  and  JC  =  (the 

walls),  where  energy  is  lost  via  impact  rules,  whose  exact  nature  shall  not  concern  us 
here. 


As  indicated  earlier,  our  first  step  is  to  reduce  the  phase  plane  and  its 
trajectories  to  a  graph.  We  choose  four  vertices  A,  B,  C  and  D  as  defined  in  Figure  2a 
and  place  them  on  our  graph  as  shown  in  Figure  2b.  [The  origin  x  =  y  =  0  is  highly 
singular:  the  only  possible  periodic  orbit  containing  it  is  the  trivial  one.] 

Our  next  step  is  to  visit  each  vertex  in  the  phase  plane  and  examine  where  the 
system  can  evolve  to  from  that  vertex.  This  is  illustrated  in  the  phase  plane  in  Figure  3. 
The  full  graph  Gi  for  the  confined  rocking  block  is  shown  in  Figure  4.  Gi  has  exactly 
five  fundamental  circuits.  We  now  use  Veblen’s  (1922)  method  to  find  these  circuits 
(see  Hogan  &  Homer  1997  for  full  details).  The  results  are  shown  in  Figure  5.  Any 
circuit  in  Gi  (and  hence  any  periodic  orbit  of  the  underlying  mechanical  system)  can  be 
constructed  from  a  suitable  combination  of  F1-F5.  However  we  can  not  interpret  all  the 
fundamental  circuits  themselves  as  periodic  orbits.  Instead  we  find  a  set  of  physically 
realisable  circuits  shown,  as  both  graph  and  corresponding  phase  plane 
representations,  in  Figure  6.  These  physical  circuits  do  correspond  to  possible  periodic 
orbits  of  the  mechanical  system.  P2  has  already  been  observed  in  Hogan  (1994).  PI  & 
P5  are  very  similar  to  those  analysed  in  Hogan  (1992)  and  P4  was  originally  analysed 
in  Hogan  (1989).  P3  and  P6  have  not  been  seen  before.  The  deliberate  lack  of  precision 
in  defining  vertices  A  -  D  can  now  be  exploited  to  find  other  orbits  in  the  system  by 
simple  composition  of  PI  *  P6.  For  example  a  period-doubled  P2  orbit  is  P2  *f  P2. 


5.  A  high  dimensional  system. 

In  this  section  we  consider  a  heat  exchanger,  illustrated  in  Figure  7.  These  systems 
typically  consist  of  a  large  number  (around  200)  of  thin  pipes  contained  within  an 
overall  pressurised  vessel.  Hot  fluid  is  pumped  in  one  direction  through  the  thin  pipes, 
while  cool  fluid  passes  through  the  main  vessel  in  the  other  direction.  The  fluid  motion 
and  local  boiling  cause  the  thin  pipes  to  vibrate  and  impact  both  each  other  and  the 
fixed  spacers,  leading  to  wear  both  along  pipe  lengths  and  around  pipe  circumferences. 
If  allowed  to  proceed  unchecked,  pipework  will  fail  and  expensive  plant  shut-down  will 
follow. 


The  vibrating  pipes  may  be  modelled  most  simply  by  a  ‘bouncing  ball’  system 
(similar  to  Holmes  1982),  in  which  each  mass  oscillates  parallel  to  the  x  -  axis.  Their 
equilibrium  positions  are  spread  along  this  axis.  The  masses  can  only  impact  nearest 
neighbours  (see  Figure  8).  The  displacement  of  the  ;th  mass  is  x/t). 

The  phase  space  diagram  for  particle  j  is  shown  in  Figure  9.  A’  represents 
impact  with  pipe  (j-l)  and  B’  represents  impact  with  pipe  C/+1).  No  symmetry  of  A’ 
and  B’  about  the  vertical  axis  is  assumed.  The  graph  G  2  for  each  pipe,  as  shown  in 
Figure  10  for  pipe  j.  G2  has  three  fundamental  circuits  labelled  p,  q,  r  shown  in  Figure 
11.  All  of  them  arc  physically  realisable. 


We  now  proceed  to  enumerate  the  simplest  possible  periodic  orbits .  Let  np(j) 
be  the  number  of  configurations  in  which  pipe  j  has  motion  type  p  (similarly  n,(/)  and 
nr(j)).  Then: 


n?0')  =  n,(/-l)  +  n,0-l)  (5) 

n»0’)  =  n,(/-l)  +  n,0-l)  (6) 

n^O^n^O-l)  (7) 

Now  let  the  total  number  of  configurations  in  a  system  with  m  pipes  be  N(m).  Then 

N(m)  =  n;,(m)  +  n,(m)  +  n^m)  (8) 

Since  n^(l)  =  n,(l)  =  n,(l)  =  1,  we  find  from  equations  (5)  -  (8)  that 

N(l)  =  3,  N(2)  =  5,  N0+l)  =  N(/)  +  N(/-l)  (9) 

Hence  N(m)  is  a  Fibonacci  sequence  i.e.  N(3)  =  8,  N(4)  =  13,  N(5)  =  21,  N(6)  =34  etc. 


The  case  m  =  3  is  shown  in  Figure  12.  With  a  few  extra  assumptions,  it  is 
possible  to  make  progress  on  the  problem  of  wear  estimation  in  the  heat  exchanger.  If 
each  solution  is  equally  likely  to  occur  then,  from  Figure  12,  we  can  see  that  the  pipe  in 
the  middle  sustains  the  most  impacts  (twelve  in  all),  whereas  its  neighbours  only 
endure  eleven  each  and  each  wall  is  hit  only  five  times.  Hence  the  site  of  most  likely 
wear  is  the  central  pipe  and  the  time  when  failure  is  likely  to  occur  can  be  estimated 
from  the  total  number  of  impacts  over  a  given  time  (assuming  for  example  that  it  is 
known  how  many  impacts  cause  failure).  Even  if,  as  is  likely,  each  solution  were  not 
equally  likely  and  impact  wear  were  a  function  of  impact  velocity,  then  estimates  can 
still  be  made  with  suitable  weightings  given  to  the  solutions  concerned. 


6.  Discussion 

In  this  paper  we  have  provided  a  method  to  find  all  possible  periodic  orbits  in  a 
piecewise  continuous  system.  The  strength  of  the  method  is  that  it  can  be  used  on  any 
system  of  whatever  size.  It  will  always  produce  all  the  periodic  orbits  of  a  given 
topology  and  define  the  different  types  of  mathematical  problem  which  have  to  be 
solved.  Even  in  a  well  studied  problem  with  a  low  number  of  dimensions  such  as  the 
confined  rocking  block,  the  method  revealed  solutions  unknown  to  date.  But  it  is  in  the 
area  of  high  dimensional  systems  that  we  feel  that  method  will  prove  indispensable. 
Not  only  can  the  method  enumerate  the  orbits  as  we  have  already  seen,  but  the 
different  types  of  mathematical  problem  to  be  solved  are  now  clear. 
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Figure  Legends 

Figure  1.  Sketch  of  confined  rocking  block 

Figure  2.  a)  Definition  of  phase  plane  regions  A,  B,  C  and  D.  b)  A,  B,  C  and  D  as  vertices  of  a  graph. 
Figure  3.  Possible  trajectories  of  confined  rocking  block. 

Figure  4.  Graph  Gj  of  confined  rocking  block. 

Figure  5.  Fundamental  circuits  Fl  -  F5 

Figure  6.  Physically  realisable  fundamental  circuitsand  their  phase  plane  representations  PI  -  P6. 
Figure  7.  Sketch  of  heat  exchanger. 

Figure  8.  Simple  one  space  dimensional  model  of  heat  exchanger. 

Figure  9.  Possible  trajectories  in  phase  plane  of  pipg  in  heat  exchanger. 

Figure  10.  Graph  G2  of  pipe  j  in  heat  exchanger. 

Figure  11.  Fundamental  circuits/?,  q  and  r  of  Gj. 

Figure  12.  The  eight  simple  periodic  orbits  in  a  three  pipe  heat  exchanger. 
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1.  Introduction  . . 

(a) 

The  impact  oscillator  is  one  of  ' 
the  simplest  mechanical  systems  ^ 
with  the  strong  nonlinearity 
(Fig.  1(a)),  which  is  caused  by  a 
sudden  change  of  stiffness 
during  the  contact  of  impacting 
bodies.  When  the  time  duration 
of  the  impact  can  be  assumed 
negligibly  short,  then  the 
Newton  elementary  theory  of 
impact  is  used  for  the  investigation  of  the  system  cfynamics.  This  problem  was 
investigated  from  many  points  of  view.  The  paper  introAices  a  short  review  of  results 
and  concentrates  on  the  explaining  the  substance  of  four  ways  from  periodic  to  chaotic 
impact  motions,  especially  on  the  interrupted  Feigenbaum  cascade  and  the  interrupted 
development  of  the  saddle-node  instability. 

The  history  of  the  investigation  of  this  system  behaviour  has  been  beginning  since 
the  middle  of  this  century  (e.g.  Rusakov  and  Kharkhevich  1942)  and  it  continued  by 
theoretical  analyses  (e.g.  Bespalova  1956),  experiments  (e.g.  Sachse  and  Reum  1965) 
and  analogue  simulations  (e.g.  Irie  et  al.,  1974  or  Peterka  1974b).  The  comprehensive 
review  of  the  obtained  results  is  published  in  the  series  of  six  papers  Laws  of  Impact 
Motion  of  Mechanical  System  with  One  Degree  of  Freedom  (Peterka  1974a,b), 
(Peterka  and  Vacik  1981),  (Kotera  and  Peterka  1981),  (Peterka  and  Kotera  1982)  and 
(Kotera  and  Peterka  1984).  Papers  appeared  in  sixties  and  seventies  are  reviewed  in 
(Peterka  1981). 

The  second  wave  of  the  interest  in  impact  oscillators  appeared  from  eighties  in 
connection  with  the  theory  of  bifurcations  and  with  the  application  of  numerical 
simulations  (e.g.  Shaw  and  Holmes  1983  or  Nordmark  1991).  New  results  obtained  in 
the  Institute  of  Thermomechanics  were  published  in  (Peterka  and  Cipera  1994), 
(Peterka  1996),  (Peterka  and  Kotera  1996)  and  (Peterka  and  Szollos  1997). 

The  response  of  this  system  on  the  periodic  excitation  is  very  heterogeneous.  The 
simple  periodic  impact  motions  (Fig.  1(b))  have  been  solved  theoretically  for  the  system 
without  the  viscous  damping  d  (Fig.  1(a)).  The  influence  of  the  viscous  and  dry  friction 
is  investigated  in  (Peterka  1981). 
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The  investigation  of  the  periodic  impact  motion  requires  the  stability  and  existence 
analysis.  Regions  of  existence  and  stability  of  periodic  impact  motions  in  the  space  of 
system  parameters  result  from  such  analysis.  Regions  arc  surrounded  hy  the  boundaries 
which  correspond  to  the  saddle-node  (SN),  period-doubling  (PD)  and  grazing  (G) 
bifurcations. 

All  these  problems  arc  explained  in  more  detail  in  mentioned  recent  publications. 


2.  Short  Outline  of  the  Theoretical  Analysis 


The  impact  oscillator  is  composed  from  an  elastically  suspended  mass  w,  which  is 
excited  b>'  the  harmonic  force.  The  mass  fn  impacts  against  the  rigid  stop  with 
coefficient  of  restitution  R.  A  clearance  r  is  the  distance  of  the  rigid  stop  from  the  mass 
static  position.  It  is  assumed  that  the  bcfore-impact  velocity  x-  changes  suddenly  into 
the  after-impact  velocity  x+  according  to  relation 

x^  =  -Rx-.  (1) 


The  equation  of  the  mass  impactless  motion  has  the  form 

/;;x  +  dr  +  cx  =  FoCOS  (cor  +  cp)  ,  (2) 

where  d  -  coefficient  of  viscous  damping,  c  -  spring  stiffness,  o  -  excitation 
frequcnc)  ,  cp  -  phase  of  excitation  force  at  the  instant  of  impact. 

One  group  of  periodic  motions  \rith  one  impact,  which  repeats  after 
periods  7-27T/C0  is  characterized  by  Fig.  1(b).  The  stability  of  periodic  impact  motion  is 
analyzed  hy  the  difference  method.  The  periodic  state  of  the  sj’stem  at  the  impact  is 
perturbed  by  differences  Aix+,  Aicp.  The  motion  stability  is  determined  by  the 
development  of  differences  A2X+ ,  A 29  at  the  nexl  impact.  The  relation  between 
successive  differences  is  assumed  in  the  form 

A2-PA1,  (3) 

w'herc  p  is  the  function  of  s>'stem  parameters.  The  stability  condition  of  the 
periodic  impact  motion  is  expressed  b>'  the  relation  |P1<1.  Stability  conditions  and 
stability  boundaries  was  derived  for  the  assumed  group  of  impact  motions  in  the 
explicit  form 

5_i  <  -r  sign(F)  <  5+1  ,  (4) 


where  F  =  rclFo  -  relative  clearance,  s„  -  SN  stability  boundaiy^  (P-1) 

and  s.i  -  PD  stability  boundar>'  (p=  -1). 
Stability  boundaries  are  following  functions  of  the  s>'stcm  parameters: 

^+i=<goVl+A:S  5-i=go-p=== 
where  go  -  l/jl  ;  ft  =  \  ^  “  /c/w  ; 


2(1+/?^) 


(1  -./?)^sin^7t«/ri 


(5) 


A  similar  analysis  was  used  for  motions  wth  two  impacts  per  n  excitation  periods  7 
(Kotcra  and  Peterka  1981).  The  stability  function  (in  the  sense  of  mentioned  function 
p)  xvas  named  y.  Results  of  this  important  analysis,  which  was  accomplished  by 
Tadashi  Kotera  (Fukui  University,  Japan),  will  be  used  also  in  this  paper. 
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3.  Classification  of  Periodic  Impact  Motions 

Impact  motions  can  be  classified  by  the  quantity  z  =  pin,  where  p  denotes  the  nmter 
of  impacts  in  the  motion  period  and  n  is  the  numter  of  excitation  pen^  T  m  the 
motion  period.  The  fundamental  group  is  characterized  by  «  -  1  and  p  -  0,  1,  2,  ... 

(including  the  impactless  motion  p  =  0),  i.e.  z  =  0,  1,  2,  3, . ^ 

The  excitation  frequency  q  and  dimensionless  clearance  r  substantidly  influence 
the  type  of  the  system  motion,  so  the  stability  and  existence  regions  of  different  impact 
motions  are  presented  in  the  plane  (q,  r).  Summary  pictures  of  such  regions  received 
by  simulation  methods  are  shown  in  Fig.  2  for  R  -  0.6,  viscous  <^pi^ 
d  =  dlj^  =  0.1  and  the  harmonic  and  rectangular  excitation.  Regions  are  defined  by 
the  stability  boundaries  s  (PD  and  SN  bifurcations)  and  1^  existence  boun^ries  g  (G 
bifurcation).  Boundaries  s,  g  mutually  intersect  and  create  two  of  transtition 
regions:  hysteresis  regions  (black  regions  in  Fig.  2),  where  both  neighbour  z  and^+1 
motions  can  exist  and  they  are  stable  and  beat  motion  regions  (white  region  in  Fig.  2), 
where  neither  of  neighbour  motions  can  exist  and  is  stable  and  then  subhamomc  or 
chaotic  impact  motions  appear  (n>l).  These  motions  also  exhibit  the  hyrteresis  into  ^ 
region  of  the  fundamental  group  of  impact  motions  (see  dashed  boundaries  of  z- 1/2 
motion  regions  in  the  frequency  interval  2<q<3),  especially  for  small  viscous  damping. 

This  law  of  impact  motions  has  the  general  character.  It  was  aswrtained  for 
different  types  of  the  periodic  excitation  and  for  different  types  of  Ae  motion  damping 
(plastic  and  elastoplastic  impacts  or  viscous  and  dry  friction  of  the  impactless  motion). 


Figure  2.  Regions  of  existence  and  sUbility  of  periodic  motions  for  two  types  of  the  periodic  excHation 
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Figure  3.  Periodic  and  chaotic  impact  motions  in  the  heat  motion  region 
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Figure  4.  Regions  of  chaotic  motions  and  the  classification  of  their  boundaries 
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4.  Regions  of  Subharmonic  and  Chaotic  Motions  inside  the  Beat  Motion  Region 

The  structure  of  regions  of  periodic  and  chaotic  impact  motions  in  one  beat  motion 
region  between  impactless  (z^)  and  z=l  impact  motion  is  shown  in  Fig.  3,  which  is  the 
detail  (a)  of  Fig.2.  Fig.3  corresponds  to  the  system  without  the  viscous  damping  (rf=  0). 

Regions  of  periodic  and  chaotic  motions  are  oblique  or  vertically  and  horizontally 
hatched,  respectively.  Every  region  is  characterized  by  the  value  of  quantity  z.  The 
groups  of  theoretically  solved  motions  z=l/n  (Peterka  1974a,b)  andz=2//2  (Kotera  and 
Peterka  1981)  are  indicated  by  series  z=l,  1/2,  1/3,  1/4,  1/5  andz=2,  2/2,  2/3,  2/4,  2/5. 
Regions  z=l/n  are  limited  from  above  by  stability  boundaries  s+j,  and  from  below  by 
existence  boundaries  g^,  ^3,  ..  .  Existence  boundaries  g  correspond  to  the  grazing 

bifurcation,  when  the  existence  condition  x  <  r  (Fig.  1(b))  of  the  assumed  periodic 
motion  begins  to  be  not  met  in  the  time  interval  nT  between  successive  impacts. 
Boundaries  g  were  ascertained  numerically.  Grazing  bifurcation  boundary  g^  (Fig.3)  of 
the  impactless  motion  (z=0)  is  expressed  analytically  (Eq.  (5)  for  the  harmonic 
excitation)  and  it  is  identical  with  the  amplitude-jfrequency  characteristics.  The 
impactless  motion  exists  over  the  boundaries  go  >  ^0),  but  impact  motions  can  exist 
also  over  the  boundary  go  in  hysteresis  regions  hatched  by  dashed  lines  in  Fig.3. 

5.  Ways  from  Periodic  into  Chaotic  Impact  Motions 

Horizontally  hatched  regions  of  chaotic  impact  motions  in  Fig.3  are  accented  hy  dark 
and  light  shadows  in  Fig.4.  Dark  regions  represent  hysteresis  regions  in  which 
periodic  motions  can  also  exist. 

Five  types  of  boundaries  of  chaotic  impact  motion  regions  are  distinguished 
graphically  (Fig.4).  Four  types  of  boundaries  correspond  to  four  different  ways  into  the 
chaos  from  periodic  motions  and  remaining  type  expresses  only  the  exit  from  the  chaos 
into  the  periodic  motion.  The  origins  of  different  ways  into  the  chaos  are  derived  from 
G,  PD  and  SN  bifurcations. 

5.1  FEIGENBAUM'S  PERIOD  DOUBLING  CASCADE 


This  way  exists  when  the  -5 
cascade  of  PD  is  not  interrupted 
by  the  G  bifurcation  (additional  x 
impacts  do  not  appear  during 
the  process  of  motion  period 
doubling),  i.e.  the  value  2 
remains  unchanged  (Fig.5,  0 

z=l/l,  2/2,  4/4,  8/8).  Such 
situation  appears  along 
boundaries  c  in  Fig.3  or  along 
dot-and-dashed  boundaries  in 
Fig.4  (see  the  boundary  of 
2=111  region,  passing  through 
points  V,  W  in  Figs.3,4).  The 
Feigenbaum  cascade  ends  and 


l.b  r  5.C 

Figure  5.  Bifurcation  diagrams  ' 

(along  the  line  i  in  Figs.3,4)  e3q)laining  two  ways  into  the  diaos: 
the  Feigenbaum  cascade  and  the  grazing  with  hysteresis 
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the  chaotic  motion  starts  without  a  hysteresis  on  these  toundancs.  The  behaviour  of 
the  system  motion  near  these  boundaries  is  shown  on  bifurcation  diagrams  in  Fig.  5, 
which  correspond  to  the  transit  through  the  region  z={Kl  m  4  along  line  r 

Similar  transitions  into  the  chaos  appear  on  boundanes  c  of  ^  2/3,  2/4,  2/5  imiw 
motions.  The  chaotic  motions  r=(Kl,  0^2/3,  (^2/4,  ..  inside  the  honzontally  hatched 
regions,  left  of  boundaries  cin  Fig.3,  are  characterized  by  the  appearance  of  additional 
impactless  loops  of  motion  in  some  periods  T,  so  the  quantitv  z  of  the  chaotic  motion 
decreases.  There  exist  also  windows  of  more  complex  pcnodic  impact  motions  in  these 
regions,  e  g.  motion  z=4/5  or  z=3/5  in  Fig  5. 

5.2  GRAZING  BIFURCATION  WITH  HYSTERESIS 

The  grazing  is  characterized  by  the  appearance  of  a  new  contact  (the  iin^ct  with  zero 
before-impact  velocity)  in  the  motion  period.  Such  motion  is  never  stable,  except  the 
singular  points  (Peterka  and  Kotera  1996),  and  the  motion  of  the  s>stcm  jumps  cither 
inwards  a  stable  periodic  impact  motion  region  or  inwards  a  region  of  chaoUc 
(see  segments  of  grazing  bifurcation  boundaries  go-  g,.  gv  gs  motions  ^-  0;  1/3;  1  /4, 
1/5  in  Fig.3  or  circled  segments  in  Fig.4).  These 

hatched  or  shadowed  regions  of  chaotic  motions  r  -  b^2;  (HI;  H-2^,  ^2/4  u-z/a, 
l/2-^-l;  1/3-1-1;  l/4-^-l  (see  also  points  U  on  line  /  in  Figs. 3,4  and  point  L  on  line  /  in 
Figs.6,8).  This  transition  increases  the  value  z  of  the  sv  stem  motion  and  it  exhibits  the 
significant  hysteresis  (e  g.  intervals  U-IV.  U-V  inFigs.3-5). 

The  characteristic  feature  of  two  remaining  ways  into  the  chaos  is  the  existence  of 
additional  impacts,  which  appear  during  the  development  of  the  Fcigcnbaum  casca^ 
and  during  transition  process  after  the  saddle-node  instability.  Both  ways  will  be 
explained  using  Fig.6  and  bifuraction  diagrams  along  line  /,  which  crosses  all  t>^s  of 
bifurcation  boundaries  (grazing  in  points  L.  P,  period-doubling  in  point  N  an 
saddle-node  in  points  K,  M  in  Fig.6). 

5.3  THE  INTERRUPTED  FEIGENBAUM  CASCADE 

This  way  appears  in  subharmonic  impact  motions  (e  g.  z=lln,  z^Vn)  and  other  types  of 
periodic  impact  motion,  which  contain  the  impactless  loop  of  the  motion  phase 
trajectory'  (e  g.  2=1/2  motion;  see  point  a  on  line  /  in  Fig.  6  and  phase  trajectoty  in 
Fig  7(a)).  This  motion  splits  (Fig.7(b))  on  the  PD  bifurcation  boundary  (point  N  m 
Fig  6  on  the  dashed  boundary  5_,  ;  point  N  in  bifurcation  diagram  Fig.8)).  The 
increasing  of  the  splitting  is  interrupted  in  point  P  (Fig.6).  where  the  impactless  loop 
with  extreme  3b  (Fig.7(b))  of  the  2=2/4  motion  begins  to  touch  the  stop  and  the  chaotic 
motion  appears  due  to  additional  impacts  (lower  part  of  Fig  8).  Its  phase  trajectones 
fill  in  the  dark  area  in  phase  plane  (Fig. 7(c)).  When  additional  impacts  arc  avoided 
and  impactless  loops  of  the  impact  motion  can  penetrate  the  rigid  stop  (sec  trajectory 

z=2/4  with  extreme  5/)  in  Fig.7(c)),  then  the  PD  cascade  can  be  accomplished. 

It  follows  from  the  simulation  (Fig.8)  and  theoretical  (Fig  9(a))  analysis  that 
velocities  x-  of  the  stable  splitted  motion  arc  higher  than  vclocititcs  of  the  unstable 
nonsplitted  motion.  It  is  valid  also  for  the  cnerg)’  losses 

E.=  ^(l-i?->i' 


(6) 
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caused  by  impacts  in  splitted  and  nonsplitted  regime  (bifurcation  characteristics 
between  points  N,  P  in  Figs.8,9).  This  is  important  phenomenon  which  eiqilains  the 
substance  of  this  way  into  the  chaos  and  it  is  documented  by  Fig.  10.  It  shows  the 
results  of  the  evaluation  of  extremes  x,  of  the  body  motion  and  before-impact  velocities 
X-  during  540  periods  T.  Extremes  1,  2,  3  correspond  to  the  unstable  nonsplitted 
motion  (as  in  Fig.7(a))  and  therefore  its  splitting  grows  up  to  the  appearance  of  a  new 
additional  impact  in  tiie  loop  with  extreme  3b.  The  additional  impacts  (thick  points  in 
Fig.  10)  take  away  suddenly  parts  of  kinetic  energy  (6),  w-hich  cau^s  the  suppression  of 
the  splitting.  The  system  is  permanently  in  the  transition  regimes  of  the  splitting 
increase  and  suppression,  due  to  additional  impacts.  The  instants  and  intensities  of 
additional  impacts  are  unpredictable  and  the  response  of  this  deterministic  qrstem  is 
chaotic  with  the  intermittency  character.  The  presence  of  the  grazing  bifurcation  in 
this  way  increases  the  value  z ,  but  the  chaotic  motion  does  not  exhibit  the  hysteresis. 
This  third  way  into  the  chaos  appears  along  boundaries  with  squares  in  Fig.4. 

5.4  INTERRUPTION  OF  THE  SADDLE-NODE  INSTABILITY  DEVELOPMENT 

Fourth  way  into  the  chaos  was  ascertained  3.7 
on  the  boundaries  s+i  limitting  the  lower 
part  of  regions  r=2/3,  2/4,  2/5,  ...  f 
(vertically  hatched  regions  in  Fig.3;  see 
also  the  boundary  passing  through 
points  OM,Q  in  Fig-6  and  boundaries 
with  crosses  in  Fig.4).  Simulation  and 
theoretical  bifurcation  diagrams  along 
line  /  in  Fig.6  are  shown  in  Fig.8  and 
Fig.9(b),  respectively. 

The  SN  bifurcations  appear  on  both 
boundaries  (going  through  points  M,  K 
in  Fig.6)  of  the  z  =2/3  motion,  when  the 
stability  function  crosses  the  value  +1 
(Fig.9^)).  A  jumps  from  imstable  2=2/3 
motion  (Fig.  11  (a))  into  z=l/3  motion 
(Fig.  11(c))  should  appear  in  points  M,  K 
(Figs.8,  9(b)),  but  only  the  jump  in  point 
K  can  physically  realized  under 

assumed  conditions  of  the  impact  motion.  ^  ^ 


Figure  7.  Explanation  of  the  intarupted  Feigenbaum  cascade  -  third  way  into  the  chaos 
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The  z=2/3  inipwcl  motion 
near  points  A/,  K  is  described 
Fig. 9(b).  Approaching  to 
point  K  the  before-impact 
velocity  {x  )2  of  the  wc^er 
impact  decreases  up  to  the 
extinguishment  and  the 
velocity  (x-)i  of  the  stronger 
impact  increases  on  the  value 
of  r=l/3  motion  (Fig. 8).  On 
the  contrar)',  approaching  to 
point  M  the  weaker  impact, 
indicated  P  in  Fig.  11  (a), 

strengenths  (point  in 

Figure  8.  Bifurcation  diagrams  along  line  /  in  Fig  6  Fig. 9(b))  and  the  Stronger 


Figure  9.  Theoretical  rcsiiHs  describing  the  periodic  (n  2)  and  (n  3,  4)  impact  motions  and 
their  stability  (p)  and  (y)  near  interrupted  PD  cascade  (a)  and  SN  instability  (b),  along  line  /  in  Fig.6 


-5 

0 


impact  indicated  a  weakens  and 
vanishes.  The  sudden  disappear¬ 
ance  of  the  stronger  impact  causes 
the  increase  of  the  impactless  loop 
extreme  (point  4  in  Fig.  11(a)).  An 
additional  impact,  but  not  of  the 
5  grazing  character^  will  appear 
X-and  the  s>'stem  motion  transits 
into  the  chaos  (Figs.  8,  11(b))  of 
0  the  intermittcnc)'  character  Fig. 
12(a)).  Additional  impacts  return 


Figure  10.  Explanation  of  interruf^ed  PD  cascade 


more  or  or  less  the  motion  into 
the  state  of  the  unstable  z^2f3 


impact  motion  (Fig.  12(a)).  When  additional  impacts  arc  omitted,  e  g.  by  the  rcpcat^ly 
increasing  clearance  r  about  the  difference  Ar  (Fig.  13),  then  the  jump  from  z=2/3  into 
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Figure  12.  Development  of  the  saddle-node  instability  up  to  the  chaos  -  intermittency  (a) 
and  up  to  the  periodic  2=1/3  motion  (b),  when  additional  inpacts  are  omitt^ 


z=l/3  motion  can  be  realized 
(Figs.  11(c),  12(b))  after  the  omission  of 
only  two  addititonal  impacts  (Fig.  13). 

Fig.  13  shows  the  extinguishment 
of  stonger  impact  a  of  the  unstable 
z=2/3  motion.  Formerly  lower 
before-impact  velocity  P  of  z=2/3 
motion  stabilizes  on  the  value  P  of 
z=l/3  motion  (Figs.  11  (a), (c),  12(b), 
13).  It  follows  from  Fig.  12(a),  that  the 
energy  level  (6)  of  the  intermittency 
chaos  remains  the  same  as  for  2=2/3 
motion,  but  the  energy  level  of  2=1/3 
motion  (Fig.  12(b))  is  about  1.8  times 
higher  than  of  unstable  2=2/3  motion. 


Figure  13.  Transition  fromz=2/3  into  2=1/3  motion, 
when  additional  inpacts  are  omitted 


Additional  impacts  play  a  similar  role 

as  in  the  interrupted  Feigenbaum  cascade.  They  take  away  suddenly  parts  of  kinetic 
energy  and  return  the  system  motion  more  or  less  into  the  state  on  the  SN  bifiircation 
boundaiy  (s+, ).  This  state  is  imstable  and  the  system  is  permanently  in  the  development 
of  SN  instability  and  the  recover  into  the  state  in  the  beginning  of  the  SN  instability. 
The  instants  and  intensities  of  additional  impacts  are  impredictable  and  the  response  of 


this  system  is  chaotic  with  the  intermittency  character. 

Boundaries  between  periodic  2=2/«  impact  motions  and  the  intermittencies  are  very 


sharp  and  without  the  hysteresis. 
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6.  Conclusion 

The  laws  of  periodic  and  chaotic  impact  motions  arc  briefly  explained  using  the 
regions  of  existence  and  stabilit)',  bifurcation  diagrams  and  motion  trajectories.  Four 
ways  from  periodic  into  chaotic  impact  motions  arc  classified.  The  substance  of  two 
ways:  a)  Interruption  of  the  Feigenbaum  cascade  and 

b)  Interruption  of  the  saddle-node  instability  development, 
caused  by  the  additional  impacts,  are  discovered.  Additional  impacts  act,  during  the 
development  of  period-doubling  and  saddle-node  instability,  against  the  transition  of 
the  system  impact  motion  on  the  periodic  regime  with  higher  cncrg>^  level  and  they 
keep  the  s>^stem  motion  in  the  chaotic  transition  effects  of  the  intcrmittcncy  character. 
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1.  Introduction 

During  the  past  decade  nonsmooth  dynamical  systems  have  become  increasingly 
important  in  engineering  and  other  applied  sciences  as  nonsmooth  effects  are  genuinely 
taken  into  account  and  are  no  longer  smoothed  out.  Due  to  the  lack  of  smoothness 
classical  mathematical  methods  are  applicable  only  to  a  limited  amount  and  require 
extensions  both  for  analytical  and  numerical  methods.  In  the  present  paper  the  dynamics 
of  nonsmooth  oscillators  with  impact  and  friction  are  investigated  numerically  and  by 
experiments. 

Impact  oscillators  or  related  oscillators  with  piecewise  linear  restoring  forces.  They  arise 
naturally  in  many  applications  such  as  impact  print  hammers,  gear  boxes  and  heat 
exchangers.  In  these  examples  the  primary  problems  caused  by  the  sucessive  impacts  are 
noise  and  wear. 

Friction  oscillators  appear  in  everyday  life  as  well  as  in  engineering  systems.  Examples 
are  bowed  instruments,  squealing  wheels  of  tramways  in  narrow  curves  or  grating 
brakes.  In  these  examples  self-sustained  oscillations  occur  due  to  dry  friction.  In  many 
engineering  applications  stick-slip  vibrations  are  undesired  and  should  be  avoided  since 
they  debase  precision  of  motion  and  safty  of  operation  or  create  noise  and  wear. 

Since  impact  and  friction  oscillators  are  nonlinear  systems  of  sufficient  complexity,  also 
chaotic  motions  occur  besides  of  regular  behaviour.  The  bifurcational  behaviour  found 
numerically  will  be  compared  to  experimental  results  in  the  present  paper.  In  case  of  the 
friction  oscillator,  an  extension  of  the  model  is  necessary  to  fit  the  numerical  simulations 
to  experimental  data. 


2,  Systems  investigated 
2.1.  MODELS 

The  mechanical  models  used  for  the  impact  and  friction  oscillator  are  shown  in  Fig.  1. 
Both  systems  are  described  by  mass  m,  damping  b,  spring  stiffness  c,  dispalcement  of 
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mass  x(I),  eacmal  excitation  u(l)=u„  cos  Ot,  ratio  n  of  excitation  fcwcncy  to  eigen- 
frequcnc,  of  the  linear  system  and  the  norntalized  damping  D.bK2^ ).  The  system 
equation  in  normalized  form  is  given  by 


x”  +  2Dx’  +  X  =  Ff^-i  +  Uq  cos  Q-c, 


(1) 


For  the  impact  oscillator  during  the  free  flight  phase  the  nonlinear  forces  F^l  vanish. 
The  impact  with  the  obstacle  is  modeled  by  means  of  Newton's  impact  law  so  infinite 
forces  with  zero  duration  lead  to  a  sudden  change  of  the  velocity  before  (v )  and  after 
(V  )  the  impact.  Here  v^=  -e  v  holds,  where  e  is  the  coefficient  of  restitution. 

In  case  of  the  friction  oscillator  the  linear  oscillator  is  driven  by  a  belt  moving  wi 
constant  velocity  Vq.  In  the  slip  mode  the  nonlinear  force  F^,  depends  on  friction 
coefficient  \i  and  the  normal  force  F^,  Ffji=  ItfVg’^O)  F^/c.  during  t  c  s  ic  - 
Fn,=2Dx’+x-Uo  cos  tit  <  li(v -0)  ¥^lc  holds.  The  dependence  of  the  friction  coefficient 
on  the  relative  velocity  v  =v,-(q,x’  is  modeled  by  means  of  three  different  friction 
characteristics 


I;  lio=Ii(Vr^  0)-0.25,  II:  Po=0-4,  0)=0.25, 


and  III; 


1  +  l.42|vf 


+0.1+0.001  vf  . 


(2) 


For  friction  characteristic  I,  the  friction  coefficient  does  not  change  during  stick  and  sl|p 
mode  Friction  characteristic  II  is  the  well  known  friction  characteristic  of  Coulomb- 
Amontouns  and  friction  characteristic  III  is  a  spline  approximation  of  a  measured 
friction  characteristic,  cp.  [4]. 

2.2.  EXPERIMENTAL  SET-UP 

For  the  experimental  investigation  of  the  two  systems  a  test  stand  has  been  built.  Here, 
the  linear  oscillator  is  represented  by  a  rotational  pendulum  supported  by  two  spnn^s 
Fig  2Z))  The  rotational  degree  of  freedom  of  the  pendulum  and  its  translational 
Lgree  of  freedom  normal  to  the  plane  of  rotation  have  been 

bearings  providing  small  damping  (D<0.005).  The  harmonic  excitation  done  ^  means 
of  a  maonetic  excitation  force  F(t)  (Fig.  2(b))  instead  of  the  excitation  u(t)  for  the 


Figure  2.  Experimental  set-up:  (a)  linear  oscillator,  (b)  magnetic  excitation, 

(c)  impact  at  stop,  (d)  friction  contact. 

mechanical  model,  so  F(t)=cu(t)  holds.  For  the  realization  of  the  impact  oscillator  the 
pendulum  hits  a  sperical  stop  made  of  aluminum  (Fig.  2(c)).  In  case  of  the  friction 
oscillator  the  pendulum  is  pressed  towards  a  disk  by  dead  weights.  The  disk  is  driven 
with  constant  angular  velocity.  The  nonlinear  friction  and  normal  forces  are  measured 
directly  by  a  three  component  force  transducer  (Fig,  2(a),  (d)).  Displacement  and 
velocity  are  sensed  by  a  laser  vibrometer.  A  more  extended  description  of  the  test  stand 
is  given  in  Hinrichs  et  al.  [5]. 

3.  Numerical  and  experimental  investigation 
3.1.  IMPACT  OSCILLATOR 

For  the  impact  oscillator  two  different  phases  can  be  distinguished,  free  flight  and 
impact.  During  free  flight  the  motion  is  described  by  the  superposition  of  the 
homogeneous  and  the  particular  solution  of  the  linear  equation  of  motion.  During  the 
time  discrete  events  of  the  impacting  bodies  the  velocity  changes  its  sign  and  also  the 
absolute  value  in  case  of  e<l.  Figure  3(a)-(c)  show  different  types  of  experimentally 
measured  phase  trajectories,  where  the  velocity  of  the  pendulum,  scaled  in  [mm/s],  is 


Figure  3.  Different  types  of  motions  for  a=0.0,  (a)-(c)  Measuremnts,  (d)-(O  Simulations 
with  T|=3.0  (a,  d),  T|=2.76  (b,  e),  T|=2.9  (c,  0- 


shown  as  a  function  of  the  displacement  x,  scaled  in  [mm].  The  nonlinearity  results  in 
sudden  jumps  of  the  velocity.  Because  of  the  elasticity  of  the  pendulum  the  time  of  the 
impacts  does  not  vanish.  Large  impact  forces  also  lead  to  higher  mode  oscillations  of  the 
pendulum  immediately  after  the  impact.  The  identified  system  parameters  for  the  test 
stand  are  m=0.091  kg,  b=0.017  kg/s,  c=88.371  N/m  and  Uo=0.004  m.  The  coefficient  of 
restitution  e  is  measured  by  examining  the  velocity  changes  at  impacts  in  the  absence  of 
forcing  over  a  long  time  and  results  in  e=0.86  for  the  experiments  presented  in  this 
paper. 

For  ti=:3.0  the  motion  repeats  periodically  after  two  impacts  and  two  forcing  periods 
(Fig.  3(a)).  For  ti=2.76  the  motion  repeats  after  three  impacts  and  two  forcing  periods 
(Fig.  3(b))  and  for  r|=2.9  the  motion  is  apparantly  chaotic  (Fig.  3(c)). 

The  results  of  the  simulations  on  the  basis  of  the  identified  system  parameters  show  a 
good  agreement  with  the  experimental  ones,  (Fig.  3(d)-(0)*  Due  to  the  simple  model  for 
the  impact  supposing  zero  impact  time  and  rigid  contact  bodies,  the  trajectories  differ 
during  and  immediatly  after  the  impact  but  the  periodicity  of  the  solution  and  its 
amplitude  can  be  predicted  well  by  simulations. 

A  more  global  overview  give  bifurcation  diagrams.  The  bifurcational  behaviour 
depending  on  T|  can  be  obtained  by  slowly  changing  T|  in  the  experiment,  allowing  the 
system  to  reach  an  asymptotic  state  (typically  after  more  than  120  seconds)  which  is  a 
periodic  or  a  chaotic  attractor,  and  then  recording  the  next  impacts  (up  to  20  seconds). 
The  initial  state  of  the  system  was  taken  to  be  at  equilibrium  (x  =  v  =  0).  A  similar 
diagram  can  also  be  obtained  by  direct  numerical  simulation.  To  record  the  data  a 
Poincar^  section  is  taken  so  that  the  values  of  x  are  recorded  when  v  =  0.  The  results 
from  measurements  and  simulations  are  given  in  Fig.  4(a),  (b)  for  2  <  r[  <  4.  Several 
features  of  the  measured  and  simulated  bifurcation  diagrams  agree  very  well.  In 
particular,  large  resonant  peaks  can  be  seen  for  the  even  values  of  T]=2n,  where  the 
motion  is  periodic  and  repeats  after  one  impact  and  n  forcing  periods.  Around  T|“^  there 
is  an  interval  of  a  period  two  motion  which  agrees  with  the  analytic  predictions  made 
e.g.  in  [1].  For  larger  values  of  T\  there  is  a  small  chaotic  window  before  a  stable  period 
one  orbit  appears  which  evolves  toward  the  resonant  peak  at  T|-4.  There  are  some 
differences  between  experiment  and  theory.  In  particular,  the  interval  of  the  period  two 
orbits  centered  at  ri=3  appears  larger  in  the  experiment  than  in  the  simulation. 
Furthermore,  in  the  simulated  bifurcation  diagram  there  is  a  chaotic  region  at  **1=2.7, 
which  cannot  be  found  in  the  measurements.  In  this  region  the  theory  predicts  coexisting 


Figure  4.  Bifurcation  diagram  showing  (a)  mca.suremcnt:  D=0.006.  Uq-0  0043.  e^O.86,  a-0 

and  (b)  simulation. 


solutions  which  depend  upon  the  initial  conditions,  and  these  are  not  recorded  in  the 
measurements.  Further  bifurcation  diagrams  and  poincar6-maps  for  simulations  and 
measurements  can  be  found  in  Hinrichs  et  al.  [4].  Theoretical  investigations  of  the 
impact  oscillator  can  be  found  e.g.  [7]. 

3.2.  FRICTION  OSCILLATOR 

3.2.1.  Self  excited  vibrations 

In  case  of  pure  self  excitation  (uq  =  0,  vq  0)  one  can  observe  stick-slip  vibrations  for 
the  friction  oscillator.  Fig.  5(a)  shows  the  phase  portrait  for  friction  characteristics  III, 
where  self  excitation  occurs  due  to  the  decreasing  characteristic.  As  a  typical  feature  of 
systems  with  friction  the  transients  for  all  three  characteristics  decay  very  fast.  As  a 
result  of  the  nonsmoothness,  the  integration  is  not  invertible,  so  the  system  states  on  the 
stick  line  correspond  to  all  sets  of  initial  values. 

The  amount  of  energy  transfered  from  the  driven  disk  to  the  oscillator  depends  on  the 
magnitude  of  the  drop  in  friction  between  sticking  and  slipping.  To  get  self  excitation 
the  energy  transfered  must  be  larger  than  the  energy  dissipated  during  one  period  of  the 
oscillations.  Measurements  have  shown,  that  the  drop  in  friction  for  the  materials  steel- 
polyurethan  is  larger  than  that  for  the  materials  steel-aluminum,  steel-brass  and  steel- 
bronze,  So,  this  pair  of  materials  leads  to  the  largest  limit  cycle  amplitude.  Additionally, 
the  contact  area  is  treated  with  colophony.  The  measured  phase  curve  for  pure  self 
excitation  consists  of  a  stick  line  representing  constant  velocity  and  the  part  of  an  ellipse 
during  the  slip  mode.  In  contrast  to  the  simulation  (Fig.  5(a)),  in  the  experiment  the 
velocity  during  the  stick  mode  oscillates  slightly  due  to  changes  of  the  angular  velocity 
of  the  driving  shaft  and  small  play  in  the  gear  box  (Fig.  5(b)).  For  the  transition  from 
slip  to  stick  there  are  small  overshoots  of  the  velocity  signal,  due  to  a  stochastic 
component  of  the  friction  coefficient.  So,  in  contrast  to  the  simulations  the  system 
behaviour  of  the  measurements  is  not  periodic.  In  Fig.  5(c)  the  time  dependent  friction 
force  is  plotted.  For  the  transition  from  stick  to  slip  (t=0.9  [s])  the  friction  force  jumps. 
The  next  jump  occurs  for  the  transition  from  slip  to  stick  (t=1.0  [s]).  This  jump  in  the 
contact  force  results  in  decaying  oscillations  of  the  friction  force.  The  period  of  these 
oscillations  equals  the  period  of  the  fluctuations  in  the  velocity  signal.  Fig.  5(d)  shows 
the  measured  friction  characteristic  that  exhibits  a  drop  for  the  transition  from  stick  to 
slip. 


(b) 


Oil 


-20i 


-40 


T 


-U)  -05  ao  05  w 


h  (c) 


“i — ; — I — 1 
10  20  30  40 


Figure  5.  System  behaviour  for  pure  self  excitation  (materials:  steel-poly urethan): 

(a)  simulated  phase  plane  plot  (friction  characteristic  III),  (b)  measured  phase  plane  plot, 
(c)  measured  friction  force,  (d)  measured  friction  characteristic. 


For  pure  self  excitation  there  is  no  bifurcational  behaviour.  In  order  to  investigate  the 
bifurcational  behaviour  of  the  friction  oscillator  an  external  excitation  is  applied,  which 
is  done  by  means  of  a  magnetic  excitation. 

3.2.2.  Forced  vibrations 

The  harmonically  excited  linear  oscillator  with  a  nonsmooth  friction  characteristic  (Uq  ^ 
0,  Vq  =  0)  exhibits  qualitatively  different  types  of  motions.  For  small  amplitudes  Uq  of  the 
excitation,  Uq  <  p(v^=0)  Fj^/c,  displacements  in  the  range  -p(Vj=0)  Fj^7c+  Uq  <  x  < 
|j.(Vj.=0)  Fjs^/c-  Uq  are  stable  equilibrium  positions.  For  larger  values  of  the  excitation 
amplitude,  depending  on  the  bifurcation  parameter  r|  the  friction  oscillator  shows 
motions  without  stop,  motions  with  one  stop,  motions  with  two  stops  (Fig.  6(a))  and 
motions  with  four  stops  (Fig,  6(c)).  This  qualitative  change  of  the  system  behaviour  for 
small  changes  of  rj  can  be  summarized  by  means  of  a  bifurcation  diagram,  cp.  Fig.  7(a), 
where  the  displacement  x  of  the  mass  at  the  stops  are  shown.  Obviously  for  Tj  >  0.55  no 
regions  of  sticking  exist.  The  number  of  stops  increase  with  decreasing  ri.  Further 
numerical  investigations  can  be  found  in  [3]  and  [13]. 

The  results  from  the  experiments  shown  in  Fig.  6(b),  (d)  are  qualitatively  similar  to  the 
corresponding  results  gained  from  the  simulations.  For  the  sticking  mass  a  high 
frequency  oscillation  can  be  observed  in  the  velocity  signal  (Fig.  6(b),  (d)). 


Figure  6.  Friction  oscillator  with  external  excitation:  (a) 
(b)  measurement.  r|-0.28.  (c)  simulation,  r|=0  20  (friction 


simulation,  ri=0.25  (friction  characteristic  II). 
characteristic  II).  (d)  measurement.  T)=0,18. 


The  corresponding  measured  bifurcation  diagram  under  variation  of  the  frequency  ratio 
T|  is  presented  in  Fig.  7(b).  One  can  observe  the  bifurcation  structure  from  solutions  with 
one  stop  to  solutions  with  multiple  stops.  A  comparison  with  the  bifurcation  diagram 
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Figure  7.  Bifurcation  diagram  showing  the  sticking  points  for  the  vibration  w’ith  different  frequency  ratios  rj. 

(a)  simulation,  (b)  measurement. 


from  simulations  (Fig.  7(a))  shows  again  a  good  agreement.  The  only  difference  is  that 
the  stochasticity  of  the  friction  force  results  in  a  cloud  of  points  in  the  experiment 
instead  of  a  single  point  as  in  the  simulations. 

3.2.3.  Model  extensions  and  results 

A  comparison  of  the  results  from  measurements  and  simulations  shows  that  the  global 
system  behaviour  of  the  friction  oscillator,  i.e.  the  amplitude  and  the  period  of  the 
oscillations,  can  be  predicted  well  by  the  simulations.  However,  the  stochastic 
component  of  the  friction  coefficient  has  not  been  included  in  the  simulations  yet. 
Moreover,  the  fluctuations  in  the  transition  from  slip  to  stick  do  not  occur  in  the 
simulations.  A  more  detailed  insight  in  the  dynamics  in  this  regime  is  given  in  the 
following  where  also  improved  models  are  presented. 

Stochastic  friction  model  The  friction  coefficient  can  be  split  up  into  a  deterministic 
and  a  stochastic  component: 


^(Vr)  =  MVr)+  PK)-  (2) 

With  this  improved  model  and  a  gaussian  distribution  of  the  stochastic  component  p  (Vj.) 
(zero  mean  value  and  standard  deviation  a=0.02)  the  system  behaviour  for  pure  self 
excitation  comes  close  to  the  results  from  the  measurement,  as  can  be  seen  in  Fig.  7(b), 
cp.  also  [5]. 

Model  for  the  contact  stiffness  and  contact  damping.  The  model  shown  in  Fig.  1(b) 
can  be  improved  by  adding  a  spring  (stiffness  Cj^)  and  a  damper  (damping  coefficient 
bn),  cp.  Fig.  8  and  [2].  The  same  model  has  been  investigated  in  [15],  however  the 
contact  stiffness  and  damping  has  been  introduced  for  the  regularisation  of  the 
nonsmooth  problem. 

If  the  absolute  displacement  of  the  single  asperity  in  Fig,  8  is  denoted  by  y,  the  system 
equation  for  the  sliding  block  reads 

mx  +  b  X  +  bj^  (x -y  )  +  c  X  +  Cj^  ( X  -  y)  =  cu  ,  (3) 

and  the  equation  of  motion  for  the  asperity  is  given  by 

bgCy  -  x)  +  CR(y-x)  =  FR.  (4) 


Figure  8.  Improved  model  of  the  friction  oscillator  with  contact  damping  bj^  and  contact  stiffness  Cj^. 


The  transition  point  from  stick  to  slip  is  reached  for  ^rids  for 

y  =  Vq.  The  still  unknown  stiffness  Cj^  and  the  damping  bj^  can  be  measured  applying  a 
small  impuls  to  the  mass,  i.e.  the  pendulum  in  our  experiments.  (For  the  model  Fig.  1(b) 
during  the  stick  mode  the  displacement  should  equal  to  zero!)  Fig.  9  shows  the  transient 
response  of  the  systems  for  two  different  contact  materials. 


Figure  9.  Free  oscillations  for  impulse  excitation  of  the  sticking  contact 
(materials:  (a)  steel-aluminum,  (b)  stecl-polyurethan). 

From  the  frequency  of  the  resulting  oscillations  the  contact  stiffness  can  be  evaluated, 
while  the  decay  of  the  oscillations  determines  the  damping.  On  the  basis  of  the 
identified  contact  parameters  simulations  has  been  carried  out  for  pure  self  excitation, 
cp.  Fig.  10(c),  (d).  The  results  show  the  overshoots  of  the  friction  force  and  the  velocity 
known  from  the  measurements  in  Fig.  10(a), (b).  The  dynamics  of  the  friction 
characteristic  in  the  region  of  the  transition  from  slip  to  stick  can  be  predicted  by  means 
of  this  improved  model. 


Figure  10.  System  response  for  pure  self  excitation  (materials:  stecl-polyurethan):  m=6  08  [kg],  c=3956 
[N/m],  cj^=150000  [N/m],  b,^=150  [Ns/m].  \i^=0A.  p=0.25,  V^=25.0  [N],  vO-0.0025  [m/s]. 

(a),  (b)  measurements,  (c),  (d)  simulations  for  the  improved  model  with  contact  stiffness  and  damping. 

In  Fig.  11  (Fig.  12)  the  results  from  measurements  and  simulations  for  pure  external 
excitation  and  the  materials  stecl-polyurethan  (steel-aluminum)  are  plotted  .  Fig.  11(a), 
(b)  shows  the  experimental  results  for  the  system  with  pure  external  excitation  and  two 
stops  during  one  period  of  the  excitation.  Due  to  the  oscillations  at  the  beginning  of  the 
stick  phase,  the  transition  of  the  friction  coefficient  takes  place  in  the  range  of -Vj^  <  x  < 
v^  (here  v^  1.5[mm/s])  instead  of  x  =  0.  The  transition  shows  a  dynamic  with  limited 
stiffness  and  it  can  be  shown  that  with  an  increase  of  the  excitation  frequency  also 
and  the  area  of  the  hysteresis  becomes  larger,  [5]. 

Due  to  the  fact  that  the  relative  displacement  and  the  relative  velocity  are  sensed  directly 
at  the  friction  contact  the  dynamics  of  the  pendulum  cannot  be  responsible  for  the 
dynamics  of  the  friction  characteristic.  A  comparison  of  these  results  for  the  materials 


Figure  77.  System  response  (velocity  signal,  friction  characteristic)  for  pure  external  excitation  (materials: 

steel-polyurethan):  m=:6.08  [kg],  c=3956  [N/m],  Cr=150000  [N/m],  h^=\50  [Ns/m],  m^=0,4,  h=:0.25, 
Fjyj=25.0  [N],  v0=0.0025  [m/s],  n=l  1.5  [1/s]  (a),  (b)  measurements,  (c),  (d)  simulations  for  the  improved 
model  with  contact  stiffness  and  damping. 


Figure  12.  System  response  (velocity  signal,  friction  characteristic)  for  pure  external  excitation  (materials: 

steel-aluminum):  m=6.08  [kg],  c=3956  [N/m],  Cr=150000  [N/m],  b^=\50  [Ns/m],  \Xq=OA.  p=0.25, 
Fjs^=25.0  [N],  v0=0.0025  [m/s],  ^^=10.5  [1/s]  (a),  (b)  measurements,  (c),  (d)  simulations  for  the  improved 
model  with  contact  stiffness  and  damping. 

Steel-polyurethan  with  the  experimental  results  for  stiffer  contact  materials  (steel- 
aluminum)  shows  that  the  frequency  of  the  transients  is  larger  in  the  latter  case,  see  Fig. 
12(b).  As  a  consequence  the  hysteresis  is  much  smaller  for  the  stiffer  material.  Results 
similar  to  those  in  Fig.  12(b)  can  also  be  found  in  [2]. 

These  phenomena  cannot  be  predicted  by  the  model  Fig.  1(b),  but  by  means  of  the 
introduced  extensions  of  the  model  the  observed  phenomena  can  be  shown. 


4.  Conclusions 

The  investigation  of  nonsmooth  dynamical  systems  is  presently  a  challange  for  the 
dynamisists  and  mathematicians,  because  many  well  known  algorithms  based  on 
smoothness  assumptions  cannot  be  applied  for  systems  with  discontinuities.  In  the 
present  paper  the  dynamical  behaviour  of  two  nonsmooth  oscillators,  an  impact 
oscillator  and  a  friction  oscillator,  has  been  investigated  by  experiments  and  compared 
to  simulations. 

In  case  of  the  impact  oscillator,  the  application  of  Newton’s  impact  law  leads  to  a  good 
agreement  of  measured  and  simulated  phase  curves  and  bifurcation  diagrams.  The 
higher  mode  oscillations  and  the  deformation  during  the  impacts  do  not  affect  the 
qualitative  behaviour  and  the  periodicity  of  the  solution.  However,  an  improved  model 
requires  the  consideration  of  the  elasticity  of  the  impacting  bodies. 


The  dynamics  of  the  nonsmooth  friction  oscillator  have  been  investigated  numerically 
for  pure  self  excitation  and  pure  external  excitation.  In  the  presence  of  the  external 
excitation  rich  bifurcational  behaviour  can  be  observed,  which  shows  a  sensitive 
dependence  on  the  bifurcation  parameters.  The  results  for  the  two  types  of  excitation 
have  been  verified  experimentally.  Also  bifurcation  diagrams  have  been  measured  for 
the  friction  oscillator  with  external  excitation.  For  the  prediction  of  the  period  and  the 
amplitude  of  the  solutions  in  the  investigated  parameter  region  the  simple  model  of  a 
friction  oscillator  is  accurate  enough  and  easy  to  implement  for  simulations.  However,  a 
more  detailed  look  shows  that  stochastic  features  of  the  signal  and  oscillations  at  the 
nonsmooth  transition  points  observed  in  the  experiments  cannot  be  predicted.  Improved 
models  comprise  the  required  stochastic  features  and  the  dynamics  in  the  transition 
regimes.  The  first  one  adds  a  stochastic  component  to  the  deterministic  friction 
coefficient  and  the  second  one  uses  an  additional  tangential  spring  and  damper  in  the 
contact  area,  A  comparison  of  the  improved  models  shows  a  good  aggreement  with  the 
measurements. 
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1.  Introduction 

In  recent  years  a  method  was  developed  by  the  authors  for  efficient  analysis  of  the  long 
term  behaviour  of  mechanical  systems  with  local  nonlinearities  under  periodic  excita¬ 
tion.  In  this  method  the  linear  parts  of  the  system  are  modelled  using  the  finite  element 
method.  In  order  to  keep  the  cpu-time  for  the  nonlinear  analyses  acceptable,  the  number 
of  degrees  of  freedom  (dof)  of  the  linear  part  of  the  system  is  reduced  using  a  compo¬ 
nent  mode  synthesis  (cms)  technique.  The  cms  technique  used  is  based  on  free-interface 
eigenmodes  and  residual  flexibility  modes.  Eigenmodes  are  kept  up  to  a  user-defined 
cut-off  frequency.  Subsequently,  the  reduced  linear  model  is  coupled  to  local  nonline¬ 
arities,  such  as  nonlinear  springs  and  dampers,  dry  friction  elements,  backlash  etc.  The 
model  obtained  in  this  way  is  analysed  using  a  nonlinear  dynamics  toolbox,  which 
among  others  contains  solvers  for  the  calculation  of  periodic  solutions  and  their  stability 
and  a  path  following  method.  The  approach  outlined  above  is  described  in  Fey  (1992) 
and  Fey  et  al.  (1996)  and  was  integrated  in  the  finite  element  package  DIANA  (1997). 
Until  now,  this  approach  was  applied  to  rather  academic,  archetypal  problems  in  order 
to  verify  its  value.  The  approach  turned  out  to  be  very  successful:  numerical  results  were 
compared  with  experimental  results  and  a  good  correspondence  was  achieved  (van  de 
Vorst,  1996,  van  de  Vorst  et  al.,  1996a,  van  de  Vorst  et  al.,  1996b). 

In  this  paper  the  dynamic  behaviour  of  a  real  system  is  investigated:  a  solar  array  struc¬ 
ture.  These  solar  arrays,  manufactured  by  Fokker  Space  BV,  are  connected  to  satellites. 
These  arrays  suffer  from  high  vibrations  during  launch  while  mounted  onto  a  satellite  in 
folded  position.  The  panel  ends  may  strike  each  other  if  the  excitation  is  too  severe.  This 
may  cause  damage  to  the  structure.  To  prevent  this,  rubber  snubbers  are  mounted  at  well 
chosen  points  of  the  structure.  They  act  as  elastic  stops.  The  major  advantage  of  this 
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solution  is  that  no  special  adjustments  are  needed  for  the  unfolding  after  launch,  whereas 
the  practical  implementation  is  simple.  The  snubbers  in  the  approximately  linear  folded 
solar  array  structure  are  local  nonlinearities  and  will  be  modelled  by  means  of  one-sided 
springs,  which  are  only  active  under  pressure. 

Fokker  Space  B V  is  interested  in  the  steady-state  behaviour  of  the  folded  system  under 
periodic  excitation  with  a  constant  acceleration  amplitude  of  2g  perpendicular  to  the 
surface  of  the  panels  in  the  frequency  range  20-100  Hz.  DIANA  (1997)  was  used  to 
investigate  the  behaviour  of  the  solar  system.  The  main  points  of  investigation  are: 

•  Are  snubbers  needed  to  avoid  contact  betw'een  the  panels? 

•  What  is  the  influence  of  snubbers  on  the  overall  dynamic  behaviour? 

•  Are  there  big  differences  between  nonlinear  dynamic  analyses  and  linear  dynamic 
analyses  with  snubbers  modelled  as  linear  springs? 

2.  System  description  and  system  model 

Figure  1  gives  a  schematic  view  of  the  model  of  the  folded  system.  Four  primary  z- 
levels  are  distinguished:  level  a,  b,  c  and  d  at  z=-33,  0,  48,  and  82  mm  respectively.  The 
major  parts  of  the  model  are  named  in  Table  1  and  are  described  below: 


Part 

Points 

Part 

Points 

base 

holddown  1 
holddown  2 
yoke 
panel  1 
panel  2 

edgemember  1 
edge  member  2 

al-a3,  bl 
a2. c7, d7 
a3.  c7,  c8 
bl-b3 
cl-c8 
dl-d8 
cl, c6. c5 
c2-c4 

edgemember  3 
joint  yoke  -  panel  1 
joint  panel  1  -  panel  2 
joint  yoke  -  base 
snubber  1 
snubber  2 
snubber  3 
snubber  4 

d2-d4 

be 

cd 

bl 

al.  b2  (ifenodO,  ifcnodl) 
c2.  d2  (ifcnod2.  ifcnod3) 
cl,  dl  {ifcnod4,  ifenodS) 
c6.  d6  (ifenodb.  ifcnod7) 

Table  1  Several  parts  of  the  structure. 


•  two  solar  panels.  The  panels  have  a  thickness  of  22.36  mm,  whereas  their  mutual 
distance  is  1 1.64  mm.  The  application  of  a  lightweight  sandwich  structure  for  the 
solar  panels  leads  to  a  very  light  structure  in  combination  with  high  stiffness.  With 
an  estimate  for  the  representative  stiffness  of  such  a  composed  material,  a  panel  can 
be  modelled  with  one  layer  of  shell  elements; 

•  two  holddown  and  release  systems.  They  clench  the  solar  array  to  the  body  of  the 
satellite,  and  try  to  maintain  a  constant  distance  between  the  panels.  This  is  only 
achieved  in  the  immediate  vicinity  of  the  holddowns,  because  the  panels  arc  flexible, 

•  one  yoke.  This  arm  forms  the  connection  between  the  solar  array  and  the  operational 
satellite.  The  yoke  is  able  to  rotate  the  spread-out  solar  array  to  an  optimal  position 
with  respect  to  the  sun.  During  the  considered  launch  this  arm  is  folded  along  the 
panels; 

•  several  joints,  around  which  the  panels  and  the  yoke  can  rotate  during  unfolding  (this 
process  is  no  subject  of  investigation); 
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eight  snubbers,  i.e.  eight  local  nonlinearities,  placed  between  the  panels  and  between 
the  satellite  and  the  yoke; 

edgemembers  distribute  the  stress  smoothly  at  the  point  where  a  joint  is  connected  to 
a  panel.  Moreover  they  add  stiffness  to  the  solar  panels. 


Figure  1  Schematic  model  of  the  solar  array  system. 


Figure  2  Lowest  free-interface  eigenmode  (32.161  Hz)  of  the  supported  linear  structure  with  snubbers 
with  zero  stiffness.  Main  motion:  yoke  swinging  in  x-z  plane. 
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The  following  assumptions  and  idealisations  are  made: 

•  The  system  is  excited  by  the  spacecraft.  This  base  excitation  is  in-phase  at  all  base 
points  (al,a2,a3,bl ;  the  corresponding  nodes  are  tied)  and  perpendicular  to  the 
surface  of  the  panels  and  has  an  acceleration  amplitude  of  2g. 

•  Because  the  system  and  the  excitation  are  symmetric  with  respect  to  the  plane  y=0, 
only  half  the  system  is  modelled. 

•  Snubbers  and  edgemembers  are  massless. 

•  There  is  no  friction  in  the  joints. 

•  Material  damping  is  modelled  by  a  modal  damping  of  3  percent  for  each  linear  mode 
and  is  based  on  experiments  carried  out  by  Fokker  Space  BV. 

Table  2  shows  constraints  of  some  important  points,  to  make  clear  which  type  of  move¬ 
ment  the  model  is  restricted  to. 


Points 

Translations 

Rotations 

Symmetry  edges 

Part  of  base 

Joint  yoke-base 

Connection  holddowns-panel 

c4  c5,  d4  d5 

al-a3 

bl 

c7,  d7,  c8.  dS 

u^-0 

Ux=Uj=0.  u,=f(t) 
Ux=Uj-0.  U/=f(t) 

Ut=u,-0 

(px=cp,=0 

(px=^(P/=0 

Tabic  2  Contraints  at  important  points. 


Four-node  quadrilateral  isoparametric  flat  shell  elements  are  used  to  model  the  panels. 
Transverse  shear  stress  is  taken  into  account.  The  edgemembers  are  modelled  with  two- 
node  3D  Thimoshenko  beams.  The  yoke  and  the  joints  are  also  modelled  with  these 
beam  elements.  The  total  mass  of  the  finite  element  model  is  1 1 .02  kg,  which  is  half  the 
mass  of  the  real  system  because  only  one  half  is  modelled.  Each  panel  is  modelled  with 
32x16:^512  elements;  the  yoke  is  modelled  with  20  elements.  The  structure  model  has 
5894  dof. 

The  third  column  of  Table  3  gives  the  eigenfrequencies  of  the  model  without  snubbers 
supported  at  its  base.  Earlier  studies,  done  by  Fokker  Space  BV,  indicated  that  the 
lowest  eigenfrequency  of  the  system  without  snubbers  had  to  be  in  the  range  30-40  Hz. 
Figure  2  displays  the  lowest  corresponding  eigenmode;  the  main  motion  is  the  vibration 
of  the  yoke  in  the  plane  y=0. 

Later  on  results  of  nonlinear  dynamic  analyses  will  be  presented  for  several  snubber 
stiffnesses.  Consider  the  ratio  a  =ksnutAj‘  Knuh  snubber  stiffness,  assuming  that 
all  snubbers  are  identical,  and  kj  the  stiffness  of  the  linear  system  at  the  position  of 
ifenod  j;  kj  follows  from  the  reciprocal  of  the  displacement,  caused  by  a  unit  force  on 
ifenod  j.  This  a  is  a  measure  for  the  degree  of  nonlinearity.  Snubber  stiffnesses  of  10^ 
N/m  and  10'^  N/m  will  be  considered.  At  snubber  3  (ifenod  4  and  5)  the  highest  ratio  is 
reached,  see  Table  4  for  the  case  k^nub^  10^  N/m. 
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No. 

Original  model,  base 
free 

Original  model,  base 
supported 

Reduced  model, 

base  supported  (relative  error  %) 

1 

0.0003 

32.161 

32.161  (+0.000) 

2 

37.504 

42.633 

42.633  (+0.000) 

3 

42.734 

75.552 

75.552  (+0.000) 

4 

75.627 

99.327 

99.361  (+0.034) 

5 

103.43 

123.63 

123.64  (+0.008) 

6 

123.64 

132.35 

132.51  (+0.120) 

7 

132.68 

135.39 

156.80  (+15.81) 

8 

139.62 

157.43 

188.41  (+19.67) 

9 

157.56 

164.47 

194.27  (+18.11) 

10 

164.47 

167.56 

199.64  (+19.14) 

U 

167.59 

186.22 

224.09  (+20.33) 

12 

186.24 

203.55 

293.70  (+44.28) 

13 

204.01 

207.54 

447.44  (+115.5) 

14 

240.64 

244.73 

494.43  (+102.0) 

15 

244.79 

245.25 

Table  3  Eigenfrequencies  in  Hz. 


ifcnod  j 

k|  [N/ml 

0[-] 

1 

4.5517E+04 

2.197 

2 

3.891  lE+04 

2.570 

3 

3.8521E+04 

2.596 

4 

3.4650E+04 

2.886 

5 

3.2072E+04 

3.118 

6 

8.7260E+04 

1.146 

7 

7.0028E+04 

1.428 

Table  4  Values  of  a  for  ksnub=  10®  N/m. 


3.  Reduction  of  the  linear  part  of  the  finite  element  model 

The  number  of  dof  of  the  linear  model,  i.e.  the  model  without  snubbers,  will  be  reduced 
by  application  of  a  component  mode  synthesis  method  based  on  free-interface  eigen- 
modes  and  residual  flexibility  modes  (Fey  1992).  The  latter  guarantee  unaffected 
(quasi)-static  load  behaviour  and  are  defined  for  dof  which  are  loaded  by  (1)  local 
nonlinearities,  (2)  prescribed  motion  or  (3)  external  forces. 

The  model  must  be  prepared  to  contain  4  snubbers,  mounted  between  8  nodes.  These  so- 
called  interface  nodes  result  in  8  residual  flexibility  modes  since  only  the  dof  in  z-direc- 
tion  are  relevant.  One  of  these  dof,  i.e.  the  z  translation  of  the  node  at  point  al  (see 
Table  1),  will  be  subjected  to  a  prescribed  base  excitation.  The  z-translations  of  the  base 
nodes  at  the  points  a2,  a3  and  bl  are  tied  to  this  prescribed  dof. 

The  number  of  dof  of  the  reduced  linear  system  now  depends  on  the  cut-off  frequency  fc 
used  for  selecting  the  free-interface  eigenmodes.  As  stated  earlier,  the  frequency  range 
of  interest  is  20-100  Hz.  The  second  column  of  Table  3  shows  the  eigenfrequencies  of 
the  free-interface  eigenmodes  of  the  model  without  snubbers.  Because  the  model  is  not 
supported  at  its  base  in  this  case  the  model  has  one  rigid  body  mode:  a  translation  in  z- 
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direction.  The  choice  of  fc  is  a  compromise  between  long  cpu  times  and  accuracy  of  the 
solution  in  the  coming  nonlinear  analyses.  In  general,  fc  will  be  chosen  higher  than  the 
highest  excitation  frequency  to  avoid  as  much  as  possible  supcrharmonic  resonances 
below  fc  caused  by  artificial  eigenfrequencies  corresponding  with  the  residual  flexibility 
modes. 

Selecting  the  cut-off  frequency  at  135  Hz,  the  linear  model  is  reduced  to  15  dof:  8  resid¬ 
ual  flexibility  modes  and  7  free-interface  eigenmodes.  As  stated  before,  point  al  is 
subjected  to  a  prescribed  base  motion  in  z-direction.  So,  the  final  reduced  model  has  14 
dof.  The  eigenfrequencies  of  this  model  are  presented  in  the  last  column  of  Table  3.  If 
these  eigenfrequencies  are  compared  with  those  of  the  original  linear  model,  we  see  a 
good  correspondence  up  to  the  cut-off  frequency. 


4.  Results  of  dynamic  analyses 
4.1  LINEAR  DYNAMIC  ANALYSES 

Linear  dynamic  analyses  have  been  carried  out  using  the  reduced  model  with  14  dof  (fc 
=  135  Hz).  The  four  nonlinear  elements  have  been  replaced  by  linear  two-sided  springs. 
Frequency  responses  were  determined  for  three  cases:  kjnub-fi  (system  without  snub¬ 
bers),  k,n,b=5.0  10^  and  ksn.b^LO  10^  N/m,  k^nub  representing  the  linear  stiffness  of  each 
spring.  Figure  3  shows  that  for  ifcnodl  with  increasing  snubber  stiffnesses  eigenfre¬ 
quencies  shift  to  higher  values;  displacement  amplitudes  decrease. 


Figure  3  Three  linear  frequency  responses  and  one  nonlinear  frequency  response  (strongly  nonlinear 
case:  ksnuh=  10®  N/m,  small  circles  represent  unstable  periodic  solutions). 
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4.2  NONLINEAR  DYNAMIC  ANALYSES 

Again,  the  reduced  14  dof  model  will  be  used.  Periodic  solutions  are  calculated  by 
solving  a  two-point  boundary  value  problem  using  the  finite  difference  method  with  an 
equidistant  time  grid.  Path  following  is  applied  to  follow  branches  of  periodic  solutions 
and  Floquet  theory  is  used  to  judge  the  local  stability  of  the  solutions  and  to  detect 
bifurcation  points. 


4,2.1  Weakly  nonlinear  case:  kjnub  =  10^ 

Results  are  shown  in  Figure  4:  nonlinear  dynamic  analysis  shows  that  all  solutions  are 
stable.  The  first  harmonic  resonance  occurs  at  34.2  Hz  (32.2  Hz  for  the  linear  case  with¬ 
out  snubbers).  The  left  inset  of  Figure  4  shows  a  2nd  superharmonic  anti-resonance, 
originating  from  the  1st  harmonic  resonance  peak.  The  right  inset  shows  a  superhar¬ 
monic  resonance  caused  by  an  artificial  eigenfrequency  (above  fc=135  Hz)  originating 
from  residual  flexibility  modes.  Therefore,  the  occurence  of  this  resonance  has  no  physi¬ 
cal  relevancy.  The  response  curves  of  ifcnod  2  and  3  are  almost  identical  in  the 
frequency  range  of  interest:  snubber  2  has  little  functionality.  Near  34.2  Hz  a  small 
difference  can  be  noticed  between  the  response  amplitudes. 


4.2.2  Strongly  nonlinear  case:  k^nub  -10^  A/m 

Let  us  consider  the  nonlinear  frequency  response  of  ifcnod  1  in  Figure  3.  A  2nd  super¬ 
harmonic  resonance  peak  shows  up  at  21.9  Hz,  caused  by  the  first  harmonic  resonance 
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peak  at  43.8  Hz.  Furthermore,  superharmonic  resonances  occur  at  49.7,  62.0,  68.0,  82.4, 
99.1  and  123  Hz,  although  not  all  are  clearly  visible. 

The  unstable  region  from  34.77  Hz  to  34.83  Hz  is  initiated  by  a  Neimark  bifurcation. 
One  may  expect  quasi-periodic  behaviour.  Numerical  time  integration  at  an  excitation 
frequency  of  34.8270  Hz  (zero  initial  conditions)  resulted  in  a  Poincare  section  with  17 
points:  apparently  frequency  locking  on  a  1/17  subharmonic  occurs. 

Within  the  range  74.94-98.26  Hz,  a  branch  with  stable  and  unstable  1/2  subharmonic 
solutions  has  been  found,  which  bifurcates  from  the  harmonic  branch  via  flip  bifurca¬ 
tions  at  the  boundaries  of  this  interval.  The  harmonic  branch  is  unstable  in  this  range. 
The  ratio  of  the  amplitudes  on  the  1/2  subharmonic  and  the  harmonic  branch  reaches  a 
maximum  of  9.3  at  87.7  Hz. 

Not  all  unstable  regions  on  the  1/2  subharmonic  branch  have  been  investigated.  But  the 
unstable  region  from  95.51  Hz  to  97,93  Hz  is  marked  by  two  flip  bifurcation  points.  In 
this  interval  1/4  subharmonic  solutions  exist.  Figure  5  zooms  in  on  this  branch  for  the 
displacement  in  z-direction  of  point  c6,  see  Figure  1.  The  unstable  region  96.808-97.018 
Hz  on  the  1/4  subharmonic  branch  is  marked  by  Neimark  bifurcation  points.  At  96.808 
Hz  a  Neimark  bifurcation  of  a  stable  1/4  subharmonic  solution  into  a  quasi-periodic 
torus  is  found.  Figure  6  shows  four  closed  curves  in  the  Poincar^  section.  In  terms  of 
amplitude,  the  1/4  subharmonic  branch  can  hardly  be  distinguished  from  the  1/2 
subharmonic  solution  branch. 

At  99.136  Hz,  Figure  5  displays  a  sharp  peak.  In  the  direct  vicinity  of  this  peak,  no 
stable  periodic  solutions  are  found.  The  stable  steady-state  behaviour  for  this  excitation 
frequency  is  investigated  by  means  of  time  integration,  and  turns  out  to  be  chaotic,  sec 
Figure  7.  The  transition  to  chaos  has  not  been  investigated. 

The  frequency  responses  each  contain  over  3100  branch  points,  calculated  in  46  path 
following  runs.  Many  restarts  of  the  path  following  procedure  were  needed  because  the 
solutions  did  not  converge  relatively  often.  This  is  probably  due  to  the  fact  that  there  are 
four  local  nonlinearities  in  the  model. 


5.  Conclusions 

For  the  weakly  nonlinear  case  no  special  phenomena  are  found:  for  each  frequency 

within  the  frequency  range  of  interest  only  one  stable  harmonic  solution  is  found. 

For  the  strongly  nonlinear  case  k^nub  =  10^  N/m  the  following  conclusions  can  be  drawn: 

•  The  analyses  show  very  rich  nonlinear  dynamic  behaviour.  Neimark  bifurcations  of  a 
stable  1/4  subharmonic  solution  into  a  quasi-periodic  torus  are  found.  Near  99.136 
Hz  the  system  reveals  chaotic  behaviour.  In  practice,  especially  the  1/2  subharmonic 
solution  branch  is  important,  because  it  spans  such  a  wide  frequency  range  (74.94- 
98.26  Hz).  The  difference  in  amplitude  between  this  solution  and  the  accompanying 
unstable  harmonic  solution  reaches  a  maximum  at  87.7  Hz,  where  the  amplitude  of 
the  1/2  subharmonic  solution  exceeds  the  amplitude  of  the  corresponding  harmonic 
solution  by  a  factor  9.3. 
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Figure  5  Detail  of  frequency  response  for  point  c6  (strongly  nonlinear  case  ksnub=  10*  N/m).  Open 
symbols  represent  unstable  periodic  solutions. 


Figure  6  Quasi-periodic  behaviour  at  96.9  Hz,  Poincar6  section  shows  four  closed  curves. 


Figure  7  Chaotic  behaviour  at  99.136  Hz. 
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•  A  comparison  of  the  results  between  nonlinear  and  linear  dynamic  analyses  shows 
large  differences  in  the  frequency  range  74.94-98.26  Hz,  see  Figure  3.  Differences  in 
amplitude  of  harmonic  responses  corresponding  with  three  linear  cases  and  the  Vi 
subharmonic  solutions  calculated  by  means  of  nonlinear  dynamic  analysis  can 
exceed  a  factor  10. 

•  Snubber  1  is  most  functional,  because  ifenod  1  has  the  highest  amplitude.  Snubber  2 
is  least  effective,  and  may  be  omitted  because  it  hardly  affects  the  calculated 
frequency  responses. 

•  Using  a  prescribed  base  acceleration  with  a  constant  amplitude  of  2g,  the  panels  will 
not  strike  each  other  if  no  snubbers  are  applied. 

DIANA  (1997)  appeared  to  be  a  ver>'  useful  package  for  the  analysis  of  steady-state 
dynamics  of  finite  element  models  with  local  nonlinearities. 
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Abstract  -  The  paper  outlines  a  general  methodology  for  describing  and 
solving  dynamical  systems  with  motion  dependent  discontinuities  such  as 
clearances,  impacts,  dry  friction,  etc.  This  approach  assumes  that  the 
global  solution  is  obtained  by  "gluing"  together  the  local  solutions  at  the 
connecting  hypersufaces.  An  efficient  numerical  algorithm  is  presented 
and  employed  to  analyse  the  dynamic  interactions  in  the  machine  tool  - 
cutting  process  system,  which  has  five  different  discontinuities. 


1.  Introduction 

Mathematical  modelling  of  non-linear  dynamical  systems  has  become  a  powerful 
technique  used  by  the  engineering  community  to  asses  both  qualitatively  and 
quantitatively  the  dynamic  systems  responses.  This  has  been  utilised  successfully  in 
designing  new  or  examining  existing  systems.  There  is  an  extensive  library  of 
mathematical  tools,  which  covers  almost  completely  linear  dynamics,  and  an  increasing 
number  of  different  methods  are  available  for  non-linear  dynamical  systems.  However, 
these  tools  are  applicable  mainly  to  continuous  systems.  As  in  many  engineering 
applications  we  encounter  either  discontinuous  or  non-smoothed  characteristics,  there  is  a 
considerable  need  for  a  systematic  methodology,  which  enables  to  solve  such  tasks.  As 
well-known  examples,  one  may  point  an  oscillator  with  clearance  analysed  by  Kreuzer  et 
al  (1991),  piecewise  linear  oscillator  (Shaw  and  Holmes,  1983),  jeffcott  rotor  with  bearing 
clearances  (Kim  and  Noah,  1990),  systems  with  Coulomb  friction  (Popp  and  Stelter, 
1990),  and  metal  cutting  processes  (Grabec,  1988).  All  the  above  mentioned  systems  have 
been  thoroughly  investigated,  however  the  analysis  suffers  from  too  specific  approaches 
and  difficulties  in  calculating  some  non-linear  dynamics  measures. 
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The  discontinuous  systems  have  been  approximated  either  by  oversimplified 
continuous  models  or  mathematical  types  of  discontinuities  (McLeod,  1992),  which  hardly 
exist  in  engineering  world.  Therefore,  the  main  goal  of  this  paper  is  to  show  a  new  method 
of  modelling  systems  with  motion  dependent  discontinuities,  which  may  supply  a  more 
accurate  and  adequate  description  for  dynamics  of  such  systems. 


2.  Modelling  Of  Discontinuous  Systems 

General  methodology  of  describing  and  solving  d>Tiamic  responses  of  a  system  with 
discontinuities  presented  here  will  be  an  extension  of  the  work  undertaken  by  Wicrcigroch 
(1994a).  This  approach  considers  initially  a  dynamical  system  which  is  continuous  in 
global  hyperspace  Q,  and  can  be  described  by  the  following  first  order  differential 
equation 


|^=f(/;x,p),  (1) 

where  x  ==  /x^.  Xj.  ...,  is  the  state  space  vector,  p  -  //?;.  P2,  .  is  a  vector  of  the 

system  parameters,  and  f( )  =  is  the  vector  function  which  is  dependent  upon 

the  process  being  modelled.  Then  assume  that  the  dynamical  system  (1)  is  continuous  only 
in  defined  subspaces  Xj  of  the  global  hyperspace  Q  (which  could  be  presented  graphically 
as  in  Figure  1),  therefore,  the  right  hand  side  of  Equation  1  may  be  written  as  follows 

V  V  ffLx,p)  ="  f/Lx.p;,  ieN.  (2) 

The  global  solution  is  obtained  by  “gluing”  local  solutions  on  the  hypersurfaces  FIX. 
(where  /  g  N),  As  the  dynamical  system  goes  through  these  subspaces,  a  typical  path  of  its 
suspected  motion  can  be  drawn.  If  any  response  of  the  investigated  system  is  periodic,  its 
trajectories  repeat  themselves  in  the  state  space,  and  its  path  forms  a  closed  loop  (see 
Figure  1).  Otherwise  an  irregular  motion  (chaotic,  unstable  or  quasiperiodic)  would  occur. 
When  a  hypersiirface  OX.^,  ,.,2  intersected  by  a  trajectory^  emanating  from  the  subspacc 
Xi+2  towards  X,.i  for  the  A-th  discontinuity  crossing,  the  mapping  —>  x^\.)  takes 
place.  In  order  to  solve  the  system  (1)  with  piecewise  continuous  or  discontinuous  forcing 
functions  (2)  the  precise  value  of  the  crossing  time  t^^  has  to  be  evaluated  since  the 
response  can  be  very  sensitive  to  any  inaccuracy  of  the  computed  solution  on  the  above- 
mentioned  hypersurface.  As  a  consequence,  a  suitable  switch  function  for  the 
discontinuity  location  has  then  to  be  formulated,  and  a  precise  value  determined  when 
the  discontinuity  occurs.  Such  procedure  has  to  be  repeated  for  each  time  when  a 
discontinuity  is  detected.  This  has  been  a  base  for  a  development  of  an  effective 
numerical  scheme  providing  a  satisfactoiy'  solution  for  any  dynamical  system  with 
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motion  dependent  discontinuities.  Some  important  aspects  of  this  scheme  will  be 
discussed  in  a  greater  detail  in  the  following  section. 


nx,.,  nx„  nx„ 


X. 


Figure  1.  A  conceptual  model  of  a  dynamical  system  with  discontinuities 


3.  Numerical  Algorithm 

After  transforming  ODEs  into  algebraic  form,  in  principle  any  numerical  intergration 
solver  can  be  used,  but  special  attention  must  be  paid  to  the  error  of  solution.  Either  an 
exessively  short  step  length  or  its  variation  has  to  be  used  in  order  to  estimate  a  local 
truncation  error  to  locate  discontinuities  sufficiently  precisly.  Also,  as  can  be  decipher 
from  the  proceed  section,  except  for  certain  trivial  or  special  cases,  a  closed  form  or 
approximate  analytical  solutions  are  not  obtainable.  Therefore,  an  approach  has  been  made 
to  devise  a  numerical  algorithm  which  can  provide  solutions  in  a  general  case.  It  follows 
the  argument  of  mathematical  modelling  explained  in  the  previous  section.  In  practical 
terms,  the  solution  for  any  nonlinear  system  with  motion  dependent  discontinuities  is 
obtained  using  the  classical  fourth-order  Runge-Kutta  method  with  two  extra  procedures, 
namely 

(i)  the  discontinuity  detection  and 

(ii)  the  calculation  of  the  precise  time  value  when  the  discontinuity  occurs. 

The  detection  procedure  calculates  values  of  an  appropriate  switch  function  (see  Equation 
3)  each  time  step  to  evaluate  whether  its  value  at  the  beginning  and  end  of  each  time  being 
considered  straddle  zero  or  indicate  the  presence  of  a  local  extremum.  After  the 
discontinuity  is  detected,  the  system  is  govern  by  a  different  set  of  equations  and  mapping 
(4)  takes  place. 


O,(/;x)-0, 


(3) 
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K:f,.(/;x,p)->f,,,  .(/;x,p),  x</>  ->  xl*>  (4) 

A  flow  diagram  incorporating  the  discontinuity  detection  procedure  into  a  numerical 
integration  scheme  is  shown  in  Figure  2,  where  decission  is  taken  by  evaluation  of  the 
product  of  tw'o  values  of  the  switch  function  calculated  for  the  subsequent  time  steps. 


Figure  2.  The  first  step  in  the  proposed  algorithm  of  numerical  integration  of  ODEs  containing  motions 

dependent  discontinuities 

Once  the  discontinuity  is  detected,  an  interpolation  scheme  is  used  to  locate  a  precise 
value  of  the  time  when  the  discontinuity  occurs.  Figure  3  shows  a  flow  chart  which  was 
designed  to  be  most  effective  for  handling  any  displacement  (e.g.  clearances)  and 
velocity  (e.g.  dry  friction)  discontinuities.  The  major  shortcoming  of  this  algorithm  is 
that  criteria  for  choosing  an  appropriate  procedure  to  be  used  (e.g.  bisection  or  inverse 
interpolation),  cannot  be  generated  automatically. 
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Figure  3.  The  second  step  in  the  proposed  algorithm  of  numerical  integration  of  ODEs  containing  motions 

dependent  discontinuities. 


5.  An  Example 

As  an  example  to  test  the  introduced  methodology,  the  dynamic  interactions  in  the 
machine  tool  -  cutting  process  systems  (MT-CP)  are  investigated.  The  systems  has  five 
different  discontinuities  (Wiercigroch,  1997)  of  both  the  displacement  and  velocity 
types,  and  it  generates  rich  dynamic  responses.  A  short  description  of  MT-CP  physical 
model  for  the  orthogonal  metal  cutting  and  its  dynamic  behaviour  is  presented  below. 

The  machine  tool  performing  the  orthogonal  cutting  is  assumed  to  be  a  planar 
oscillator  with  linear  springs  and  dashpots,  as  depicted  in  Figure  4.  This  model  has  been 
successfully  used  for  intermittent  cutting  initially  by  Grabec  (1988),  and  recently 
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refined  by  Wiercigroch  (1997).  The  process  starts  with  an  initial  velocity  and  an 
initial  depth  of  cut  which  are  also  the  initial  conditions. 


The  motion  of  the  system  is  governed  by  a  pair  of  second  order  ordinary  differential 
equations,  which  are  presented  here  in  a  nondimensional  fonn 


x'  +  2c,x'  +  X  =  /,(x,>’,x',>’') 

(5) 

’  +  2^^  4a  y'  +  a >■  =  (x, y, x', y') 

(6) 

The  viscous  damping  in  the  system  is  represented  by  4,  ^  ^  stiffness  ratio 

between  x  and  y  direction  denoted  by  a.  The  cutting  forces  /,()  and  /^.  ()  arc 
dependent  upon  the  stochastic  properties  of  the  workpiece 


Lix,y,x\y')  =  (a,(v,  - 1)^  +  1)  H{h) 

fyix,y,x\y')=  X 


(7) 

(8) 
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where 

X (  )  =  X 0 («2 (V/  - 1)^  +  IXa, i.h-\f  + 1) //(/, ) sgn(v^ ) 

2  (9) 

W  =Vo-Jc',  =Vo-p/,  h  =  ha-y,  Pa{a^{v^-\)  +1) 

a,  to  are  the  cutting  process  constants,  p  is  the  shear  deformation  coefficient,  ) 
represents  Heaviside  function,  and  x( )  is  a  variable  friction  coefficient. 

Although  one  cannot  deny  usefulness  and  elegance  of  approximate  solutions, 
in  this  particular  case,  a  more  extensive  analysis  cannot  be  accomplished  without 
numerical  simulation.  Therefore,  Eqs.  (5)  and  (6)  are  transformed  to  the  system  of  four 
first  order  differential  equations,  which  can  be  written  as  follows 


where 


X,'=X2, 

^2  '  =  -AT,  -  2^  ^  JCj  +  /, 2  (^2  ,  Xj  ,  X4  ), 

^3-^4. 

x^'=-a 

fxi(x2,x^,xj  =  f,iy,x',y), 

/x4  (xj .  Xj ,  X, )  = /^  (3/,  x' ,  / ). 


(10) 


....(II) 


The  expressions  for  the  cutting  forces  (7)  and  (8)  have  five  different  discontinuities, 
which  can  be  labelled  to  one  of  two  groups:  either  to  the  continues  discontinuity 
(unsmooth  function),  DiscC  or  discontinuous  discontinuity,  DiscD.  This  classification 
was  used  to  further  develop  the  explained  above  integration  scheme  (Wiercigroch, 
1997).  The  discontinuity  DiscC  is  a  product  of  linear  and  Heaviside  function,  where 
DiscD  is  a  straightforward  sign  function. 

The  MT-CP  system  has  been  thoroughly  numerically  investigated  by 
Wiercigroch  (1994b),  and  this  paper  gives  only  a  small  sample  of  the  most  interesting 
results.  Since  the  adopted  model  of  the  cutting  process  allows  the  tool  to  leave  the 
material  being  cut,  the  intermittent  cutting  process  may  occur.  This  is  confirmed  by  the 
intermittency  of  the  cutting  force  components  (Figures  5a  and  b),  which  coincides  with 
an  erratic  profile  of  the  surface  profile  depicted  in  Figure  5c. 
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Figure  5.  Time  histories  of  (a)  horizontal  cutting  force,  (b)  vertical  cutting  force  and  (c)  surface  profile 

The  investigated  system  is  described  by  a  twelve-parameter  vector  p  =  c^, 

Cy  Cy  vj^.  The  results  presented  here  were  obtained  by  fixing  the  values  of 

the  following  parameters,  i.e.,  O.J.  Cj  =  0  3.  C2  =  0.1,  Cj  ^  1.5,  ^  1.2.  Rq  2.2 

and  =  0.5.  The  bifurcation  diagrams  constructed  for  a  =  4  show  an  another  example 
of  an  unusual  system's  behaviour,  that  is  unidirectional  bifurcation,  where  the 
considered  system  bifurcates  in  the  x  direction  and  is  completely  stable  in  the  y\  where 
f)  is  between  0.24  and  0.54  despite  the  fact  the  equations  of  motions  are  coupled.  This 
might  be  explained  as  well  as  a  shift  of  the  critical  point  for  the  x  and  y  directions,  i.e., 
the  values  for  the  x  and  y  are  equal  2.04  and  2.38  respectively.  For  the  x  direction  the 
system  starts  with  two  bifurcation  period  of  doubling  type,  and  then  vibrates 
chaotically.  For  the  y  direction,  the  system  after  crossing  the  critical  value  oscillates 
with  period  4,  and  then  becomes  chaotic. 
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Figure  6.  Bifurcation  diagrams  (a)  x  =  /(fo)  and  (b)y  g(fQ) 


6.  Concluding  Remarks 

The  paper  presents  general  methodology  for  describing  and  solving  dynamical  systems 
with  motion  dependent  discontinuities  such  as  clearances,  impacts,  dry  friction,  etc. 
This  approach  is  based  on  the  assumption  that  global  solution  is  obtained  by  "gluing" 
together  the  local  solutions  at  the  connecting  hypersufaces,  which  can  be  'a  priori' 
mathematically  described. 

General  numerical  algorithm  implementing  the  introduced  mathematical 
modelling  of  systems  with  discontinuities  was  proposed.  Essentially,  the  discontinuity 
problems  are  handled  in  two  stages:  detection  of  the  discontinuity  and  then  a  precise 
calculation  of  the  time  when  it  occurs.  The  algorithm  was  tested  on  a  simple  model  of 
the  machine  tool  -  cutting  process  system,  which  has  five  different  discontinuities. 

The  elastic,  dissipative  and  inertial  properties  of  the  machine  tool  structure, 
tool  and  the  workpiece  are  represented  by  a  planar  oscillator,  which  is  excited  by  the 
cutting  forces.  It  is  assumed  that  the  relationship  between  the  cutting  forces  and  the  chip 
geometry,  namely  the  cutting  process  characteristics  is  captured  by  the  intermittent 
orthogonal  cutting  process.  To  make  the  process  more  realistic  a  dry  friction  force 
acting  on  the  cutting  edge  was  added.  The  undertaken  analysis  demonstrates  a  complex 
dynamic  behaviour,  which  is  manifested  by  an  existence  of  periodic,  quasi-periodic, 
subharmonic  and  chaotic  motion  (see  Wiercigroch,  1997).  It  was  found  out  that  some  of 
the  bifurcation  diagrams  cannot  be  classified  into  standard  routes  to  chaos,  however, 
crisis  type  transition  to  chaos  is  dominating.  Two  new  phenomena  were  detected,  which 
are  unique  for  the  non-linear  dynamical  systems.  The  first  one  is  called  unidirectional 
bifurcation,  i.e.,  the  system  is  stable  in  the  one  direction  and  unstable  in  the  another. 
The  deaths  and  births  of  periodic  solutions  is  the  second  one,  where  the  system 
oscillates  between  the  stable  and  asymptotically  stable  states  as  the  damping  ratio  is 
increasing.  In  general,  it  may  be  stated  that  dynamic  responses  of  the  system  can  be 
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controlled  most  effectively  by  a  mean  of  the  cutting  force  modulus.  Most  importantly, 
contrary  to  classical  machine  tool  theory  it  was  been  observed  that  for  certain  values  of 
the  parameter  vector  the  amplitude  of  vibration  can  decrease  with  an  increase  of  the 
cutting  force,  which  can  be  used  as  a  design  information  to  improve  the  productivity 
and  accuracy  of  the  machine  tools. 
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Abstract.  The  paper  treats  the  evaluation  of  the  accelerations  in  rigid 
multibody  systems  which  are  subjected  to  displacement  dependent  set¬ 
valued  force  interactions.  The  interaction  laws  are  represented  by  non¬ 
smooth  displacement  potentials  and  derived  through  generalized  differenti¬ 
ation.  The  resulting  multifunctions  contain  the  cases  of  smooth  force  char¬ 
acteristics,  bilateral  constraints,  as  well  as  combinations  of  them  like  uni¬ 
lateral  constraints  or  prestressed  springs  with  play.  Impacts  are  excluded. 
A  generalization  of  the  classical  principles  of  d’Alembert,  Jourdain,  and 
Gauss  in  terms  of  hemi-variational  inequalities  is  given.  A  strictly  convex 
minimization  problem  depending  on  the  unknown  accelerations  is  stated, 
known  in  classical  mechanics  cis  the  Principle  of  Least  Constraints.  The 
theory  is  applied  to  unilaterally  constrained  systems. 


1.  Introduction 

In  classical  mechanics  the  concept  of  virtual  work  is  used  in  order  to  clas¬ 
sify  displacement-dependent  forces.  Forces  are  called  “active”  or  “applied 
forces”  if  they  produce  virtual  work,  otherwise  they  are  called  “passive” 
or  “constraint  forces”.  Both  types  are  treated  completely  different  with 
respect  to  formulation  and  evaluation:  Applied  forces  are  continuous  func¬ 
tions  of  the  displacements  and  can  therefore  be  directly  evaluated  when  the 
displacements  are  known.  Passive  forces  originate  from  bilateral  constraints 
and  can  not  be  represented  by  such  functions.  Usually  certain  displacements 
are  prescribed,  but  the  forces  are  arbitrary.  The  evaluation  of  the  passive 
forces  is  done  by  either  inverting  the  corresponding  force  characteristics 
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which  yield  additional  equations  depending  on  the  displacements  known  as 
constraints,  or  by  choosing  appropriate  reduced  sets  of  new  coordinates, 
called  “minimal  coordinates”,  such  that  the  constraints  arc  automatically 
satisfied  and  thus  eliminated  from  the  equations  of  motion.  This  approach 
makes  sense  as  long  as  the  above  mentioned  classification  applies  to  all 
forces  within  a  multibody  system.  However,  there  are  forces  of  interme¬ 
diate  type  acting  in  some  regions  as  applied  forces,  in  other  regions  as 
constraints.  Usually  one  becomes  aware  of  them  when  dealing  with  dry 
friction,  unilateral  constraints,  or  impact  effects.  This  type  of  forces  leads 
to  hemivariational  inequalities  which  arc  variational  expressions  for  dif¬ 
ferential  inclusions  obtained  by  generalized  differentiation  of  certain  (non¬ 
smooth)  superpotentials.  In  classical  mechanics  only  small  attention  is  paid 
to  this  case.  Even  in  modern  literature  only  a  few  works  have  appeared  con¬ 
cerning  inequality  constraints  and  nondifferentiable  energy  functions.  We 
refer  especially  to  the  papers  [1],  [4],  [6]  and  to  the  few  references  given 
there.  The  aim  of  this  paper  is  to  introduce  general  interaction  laws  includ¬ 
ing  both,  active  type  forces  and  constraint  type  forces,  and  to  give  a  new 
interpretation  of  d’Alembert’s  Principle  of  Virtual  Work  which  leads  to  a 
strictly  convex  optimization  problem  in  terms  of  the  unknown  accelerations 
of  the  system.  As  an  example  the  theory  will  be  applied  to  systems  with 
arbitrary  unilateral  constraints. 

2.  The  Principles  of  d’Alembert,  Jourdain,  and  Gauss 

In  this  section  we  define  the  Principles  of  d’Alembert,  Jourdain,  and  Gauss 
for  holonomic  scleronomic  multibody  systems,  and  we  show  that  the  Prin¬ 
ciple  of  Gauss  is  equivalent  to  a  strictly  convex  optimization  problem  which 
corresponds  to  the  classical  Principle  of  Least  Constraints. 

We  consider  a  dynamical  system  consisting  of  a  certain  number  of  rigid 
bodies.  The  generalized  displacements  of  the  system  may  be  described  by 
a  coordinate  vector  q  E  which  depends  on  time  t.  The  velocities  are 
assumed  to  be  functions  of  bounded  variations  [4],  [5],  i.e.  their  left  and 
right  limits  q~  and  q^  exist  at  every  point  the  set  of  points  at  which 
q  is  discontinuous  is  at  most  countable,  the  displacements  arc  therefore 
absolutely  continuous,  and  the  differential  measure  of  q  consists  of  three 
parts:  The  Lebesgue  measurable  part  which  is  absolutely  continuous,  the 
atomic  part  which  is  concentrated  on  the  countable  set  of  discontinuities 
of  g,  and  a  part  with  support  on  sets  with  Hausdorff  dimensions  between  0 
and  1.  Neglecting  the  latter  and  splitting  off  the  atomic  part  one  may  state 
the  equilibrium  of  the  linear  and  angular  momenta  and  forces  which  yields 


M{q)g+  -  h{q,q-^)  =  /+ 


(1) 
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with  a  symmetric  positive  definite  mass  matrix  M  and  a  vector  h  consisting 
of  the  gyroscopical  accelerations.  In  order  to  obtain  a  complete  description 
of  the  dynamics  of  the  system  we  must  introduce  some  force  laws  which 
connect  the  forces  f'^  and  the  displacements  q.  We  assume  these  interaction 
laws  to  be  derived  from  a  displacement  potential  V (q)  through  generalized 
differentiation  [6],  and  we  will  equip  it  with  the  following  properties: 

Let  V  :W  3?U{-foo}  be  a  (non-smooth,  non-convex)  lower  semicon- 
tinuous  (l.s.c.)  function  with  effective  domain  C  such  that  its  epigraph  epi 
V  consists  of  regular  points  only,  i.e.  the  tangent  cone  T^piv  and  the  contin¬ 
gent  cone  K^pw  to  the  set  epi  V  coincide  for  every  point  (g,  V (g))  G  epiV. 
With  that  assumption  we  have  excluded  the  so-called  “reintrant  corners” 
[3],  the  physical  meaning  of  which  being  not  yet  well  understood  in  multi¬ 
body  dynamics.  The  potentials  V (g)  considered  here  thus  “share  the  prop¬ 
erties  of  nonsmooth  convex  and  smooth  nonconvex  functions”  rather  than 
being  general  which,  however,  seems  to  be  sufficient  at  the  present  time 
with  respect  to  application  problems.  We  will  now  assume  force  laws  of  the 
form 

-/+  e  dV{q)  (2) 

where  dV{q)  denotes  the  generalized  gradient  of  V  at  g.  The  generalized 
gradient  dV  (g)  is  a  convex  set  [8] .  Roughly  speaking,  it  consists  of  the  con¬ 
vex  hull  of  the  gradients  limi^oo  VV’(gj)  of  all  sequences  {gj}  approaching 
g  for  i  — >•  (X).  If  we  are  interested  in  the  accelerations  from  the  past  (g“) 
we  have  to  consider,  instead  of  (1),  the  equation  M{q)q~  —  h{q,q~)  =  f~ 
together  with  the  force  law  —f~  £  dV{q).  Note  that  both,  -f~  and 
belong  to  the  same  set  dV{q)  but  might  be  different.  They  coincide,  for  ex¬ 
ample,  if  dV  (g)  consists  of  one  element  only,  i.e.  for  example  in  the  smooth 
case  where  we  have  — /+  =  —f~  =  W{q). 

By  using  the  force  law  (2)  we  are  able  to  take  into  account  “smooth” 
interaction  forces  in  the  classical  sense,  for  example  springs  with  nonlin¬ 
ear  characteristics,  as  well  as  unilateral  and  additional  (this  also  means 
all)  smooth  bilateral  constraints,  and  certain  set-valued  interactions  like 
prestressed  springs  with  plays.  Every  kind  of  viscous  and  dry  friction  is  ex¬ 
cluded  as  well  as  nonholonomic  constraints.  They  demand  a  representation 
via  velocity  potentials  which  are  not  considered  here.  Combining  (1)  and 
(2)  we  get  the  differential  inclusions  of  the  system  [1] 

-{Mq+-h)edViq).  (3) 

It  is  known  from  non-smooth  analysis  that  inclusion  (2)  can  also  be  ex¬ 
pressed  by  means  of  a  hemi variational  inequality,  i.e. 

-/+  e  dViq)  ^  V^iq,  g*  -  g)  >  (-/+,  g*  -  g),  q  £  C,  Vg*,  (4) 
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where  V^{q,q*  —  q)  denotes  the  generalized  directional  derivative  of  F  at  g 
in  the  direction  (q*  —  g),  and  C  is  the  set  of  the  admissible  values  of  q,  see 
[8].  Together  with  (1)  we  obtain  the  expression 

-{Mt  -h,q*-q)<  VHq,q*  -  q),  qE  C,  Wq*  (5) 

which  holds  for  every  fixed  time  t  and  which  we  will  call  the  Principle  of 
d^Alembert  [1].  Note  that  the  variations  {q*  —  q)  are  not  restricted  to  any 
subset  of  3?-^,  thus  values  V^{q^q*  —  q)  —  which  occur  when  q  is  at 
the  boundary  of  C  are  allowed.  The  physical  dimension  of  eq.  (5)  is  that  of 
“work’’  [Nm].  Indeed,  we  will  see  in  Section  3  when  dealing  with  unilateral 
constraints  that  eq.  (5)  leads  to  Fourier’s  classical  principle  that  the  virtual 
work  produced  by  constraint  forces  is  always  greater  than  or  equal  to  zero. 

Although  providing  a  complete  description  of  the  dynamics  of  the  sys¬ 
tem,  equations  (3)  and  (5)  are  too  general  for  further  investigations.  Par¬ 
ticularly,  there  is  no  direct  way  to  obtain  the  accelerations  q'^  if  the  dis¬ 
placements  q  and  velocities  are  given.  However,  one  can  show  that 
d’Alembert’s  principle  (5)  is  equivalent  to  a  variational  expression  in  terms 
of  velocities  which  yields  an  expression  with  the  physical  dimension  of  a 
power  [Nm/s].  This  approach  is  also  based  on  potential  functions.  We  de¬ 
fine  the  function 

^:p-^VHq,v)  (6) 

and  call  it  the  velocity  potential  of  the  multibody  system.  Note  that  the  ve¬ 
locity  potential  is  nothing  more  than  the  generalized  directional  deriva¬ 
tive  of  y  at  a  point  q  considered  as  a  function  of  the  direction  p.  The 
velocity  potential  is  a  convex,  l.s.c.,  positively  homogeneous,  and  subaddi¬ 
tive  function,  and  obviously  dom  —  Tc{q)  for  every  fixed  g,  where  Tc{q) 
denotes  the  tangent  cone  to  C  at  q.  We  define  the  Principle  of  Jourdain  for 
every  fixed  time  t  to  be 

-{Mg+-/i,9^-g+)  g  G  C,  €  Tc(g),  (7) 

The  magnitude  q"^  denotes  just  any  arbitrary  velocity  in  order  to  express 
that  the  inequality  in  eq.  (7)  has  to  be  valid  for  every  direction  {q^  —  Q'^)- 
Like  in  classical  mechanics  q^  has  to  be  understood  as  the  (right)  time 
derivative  of  any  arbitrary  trajectory  starting  at  time  t  in  point  <7,  i.e.  there 
are  sequences  C  approaching  q  asymptotic  to  the  half¬ 

line  emanating  from  q  in  the  direction  q^  when  tn  t  for  n  00,  [1],  [9]. 
Analogously  to  (3)  a  differential  inclusion  being  equivalent  to  Jourdains 
Principle  (7)  can  be  stated 


{Mq^  -  h)  e 


(8) 
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where  due  to  the  convexity  of  $  one  may  use  the  subdifferential  from  Con¬ 
vex  Analysis  d  instead  of  the  generalized  gradient  B,  [9]. 

In  order  to  define  a  variational  principle  on  acceleration  level  we  proceed 
in  the  same  manner  as  above.  We  introduce  the  acceleration  potential  to  be 
the  generalized  directional  derivative  of  the  velocity  potential  as  a  function 
of  its  direction 

^  ;  p (9) 

and  notice  that  ^(p)  is  also  convex,  l.s.c.,  positively  homogeneous,  and 
subadditive,  and  its  effective  domain  is  given  by  dom  ^  for 

every  fixed  q,  q'^.  We  define  the  Principle  of  Gauss  for  every  fixed  time  t 

-{Mq+  -  h,  q^  -  q+)  <  <l!^q+,  q^  -  q+), 

q£C,q+e  Tc{q),  t  6  )(?+),  W  ^  ^ 

which  has  the  physical  dimension  of  a  power  per  time  [Nm/s^],  and  where 
the  term  q^  has  to  be  understood  in  the  same  sense  as  q“^  above.  As  in  (8) 
we  obtain  the  differential  inclusion 

-{Mq^  -h)  e  d^iq'^)  (11) 

which  is  an  equivalent  representation  of  (10). 

Equation  (11)  constitutes  the  necessary  and  sufficient  optimality  con¬ 
ditions  of  a  strictly  convex  optimization  problem  [9]  which  is  obvious  by 
rewriting  it  in  the  form 


-h  +  d'^it)-  (12) 

The  accelerations  are  hence  the  optimal  solutions  of  the  program 

g+  =  arg  min  {/(^^)};  /(g+)  =  ^(Mg+,  g+)  -  (h,  g+)  -f  «'(g+)  (13) 

which  is  called  in  classical  mechanics  the  Principle  of  Least  Constraints.  The 
cost  function  /  is  strictly  convex  because  M  is  a  symmetric  and  positive 
definite  matrix  and  the  acceleration  potential  is  convex.  Moreover,  since 
/  is  strictly  convex,  the  optimal  solutions  are  unique. 

In  [1]  it  has  been  proved  that  the  principles  of  d’Alembert,  Jourdain, 
and  Gauss  are  equivalent.  One  important  property  of  such  systems  may  be 
expressed  via  the  inequalities 

-(Mg+  -  h,i)^)  <  <i!Hq+,r)  <  ^He,r)  <  VHq,r),  W,  (14) 

or,  by  rewriting  (14)  in  terms  of  the  corresponding  differential  inclusions 
(3),  (8),  (11),  via 

-(Mg+  -  A)  G  C  a$(g+)  C  dV{q). 


(15) 
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The  advantages  of  introducing  acceleration  potentials  and  solving  Gauss’ 
principle  instead  of  d’Alembert’s  principle  are  multiple:  First  of  all  we  were 
able  to  proceed  from  a  non-convex  displacement  potential  to  a  convex  and 
hence  much  better  behaved  acceleration  potential  which  is  positively  ho¬ 
mogeneous  in  addition.  Furthermore  the  number  of  inequalities  describing 
the  sets  (15)  becomes  smaller,  because  is  contained  in  dV{q)  (15). 

Sometimes  it  may  happen  that  d'i^{q^)  consists  of  one  element  only  whereas 
dV (g)  is  really  “big.”  For  systems  allowing  the  formulation  of  the  general¬ 
ized  gradients  via  linear  complementarity  conditions  the  dimension  of  the 
matrix  of  the  corresponding  Linear  Complementarity  Problem  is  directly 
related  to  the  dimensions  of  the  sets  in  (15).  Finally,  by  the  Principle  of 
Gauss  we  achieved  a  representation  of  the  dynamics  equations  which  en¬ 
ables  a  direct  access  to  the  right  accelerations  of  the  system.  Moreover, 
these  accelerations  are  uniquely  determined  by  the  corresponding  strictly 
convex  optimization  problem  (13). 


3.  Unilateral  Constraints 


It  is  well  known  by  now  that  unilateral  constraints  may  be  taken  into  ac¬ 
count  by  indicator  functions.  We  consider  a  miiltibody  system,  the  displace¬ 
ments  of  which  being  subjected  to  geometrical  restrictions  q  G  dom  V  =  C. 
The  indicator  function  Ic  of  a  set  C  is  defined  by 


\i  q  ^  C 

\{qiC 


(16) 


and  has  some  important  connections  to  the  normal  and  the  tangential  cone 
of  C.  In  [8]  it  is  shown  that 


dIc{q)^Nc{q)  and  Ic{q-.p)  =  lTc[q)iP)^  (17) 

where  Nc{q)  is  the  normal  cone  to  C  at  ^  defined  by  Nc[q)  ~  {3:  |  {x^y)  < 
0,  Vy  G  Tc{q))>  We  assume  that  only  forces  resulting  from  unilateral  con¬ 
straints  act  on  the  multibody  system.  In  this  case  the  disphacement  poten¬ 
tial  V{q)  is 

V{q)  -  Ic{q)^  (18) 

In  order  to  derive  the  velocity  potential  (6)  and  the  acceleration  potential 
(9)  we  just  have  to  apply  equation  (17).  We  obtain 

^(p)  =  4(9.p)  =  7rc(,)(p),  ’I'(p)  =  = /rj.^,(^,(5+)(p).  (19) 

With  the  help  of  (17)  we  get  immediately  from  (18)  and  (19)  the  three  sets 
dV{q),  ^^(g"^),  and  cl^'(g'*').  They  are 

BV{q)^Nc{q\  = 

(20) 
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and  the  differential  inclusion  (15)  becomes 

-(Mg+  -h)e  C  JVr^(,)(g+)  C  Nc{g).  (21) 

At  that  point,  note  the  polarity  between  the  normal  and  the  tangential 
cone.  Due  to  (21)  we  obviously  have 

Jc(5)  C  Tj.„(,)(?+)  C  (22) 

The  tangential  cones  increase  from  the  displacement  level  to  the  accelera¬ 
tion  level  in  the  same  manner  as  the  corresponding  normal  cones  decrease. 
One  may  say  that  the  accelerations  are  in  some  sense  less  constrained  than 
the  displacements,  a  fact  completely  different  from  bilaterally  constrained 
motion.  Using  the  potential  functions  in  (18),  (19)  the  three  principles  (5), 
(7),  and  (10)  become 

- (M q+-h,  q*- q)  <  /J (g,  q*- g) ,  'iq*,qeC 
-(Mg+-h,g^-g+)  <4(^^(g+,g«_g+),  V4^geC,g+GTc(g) 

-{Mq+-h,r-q-^)  < 

Vr ,  9 e  C,  9+  €rc(g),  r  G (9-^). 

We  apply  again  equation  (17)  to  the  right-hand  sides  of  the  inequalities  in 
(23)  and  choose  the  variations  of  the  displacements,  velocities,  and  acceler¬ 
ations  such  that  they  belong  to  the  sets  specified  by  the  resulting  indicator 
functions.  The  values  of  the  indicators  are  then  equal  to  zero  and  (23) 
becomes 

-{Mq^-h,q*^q)  <  0,  ^iq^-q)  eTc{q),qeC 

-{Mq-^-h,r-q+)<0,  V(g"-g+)GTr^(,)(g+),gGC',g+GTc(9) 

-(Mg+-/i,g>'-g+>  <  0,  V(r-9+) 

g  e  C,  g+  Grc(g),  g+  6  TtcC?) 

Setting  Mg"*"  —  h  =  (cf.  eq.  (1))  we  see  that  all  scalar  virtual  expres- 
sions  such  as  virtual  work  or  virtual  power  produced  by  forces  from  uni¬ 
lateral  constraints  are  always  greater  than  or  equal  to  zero.  The  Principle 
of  d’Alembert  for  unilateral  constraints  was  stated  in  1821  by  Fourier  and 
can  also  be  found  in  [2],  [3].  Moreau’s  work  is  completely  based  on  Jour- 
dain’s  principle  in  the  second  line  of  (24)  but  contains  additionally  impacts 
and  Coulomb  friction  [4],  [5].  The  Principle  of  Gauss  as  stated  in  the  third 
equation  of  (24)  can  be  found  in  [2]  and  is  often  heuristically  used  in  multi¬ 
body  dynamics,  cf.  for  example  [7].  Taking  the  acceleration  potential  (19) 
we  may  state  the  Principle  of  Least  Constraints  (13), 

g+  =  arg  min  f{q^)  =  ^{Mq+,  q+)  -  {h,  g+)  4-  /rr^(,)(^+)(9+) 

(25) 


CH.  GLOCKER 


which  is  a  strictly  convex  program  with  inequality  constraints,  i.e.  find 
such  that  ,q^)  —  {h,q^)  becomes  minimal  under  the  restriction  that 

q^  belongs  to  the  closed  convex  cone 

4.  Conclusion 

The  topic  of  the  presented  paper  may  be  described  as  follows:  When  con¬ 
sidering  the  velocities  of  a  multibody  system  as  functions  of  bounded  vari¬ 
ation  the  accelerations  of  the  system  exist  almost  everywhere.  In  this  case 
there  must  be  a  way  to  determine  their  values  directly  from  the  equations 
of  motion.  For  that  purpose  we  considered  the  equations  of  motion  of  a 
system  under  the  influence  of  forces  which  were  derived  by  generalized  dif¬ 
ferentiation  from  a  displacement  potential.  The  corresponding  differential 
inclusion  was  reformulated  in  terms  of  a  hemivariational  inequality;  this  is 
the  Principle  of  d’Alembert.  Following  classical  mechanics  we  also  intro¬ 
duced  a  variational  principle  on  the  velocity  and  on  the  acceleration  level, 
i.e.  the  Principles  of  Jourdain  and  Gauss,  respectively.  We  also  showed  that 
unilateral  constraints  were  covered  by  the  chosen  approach.  The  presented 
theory  can  be  extended  to  non-integrable  potential  functions  on  velocity 
level  in  order  to  take  into  account  additional  forces  resulting  from  viscous 
damping,  dry  friction,  and  nonholonomic  constraints.  At  a  first  view  these 
forces  seem  to  be  of  completely  different  nature,  only  sharing  the  property 
of  non-integrability  of  some  related  functions.  It  is  a  remarkable  fact  that  all 
of  them  can  be  treated  by  the  unified  concept  of  using  velocity  potentials. 
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VI.  CIRCUITS,  CONTROL,  CARDIAC  MODELLING 


The  control  of  chaos  using  feedback  in  a  double  pendulum  (Schiehlen)  provided 
a  very  interesting  demonstration  at  the  symposium  and  interested  readers  can  learn  how 
to  build  such  a  demo  from  this  paper.  The  experimental  paper  by  Virgin  showed  new 
experimental  techniques  to  measure  transient  nonlinear  behavior. 

Matsumoto  and  Nishi  give  a  nice  discussion  of  chaos  control  and 
synchronization  in  an  electric  circuit.  The  paper  by  Englebrecht  et  al.  explores  dynamic 
cardiac  modelling. 


DRIVEN  NONLINEAR  OSCILLATORS  FOR  MODELING  CARDIAC 
PHENOMENA 

J.  ENGELBRECHT'•^  R.v.  HERTZEN^  6.  KONGAS' 
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Abstract 

A  model  of  cardiac  transmembrane  action  potential  excitation  and  propagation  is 
presented.  The  model  consists  of  strongly  asymmetric  van  der  Pol  oscillators  and  novel 
quiescent  nerv'e  pulse  equations  modeling  cardiac  pacemakers  and  conducting  tissues, 
respectively.  A  detailed  analysis  of  bifurcation  structures  of  driven  nerve  pulse 
equations  is  given.  The  rich  variety  of  calculated  arrhythmias  and  conduction  blocks 
agrees  well  with  measured  behavior  of  animal  cardiac  Purkinje  fibers. 


1.  Introduction 

Driven  oscillators  form  the  backbone  of  nonlinear  dynamics.  Physical  phenomena 
modeled  by  such  oscillators  may  be  different  but  the  general  theory  and  methods  are 
applicable  for  a  wide  range  of  problems  that  is  of  a  special  importance  in 
interdisciplinaiy  areas. 

Many  biological  rhythmic  processes  can  be  modeled  by  nonlinear  differential 
equations  exhibiting  limit  cj'cle  behavior,  among  them  are  also  the  cardiac  rhythms. 
The  cardiac  rhjihms  are  governed  by  self-oscillating  pacemakers  and  quiescent, 
excitable  conducting  sj'stem  (for  detailed  description,  see  Glass  et  al  1991).  The  sino¬ 
atrial  (SA)  node,  being  the  primary  pacemaker,  and  tire  atrioventricular  (AV)  node,  a 
secondary  pacemaker,  can  be  modeled  as  a  pair  of  coupled  relaxation  oscillators  (van 
der  Pol  and  van  der  Mark  1928,  Katholi  et  al  1977,  West  et  al  1985).  Under  normal 
conditions,  the  intrinsically  faster  SA  node  appears  to  entrain  the  slower  secondary 
pacemaker  resulting  in  a  one  to  one  phase-locking  (Goldberger  et  al  1985).  The  AV 
node,  on  the  other  hand,  acts  as  a  drive  for  the  conducting  system  -  His  bundle  and 
Purkinje  fibers  -  considered  as  non-pacemaking  excitable  media.  Purkinje  fibers 
conduct  the  electrical  activation  to  the  ventricular  subendocardium  that  leads  to  a 
contraction  of  the  atrial  muscle. 

This  complicated  physiological  system,  based  on  cell  energetics,  ion  currents, 
electrical  activation,  contraction,  mechanical  stresses,  etc.,  has  been  studied  for  a  long 
time  (Glass  et  al  1991)  and  mathematical  modeling  of  these  phenomena  is  nowadays 
closely  related  to  the  methods  of  nonlinear  dynamics  (Jalife  1990).  In  this  work,  based 


on  our  earlier  results  (Engcibrccht  1981,  1991,  von  Hcrtzcn  and  Kongas  1996),  the 
pacemakers  of  the  heart  in  an  entrained  mode  arc  modeled  by  strongly  as}'mmetric  van 
der  Pol  oscillators  and  the  cardiac  conducting  tissues  (His-Purkinjc  network)  are 
modeled  by  the  nerv’C  pulse  equation  (NPE)  derived  by  Engclbrecht  (1981).  The 
novelty  is  in  the  analysis  of  the  NPE  that  despite  of  its  simplicity  exhibits  rich 
dynamics  similar  to  the  results  of  experiments  (Chialvo  et  al  1990). 

The  paper  is  organize  as  follows.  We  first  consider  the  structured  model  of  heart 
and  the  model  for  nerve  pulse  propagation  (the  NPE).  The  main  emphasis  is  put  on  the 
analysis  of  driven  NPE's  where  the  bifurcation  structures  and  bifurcation  diagrams  of 
periodically  driven  NPE's  arc  presented.  The  discussion  shows  the  rich  variety  of 
calculated  arrltythmias  and  conduction  blocks  agreeing  with  experiments. 


2.  Basic  models 

2.1,  STRUCTURAL  ELEMENTS 

As  described  aboN  C,  the  myocardium  is  preceded  by  four  main  elements  of  heart  related 
to  the  electrical  pulse  e.xcitation  and  conduction  -  two  oscillating  nodes  and  the 
conduction  sj'stem  canning  and  distributing  the  action  potential.  Following  the 
structured  model  elements  (Fig.  1),  we  propose  a  mathematical  model  which  consists 
of  coupled  equations  corresponding  to  each  of  these  elements  (Hertzen  and  Kongas 
1996).  For  the  nodes  we  use  strongly  as}inmetric  van  der  Pol-type  oscillators  and  for 
the  His-Purkinje  network  -  Liinard-type  NPE’s  (Engcibrccht  1991). 


Figure  1.  Structured  model  ofheart 


2.2.  BASIC  EQUATIONS 


Here  we  put  emphasis  on  the  dynamics  between  atrium  and  ventricle.  For  this  reason 
we  model  the  SA  and  AV  nodes  in  a  1:1  entrained  mode  which  acts  as  a  drive  for  the 
His-Purkinje  network.  The  general  asymmetric  van  dcr  Pol  equation  is  used  for  the 
action  potential  u 


ii  +  -  Wj)  //  +  kji  -  0 


(1) 


with  standard  notations  and  <  0  in  order  to  guarantee  the  existence  of  the  limit 
cycle.  The  parameters  w,,  Ui  and  arc  chosen  to  get  a  "unit  solution"  with  the  unit 
amplitude  and  the  unit  angular  frcqucnc>'  (Hertzen  and  Kongas  1996).  It  should  be 
noted,  however,  that  the  average  value  of  this  solution  is  zero  as  immediately  follows 
from  the  properties  of  the  van  der  Pol  equation.  According  to  Licbert  (1991),  the 
average  value  of  the  real  AV  action  potential,  measured  from  the  corresponding  resting 


state,  is,  however,  evidently  diiferent  from  zero.  This  means  that  the  drive  G(t)  should 
have  a  constant  bias  C 

G{T)^Iu{a)T)  +  C,  (2) 

where  I  is  tlie  amplitude. 

The  NPE  for  modeling  His-Purkinje  network  is  derived  from  tlie  hyperbolic 
telegraph  equations  (Lieberstein,  1967)  in  their  full  form  in  order  to  avoid  a  sensitivity 
of  the  stationary  profile  (Engelbrecht  1991).  For  the  membrane  current,  a  FitzHugh- 
Nagumo  type  cubic  expression  is  used  with  one  recovery  (internal)  variable.  The 
evolution  equation  (Engelbrecht  1981,  1991)  governing  the  transmembrane  action 
potential  v  is  then 

+  ^  =  f(v)  =  a,+a,v+ay,  (3) 

where  ^  -  Cot  -  X,  Oo,  Oi,  Oz,  and  a  are  constants.  Here  Co  is  the  propagation  velocity 
without  ion  currents.  Equation  (3)  describes  the  space-time  dynamics  of  a  pulse  and  the 
corresponding  stationary  profile  is  governed  by 

v  +  f(y)v  +  {a/6)v  =  0,  (4) 

where  dot  denotes  tlie  differentiation  with  respect  to  t  =  X+  0=  const.  It  is  shown 
(Engelbrecht  1991)  that  eq.  (4)  exhibits  a  threshold,  a  possible  amplification  of  the 
initial  e.xcitation  and  a  formation  of  a  stationary  profile  with  a  characteristic  refraction 
part.  This  is  the  sought  NPE  and  later  we  prefer  writing  eq.  (4)  in  the  following  form 

v  +  r7,(v-v,)(v-v,)v-v  =  0  (5) 

\vith  V|,  Vi  constants.  What  makes  eq.  (5)  different  from  eq.  (1)  is  that  ViVi  >  0 
which  is  the  basic  condition  for  the  NPE  becoming  a  quiescent  excitable  nerve  pulse 
equation.  Note  also  that  the  harmonically  driven  NPE  is  equivalent  to  the  Bonhoffer- 
vari  der  Pol  equation  e.xcept  for  a  missing  Duffing-type  cubic  term.  A  single  stimulus 
acting  on  the  NPE  in  its  resting  state  will  be  either  attenuated  or  amplified  resulting  in 
a  sub-threshold  (small  stimulus)  or  supra-threshold  (larger  stimulus)  response.  The 
minimum  tlireshold  impulse  (velocity  kick)  needed  to  create  a  supra-threshold 
response  is  analyzed  by  Hertzen  and  Kongas  (1996)  who  have  shown  that  the  NPE 
under  consideration  behaves  as  a  supernormal  neuron. 

3.  Numerical  simulation 

3.1.  DRIVING  BY  A  TRAIN  OF  DIRAC  DELTA  SPIKES 

The  NPE  driven  periodically  by  a  train  of  Dirac  delta  spikes  is  of  a  special  practical 
interest  since  many  experimental  transmembrane  action  potential  measurements  are 
peifonned  using  cell  simulation  by  short  current  pulses  (Chialvo  and  Jalife  1987, 
Chialvo  et  al  1990).  The  emphasis  is  on  a  detailed  study  of  the  bifurcation  diagrams  of 
the  response  and  on  the  bifurcation  map  in  the  drive  frequency-amplitude  plane.  The 
model  NPE  under  consideration  is 


V4-^^(v“-V,)(v^-Vj)v  +  V  = 

ji-0 

where  1  accounts  for  the  strength  and  T  -  'Itz/co  for  the  basic  period  of  the  stimulus,  and 
S(')  is  the  Dirac  delta  function. 

The  overall  bifurcation  structure  of  eq.  (6)  displaung  the  bifurcation  lines  of  period 
one  solution  in  the  (/.ru)‘Control  plane  is  shown  in  Fig.  2. 
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Figure  7.  The  skeleton  of  tlie  bifurcation  structure  of  eq,  6, 

Dotted  linos  -  period  doubling.s,  solid  lines  -  Neimark-Sacker  bifiircations. 


A  detailed  study  of  bifurcations  up  to  period  six  solutions  revealed  the  classic  Farcy 
organization  and  Arnold  tongue  structure  for  phase  locking  zones  originating  from  the 
Neimark-Sacker  lines  within  the  quasipcriodic  region,  period  doubling  cascades  and 
chaos  originating  from  the  two  "butterfly  wings”,  and  a  complicated  transition  region 
between  these  main  domains.  A  more  detailed  bifurcation  structure  within  the  zone 
/<6)  <  3  is  shown  in  Fig.  3. 

In  Fig.  3,  Neimark-Sacker  bifurcations  are  labeled  by  NS  and  saddle-node  and 
period  doubling  bifurcations  by  sn{m,ri)  and  pd{\n,n),  respectively,  where  m  and  n 
denote  torsion  and  period  numbers  (Mettin  et  al  1993).  The  distinction  between  period 
doubling  and  saddle-node  bifurcations  is  easily  made  on  the  basis  of  the  general 
winding  number  (GWN).  Hertzen  and  Kongas  (1996)  have  analyzed  this  ease  in  detail. 
Here  we  stress  some  special  features  only  needed  for  the  overall  picture.  The  sn{m,n) 
lines  may  appear  very^  close  to  pcl(n},n)  lines  (Fig.  3)  and  may  be  connected  to  the  NS 
lines.  From  the  viewpoint  of  arrh}1hmias,  the  p^(l,2)  lines  which  interv'cnc  the  NS 
line,  arise  due  to  the  2:1  conduction  block,  which  is  primarily  caused  by 
supernormality  of  the  NPE  under  considerations.  The  cuts  of  bifurcation  planes  for 
fixed  Ts  show  clearly  the  difference  between  small  drive  amplitudes,  amplitudes 
around  the  firing  threshold  lo,  and  large  amplitudes.  For  small  drive  amplitudes,  for 


increasing  o  the  stable  period  one  attractor  experiences  a  NS  bifurcation  leading  to  the 
quasiperiodic  behavior.  For  a  stimulus,  slightly  less  than  the  threshold,  a  period 
doubling  cascade  and  chaotic  region  precede  the  quasiperiodic  regime  and  replace  the 
NS  bifurcation.  For  large  amplitudes,  the  bifurcation  diagram  displays  a  sequence  of 
alternating  quasiperiodic  regimes  and  phase-locked  states. 
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Figure  3.  Detailed  bifurcation  structure  around  the  transition  region 

3.2.  ROBUSTNESS  OF  THE  BIFURCATION  STRUCTURE 


The  tissue  of  the  cardiac  conducting  system  in  the  intact  heart  and  in  preparations  for 
electrophysiological  experiments  meets  very  different  driving  conditions.  This  suggests 
the  need  for  the  analysis  of  the  influence  of  drive  type.  Here  three  different  driving 
functions  are  used:  the  periodic  train  of  Dirac  delta  spikes  (delta  drive),  sinus  drive  and 
unit  drive  (see  Sec.  2.2).  The  2D  diagrams  showing  the  response  periodicities 
corresponding  to  these  driving  conditions  are  shown  inf  Figs.  3  and  4.  For  sinus  and 
unit  drives,  the  driving  amplitudes  and  biases  are  simultaneously  adjusted  to  make  both 
mean  values  and  amplitudes  of  first  harmonics  equal  to  the  corresponding  values  of 
delta  drive.  This  gives  the  r.h.s. 


for  sinus  (subscript  k  =  s)  and  unit  (subscript  k  =  u)  drives,  respectively.  The  values 
Hs=  I  and  Hu  =  0.499  are  the  corresponding  amplitudes  of  the  first  harmonics. 


Figure  4  shows  the  amazing  robustness  of  the  bifurcation  structure  of  the  NPE  with 
respect  to  different  drive  types.  Minor  differences  occur  for  low  frequency  domain 
involving  slight  distortions  of  periodic  regions.  This  indicates  that  the  characteristic 
features  of  the  drive  are  well  contained  in  bias  and  first  harmonic.  The  NPE  has  its 
intrinsic  self-oscillations  frequency  and  for  increasing  co,  obviously,  the  influence  of 
higher  harmonics  decays  quickly,  i.e.,  they  become  "well  out  of  resonance".  This 
suggests  that  almost  any  kind  of  periodic  drive  can  be  used  without  affecting  the 
bifurcation  structure. 


Figure  5.  Two  views  at  the  3D  bifurcation  diagram  of  the  NPE.  Tlie  gray  tones  correspond  approximately 
to  tlie  tones  in  Fig.  4.  Box  dimensions:  7  =  0.1-15.0,  iy=  0.15-4.0,  C  =  0.0-2.4;  a)  planes /=  15.0,  fi;  =  4.0, 
C  =  0.4,  1.5,  and  b)  planes  7  =  4.0,  cj-  4.0,  C  =  0.4,  C  =  1.3. 


3.3,  DRIVING  BY  A  BIASED  UNIT  GENERATOR 


In  this  section  \vc  present  the  3D  bifurcation  diagram  of  the  NPE  with  respect  to 
driving  frequency  co,  driving  amplitude  7  and  bias  C.  The  unit  drive  is  used  here,  i.c. 
the  r.h.s.  of  the  NPE  is  taken  from  cq.  (2).  This  gives  us  a  direct  possibility  to  study  the 
asymmetry  of  the  resulting  diagram  with  respect  to  bias  C. 

It  can  be  shown  that  if  the  driving  function  uj,-)  possesses  the  inversion  s>mnictry 
property  -  Wjt(r+  772)  =  u^ir),  where  T  is  the  period  of  Ukir),  then  the  3D  bifurcation 
diagram  is  symmetric. 

The  results  are  shown  in  Fig.  5.  Anal\lically  it  can  be  shown  that  the  Arnold  tubes 
(3D  Arnold  tongues)  start  at  the  plane  7=0,  widening  with  increasing  7.  For  7=0,  the 
NS  bifurcation  (actually  a  Hopf  bifurcation  for  this  particular  case)  occurs  at  planes 
C  =  i/i  =  0.5  and  C-Uj-  1.9.  The  complicated  bifurcation  structure  with  Arnold  tubes 
remains  between  these  two  planes  for  all  values  of  7  and  co.  Merely  the  period  doubling 
’wings'  extend  beyond  these  planes  (cf  Fig.  2). 

Careful  e.xploration  of  the  3D  bifurcation  structure  reveals  weak  asymmetry 
indicating  that  the  corresponding  structure  for  sinus  drive  would  be  verj'  similar.  The 
bifurcation  structure  showm  in  Figs.  3,  4  can  easily  be  recognized. 

4,  Discussion 

4.1.  COMPARISON  WITH  EXPERIMENTS 

Low  dimensional  chaotic  behavior  in  sheep  and  dog  cardiac  Purkinje  tissues  has  been 
demonstrated  by  Chialvo  et  al  (1990),  where  period  doubling  bifurcations  of  the 
transmembrane  action  potential  amplitude  were  shown  to  precede  the  irregular  action 
potential  beha\ior.  For  a  1.5  x  threshold  drive  amplitude  and  increasing  drive 
frequency,  the  period  doubling  bifurcations  associated  with  changes  in  the 
stimulus:response  locking  were  manifested  in  the  sequence  1:1 2:2,  2:1 -^4:2, 
3:1  6:2  and  4:1  8:2  until  irregular  activit}'  occurred  at  veiy’  brief  cycle  lengths. 

Careful  exploration  also  revealed  irregular  dynamics  between  the  4:2  and  3:1  states. 
For  a  2.6  x  threshold  drive  amplitude,  the  corresponding  sequence  wns 
1:1  “*>  2:2  4:4  ->  irregular  dynamics.  The  consistency'  with  our  results  (Fig.  3)  is 

good. 

4.2.  COEXISTING  ATTRACTORS 

The  well-knowm  coexisting  functioning  modes  of  the  heart  are  the  reentry  tachycardia 
and  the  nonnal  mode.  The  switching  between  these  modes  occurs  usually  due  to 
ectopic  beats.  One  of  the  important  tasks  of  artificial  pacemakers  is  to  drive  the 
fibrillating  heart  back  to  the  normal  mode  of  functioning. 

Analysis  of  the  NPE  shows  that  the  heart  is  a  very  stable  system  for  normal  rates 
and  for  higher  rates  the  complicated  rlwthms  can  appear  (c.xpcctcd  result).  In  addition, 
the  detailed  analysis  shows  the  presence  of  coexisting  attractors  (CAs).  Extensive 


number  of  papers  deals  with  analysis  and  modeling  of  Wenckebach-type  brady- 
arrhythmias  arising  within  or  below  the  AV  node.  Most  of  them  tend  to  ascribe  the 
alternating  Wenckebach  periodicities  to  the  multilevel  block  that  is  also  clinically 
reported  (Castellanos  et  al.  1993).  The  change  in  Wenckeback  periodicities  (e.g.  from 
2:1  to  3:1  entrainment)  is  usually  achieved  with  change  in  driving  frequency.  However, 
our  studies  suggest  that  several  stable  Wenckebach  periodicities  could  be  produced  by  a 
single  level  of  a  block  within  or  below  the  AV  node  without  changing  the  driving 
frequency.  The  possibility  for  CAs  is  not  earlier  reported  in  case  of  bradycardias. 

To  demonstrate  the  presence  of  CAs,  we  paced  the  NPE  w/ith  delta  drive  using  the 
driving  parameters  /  =  1.41  and  co  =  2.14.  We  exerted  an  irregular  beat  (IB),  an  exlra 
pulse  exactly  in  the  middle  of  two  contiguous  regular  beats.  After  some  evolution  of  the 
system  we  e.xerted  another  IB  in  the  same  phase  as  the  first  one.  Figure  6  shows  the 
result  of  this  simulation.  Before  the  first  IB  was  exerted,  the  system  exhibited  3:1 
entrainment.  The  first  IB  kicked  it  to  the  chaotic  mode  and  the  second  IB  brought  it 
back  to  3:1  mode.  The  point  (co,  I)  used  in  this  experiment  is  located  both  inside  the 
Arnold  tongue  three  and  within  the  fully  developed  period  doubling  cascade  of  the 
lower  'wing'  (see  Fig.  3).  As  the  subharmonic  cascade  within  the  tongue  three 
intersects  transversely  the  cascade  within  the  lower  'wing',  there  exists  a  wde  spectrum 
of  different  CAs.  In  clinical  situations,  this  t>’pe  of  an  arrhjdhmic  phenomenon  could 
be  observed  in  patients  with  atrial  fibrillation  together  with  fast  AV  conduction, 
irregular  ectopy  and  a  single  level  block  within  His  bundle.  However,  in  view  of  the 
significant  fluctuations  existing  in  parameters  describing  the  human  heartbeat, 
unambiguous  identification  of  chaos  in  clinical  recordings  with  frequent  ectopy  will  be 
difficult  (Courtemanche  et  al.  1989). 


Figure  6.  Coexisting  attractors  possessed  by  delta-driven  NPE. 

Irregular  beats  (IB)  kick  the  system  from  one  stable  attractor  to  another. 

The  idea  that  human  disease  may  sometimes  be  associated  with  bifurcations  in  the 
dynamics  of  living  organisms  was  elaborated  by  Mackey  and  Glass  (1977)  with  the 
notion  of  'dynamical  disease'  to  denote  abnormal  dynamics  in  physiological  systems 
associated  with  changes  in  sysem  parameters.  Our  results  suggest  that  sudden  change 
in  cardiac  functioning  indicates  the  possibility  for  CAs  rather  than  the  change  in 
'dynamical  disease'.  Moreover,  some  'dynamical  diseases'  may  have  more  than  one 
representative  form  in  ECG  recordings. 


4.3.  EXTENSIONS 


We  have  demonstrated  in  section  3.2  that  the  characteristic  features  of  the  drive  for  the 
NPE  are  well  contained  in  bias  and  first  hannonic,  whereas  the  higher  harmonics  have 
minor  influence  to  the  bifurcation  structure.  This  suggests  that  from  both  the  analytical 
and  computational  viewpoints  the  optimal  drive  for  the  bifurcation  analysis  would  be  a 
biased  sine.  By  a  linear  change  of  variables,  the  sinusoidally  driven  NPE  can  be 
transformed  into  the  van  der  Pol  form 

x  +  £*(x^  -l)x-f  X  =  Is\n6)t-¥C  (8) 

(Hertzen  and  Kongas  1996).  This  indicates  the  need  for  4D  bifurcation  analysis  of  the 
van  der  Pol  equation  in  the  space  of  (€,  /,  4u,  C).  The  encouraging  point  should  be  that 
then  all  the  major  characteristics  of  the  bifurcation  structure  arc  involved. 
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1.  Introduction 

Consider  the  R-L-Diode  circuit  given  in  Fig.  1  driven  by  the  sinusoidal 
voltage  source  Esm{2nft).  The  dynamics  is  described  by 

§  =  i~sm) 

,fi  ,  (1) 

^  di  =  “*/(?)  +  +  £■  sin(27r/i) 

where  q  is  the  charge  stored  in  the  (parasitic)  capacitor  of  the  diode,  i  is 
the  current  through  the  circuit,  R  and  L  are  the  series  resistor  and  the 
inductor,  and  is  a  DC  bias.  Function  p(*)  is  the  well-known  exponential 
characteristic  of  a  diode,  whereas  /(•)  represents  the  nonlinear  character¬ 
istic  of  the  capacitive  part  of  the  diode.  Analytical  expression  is  rather 
complicated  [7].  Figure  2  shows  a  typical  graph  of  /(•). 


R  L 

Esin{2Kft) 


Diode! 


Figure  1.  R-L-Diode  circuit  driven  by  a 
sinusoidal  voltage  source. 


Figure  2.  q-v  characteristic. 
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In  a  series  of  papers,  [1]-[10],  we  have  been  studying  various  aspects  of 
this  circuit;  bifurcations,  chaotic  attractor  formation,  synchronization  and 
masking  among  others.  Due  to  its  simplicity  and  naturalness,  this  circuit 
has  been  extensively  studied  by  engineers  as  well  as  physicists  [11]-[19].  It 
is  not  surprising  to  see  that  other  systems  including  gear  meshing  [17]  and 
compliant  off  shore  structure  [18]  are  described  by  equations  similar  to  (1), 
because  there  is  no  artificially  synthesized  element  in  this  circuit. 


2.  Chaos 


One  of  the  first  questions  is:  What  is  responsible  for  the  chaotic  behavior 
when  the  circuit  is  so  simple  and  natural?  The  answer  is  the  nonlinearity 
of  the  parasitic  capacitor  associated  with  the  diode  [1].  The  next  natural 
question  is:  How  are  the  chaotic  attractors  formed?  The  answer  is  that  a 
significant  difference  in  the  slopes  of  /(•)  in  the  regions  q  >  0  and  ^  <  0 
gives  rise  to  significant  diflFerence  in  the  vector  fields  in  each  of  the  two 
regions.  This  yields  ‘‘folding  mechanism”  which  in  turn  is  responsible  for  the 
chaotic  attractor  formation  [2].  Figure  3  shows  a  schematic  picture  of  how 
a  topological  horseshoe  can  be  formed  in  this  system  w^here  simplifications 
are  made;  (i)  Smooth  nonlinearity  /(•)  is  replaced  by  a  piecewise  linear  one; 


Hq)  = 


I 


Cd^  +  Eq, 
+  Eo, 


q>0 
q  <  0 


Cj  «  Cd 


(2) 


(ii)  nonlinearity  p(-)  is  ignored,  and  (iii)  E smut  is  replaced  by  Esgn{s\n(jjt). 
These  simplifications  imply  that  the  solution  can  be  represented  as  compo¬ 
sitions  of  four  linear  flows  -  ,4>\  on  depending  on  9  >  0  or  g  <  0, 
and  5^n(sina;f)  >  0  or  S5n(sina;f)  >  0.  In  Fig.  3,  the  upper  plane  corre¬ 
sponds  to  $gn{sinut)  >  0,  where  curve  E  represents  the  solution  passing 
through  the  origin.  Other  curves  with  arrow  show  the  flows.  Observe  the 
significant  speed  difference  for  9  >  0  and  q  <  0  which  is  attributable  to 
Cj  Crf.  Pick  an  initial  rectangle  which  has  a  non  empty  intersection 
with  S.  Due  to  the  significant  speed  difference  in  the  i  -  direction,  the 
initial  rectangle  is  bent  and  stretched.  This  takes  place  during  the  half 
period  where  spn(sina;i)  >  0.  This  is  followed  by  the  deformation  of  the 
bent  object  shown  in  the  lower  plane  where  sg7i{s\n(jjt)  <  0.  During  this 
second  half  of  the  period,  nothing  significant  happens  because  the  object 
in  question  does  not  cross  the  boundary  q  ~  0  and  because  the  flow  (f)^  is 
approximately  a  rotation,  thereby  gives  rise  to  a  topological  horseshoe. 

This  is  only  a  schematic  picture  with  rather  drastic  simplifications.  A 
recent  result  [10]  demonstrates  that  one  can  show  the  formation  of  a  topo¬ 
logical  horseshoe  with  verified  error  bounds  where  more  accurate  model 
is  used.  Observe  that  existence  of  a  topological  horseshoe  implies  that  an 
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extremely  complicated  behavior  is  embedded  in  the  dynamics  because  a 
topological  horseshoe  map  acting  on  its  invariant  set  is  semi-conjugate  to 
(a,  52),  the  shift  map  a  on  two  symbols  S2  so  that 

(i)  There  are  countably  many  periodic  points  with  different  periods  in  S2; 

(ii)  The  set  of  all  periodic  points  is  dense  in  52; 

(iii)  (7  is  topologically  transitive.  Namely,  there  exists  a  point  c  G  52  whose 
orbit  is  dense  in  82', 

(iv)  a  is  expansive,  that  is,  there  exists  a  positive  number  e  such  that  any 
two  points  which  stay  within  the  distance  e  under  all  forward  and  backward 
iterates  of  a  must  be  identical; 

(v)  52  is  homeomorphic  to  a  Cantor  set. 

3.  Bifurcations 

Figxire  4(a)  shows  a  typical  global  bifurcation  diagram.  The  horizontal  axis 
is  the  amplitude  E  of  the  voltage  source,  and  the  vertical  axis  is  the  current 
of  the  circuit  sampled  at  a  particular  phase  of  the  voltage  source.  The  lower 
part  of  Fig.  4(a)  explains  corresponding  bifurcation  mechanism.^.  A  question 
naturally  arises:  Why  does  the  period  of  the  large  periodic  window  increases 
exactly  by  one?  This  is  answered  in  [2]. 

At  the  lower  E  and  the  lower  /  values,  qualitatively  different  bifurca¬ 
tions  are  observed.  Namely,  instead  of  the  increase  of  the  period  by  one, 
a  repeated  appearance  of  period  one  attractors  are  observed  sandwiched 
between  chaotic  bands  (Fig.  5).  It  was  found  that  the  “multi  folding”  mech- 
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anism  [6]  is  responsible  for  this  phenomenon.  The  multi  folding  is  in  turn 
due  to  the  fact  that  with  lower  E  and  /  values,  the  trajectory  spends  a 
much  longer  time  in  a  region  (of  the  state  space)  w'here  the  vector  field  is 
fast  so  that  the  trajectory  rotates  more  frequently  than  with  larger  E  and 
f  values. 


Figure  4-  A  global  one  parameter  bifur¬ 
cation  diagram. (from  [7]) 


Figure  5.  Another  one  parameter  bifurca¬ 
tion  diagram  with  a  different  setting. (from 

[7]) 


Based  on  these  results,  global  bifurcation  structure  has  been  revealed 
[7]  (Fig.  6).  This  is  drawn  in  IR^  where  one  coordinate  is  /,  the  driving 
frequency,  another  is  E,  the  driving  voltage  amplitude,  and  {S/T)',  which 
represents  state  variable  information.  An  important  aspect  of  this  global 
bifurcation  diagram  is  the  fact  that  periodic  orbits  have  sheet  structure. 

4.  Synchronization  /  Metsking 

The  chaotic  synchronization  of  Pecora  and  Carroll  [19]  has  several  inter¬ 
esting  features  including  potential  applications.  The  scheme  consists  of  two 
basic  ideas.  One  is  an  appropriate  decomposition  of  a  nonlinear  dynamical 
system  into  subsystems.  The  other  is  the  stability  concept  of  the  subsys¬ 
tems  as  generalized  to  chaotic  systems.  If  each  subsystem  has  negative  con¬ 
ditional  Lyapunov  exponents,  then  a  chaotic  synchronization  is  possible. 
Figure  7  shows  a  synchronization  scheme  which  is  described  by 
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/[kHz], 

Figure  6.  Sheet  structure  in  global  bifurcation  diagram  (from  [7]). 
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Figure  7.  Block  diagram  of  Master-Slave  System.  Figure  8.  isiaster  vs.  isiavr. 


A2.  e{t)  is  continuous  and  |e(<)|  <  B. 

Then  given  arbitrary  (9(0),i(0))  and  (g.,(0),ia(0)), 

lim  \\{q{t),i{t))  -  {qs{t),is{t))\\  =  0. 

t — ►CX) 

A  proof  is  given  in  the  Appendix.  No  conditional  Lyapunov  exponents 
are  used.  It  should  be  noted  that  by  definition,  conditional  Lyapunov  expo¬ 
nents  are  difficult  to  establish  because  they  demand  statistical  treatment. 

This  circuit  appears  to  be  one  of  the  very  few  real  physical  systems 
where  the  chaotic  synchronization  is  confirmed  both  experimentally  and 
theoretically. 

Figure  9  shows  that  if  one  replaces  the  receiver  diode  by  a  different  type 
from  the  transmitter  diode,  then  synchronization  is  not  possible. 

Chaotic  masking  is  also  confirmed  experimentally  where  an  information 
barring  signal,  e.g.,  music  is  masked  by  a  chaotic  waveform  from  the  cir¬ 
cuit  and  transmitted  to  a  receiver  and  appropriate  circuits  “decode”  the 
original  signal.  Figure  10  shows  the  masking  scheme,  w^here  m{t)  represents 
information  signal  where  Tnax\m{t)\  is  approximately  1/50  of  max\i{t)\^  the 
amplitude  of  the  circuit  current. 

Figure  10  shows  the  masking  scheme  whereas  Fig.  11  gives  experimental 
data.  Figure  11  (a)  and  (b)  compare  i{t)  with  j{t)  ~  j{t)  -f  77i{t)  where 
m(t)  is  a  music  signal.  No  difference  is  discernible.  In  fact  the  sounds  of 
i{t)  and  j(t)  exhibit  typical  chaotic  sounds.  Figure  12  (a)  and  (b)  show  the 
original  music  signal  m{t)  and  the  decoded  signal  m{t).  Although  there  are 
some  distortions,  original  music  signal  is  essentially  recovered. 

It  should  be  noted,  however,  that  no  theoretical  justifications  are  achieved 
for  chaotic  masking  in  this  circuit  as  well  as  in  other  systems. 
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Appendix 

Step  1. 

It  follows  from  Step  2  and  Step  3  below  that  q  and  qs  are  uniformly  bounded  so  that 

Vi(9,g^)  :=  (Al) 

is  well  defined.  It  follows  from  A.l  that  q  ^  implies  f{q)  /  f{qs)  and 

=  (9-9.)(-9(/(9))  +  i  +  5(/(9,))-i) 


=  (g  s(f(g))-g(f(g,))f(g)-/(q,) 

/(?)  -  /(9>)  9  -  9> 


<  -Piai  (9-9.)^  =  -25iai  Vi(q,q,). 

(A  2) 

An  elementary  result  of  differential  inequality  [20]  implies 

Viit)  Vi(0) 

(A3) 

and  hence 

lim  \q{t)  -  q,{t)\  =  0. 

t— *00 

(A4) 

It  follows  from  Step  2  and  Step  3  below  that 

Vi  :=  i  -  i. 

(A5) 

is  also  well  defined.  Note  that 


dV2  1 

IT  ^  f(.q)  +  e{i)  + + f(q,)- e{t)) 

=  -f  -  i(/(9)  - /(9.)). 
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Using  A.l,  one  obtains 

-Q2\q  -  gal  <  -(/(g)  -  f{q,))  <  Ofalg  -  g^l 

SO  that 

<  “£-fv4  +  fl«-5.|.  (A6) 

Combining  the  right  hand  side  of  (A  6)  with  (A  1)  and  (A  3),  one  obtains 

It  follows  from  this  differential  inequality  that 

V2{t)  <  e-^*V2(,0)  + 

r  ~ 

provided  that  R/L  5^  aifii.  If  R/L  =  ai/3i, 

V2{t)  <  e-^‘V2iO)  +  ^y/2i^e-^^  J*  dr 

=  e-5‘V2(0)  +  ^y/2Vi{Q)te-^*. 

A  similar  argument  applied  to  the  left  hand  inequality  of  (A  6)  yields 

V2(t)  >  e-^‘V2(0)  -  ^  ^  ai/3i 

L  -  OCiPi  L 

V2{t)  >  e-i‘V2{0)  -  ^^2Vi{0)te-i\  j=aiA. 

These  inequalities  imply 


lim  |i(t)-t,(f)|  =0. 

t — ►©© 

Step  2.  (uniform  boundedness  of  {q,i)) 

Assumption  A1  implies  that  the  vector  field  (Ml),  (M2)  is  Lipschitz  so  that  there 
is  a  unique  local  solution  for  an  arbitrary  initial  condition.  In  order  to  demonstrate  the 
uniform  boundedness  of  (g,i),  consider 

E{q,i)-.-  f  f{u)du+]-Li^  (A  7) 

Jq(.0)  ^ 

which  is  the  total  energy  stored  in  the  capacitor  and  the  inductor.  It  follows  from  A.l 
that 


lim 

11(7.011-*  00 


E{q,i)  =  00. 


(A  8) 
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Assumption  A.l  also  implies  that 

|i|<|}  (A  9) 


-  A.  (A  10) 


-  ifiQ)  +  »e(<) 

=  -(/(9)5(/(9))  +  (A  11) 

The  first  term  represents  the  power  dissipated  by  the  resistive  part  of  the  circuit  while 
the  second  term  represents  the  power  supplied  by  the  voltage  source.  Since 

rnin(fl|i|^  -  B|i|)  = 

one  sees  that  for  an  arbitrary  t, 

<  -/(9)s(/(9))  +  ^  (A  12) 

Therefore,  for  q  satisfying 

/(g)p(/(9))  >  ^ 

the  right  hand  side  of  (A  12)  is  negative,  and  hence  (A  10)  follows. 

Step  3.  (uniform  boundedness  of  (g,,!,)) 

Given  a  uniformly  bounded  i  of  (Ml),  (M2),  one  needs  to  show  that  (<7a,is)  is  also 
uniformly  bounded.  Let  Esiga^is)  be  the  energy  defined  in  a  manner  similar  to  (A  7). 
Then 

/(9»)(-5(/(9»))  +  *(0)  -  -  isf{q,)  +  i,e(t) 

+  i,  -  i(t))  -  Ri1  +  i,e(t) 

-Piqs,i,)-  (A  13) 

Due  to  the  fact  that  (SI)  is  driven  by  i,  the  term  i,  —  i  in  (A  13)  docs  not  cancel  as  it 
does  in  (A  11).  Note,  however,  that 


A:=  {(9,i)l/(9)s(/(9))  <  ^, 
is  bounded  or  empty  so  that  it  suffices  to  show  that 


dE{q,i) 

dt 


<0,  (9,0 


Note  that 


dEiq,i)  dq  di 

-IT-  - 

=  /(9)(-9(/(9))  +  »-)- 


P(.qs,i>)  <  f{q,)9{f{q,))  +  i>nq,)  +  I\f{q,)\  +  Ri',  +  B\i,\ 

which  follows  from  A.l,  where  J  is  a  bound  on  This  implies  that 

lim  P(^„i^)  =  oo 


and  hence 


Aj  {(^31  is)|^(95 } ij)  0} 

is  bounded  or  empty.  Therefore 


dEs(qs,is)  ^ 
dt 


{qa.is)  -  As 


lim 


Esiqs.is)  =  00. 


which  yields 
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Abstract 

This  paper  is  concerned  with  the  determination  of  basin  boundaries  in 
experimental  nonlinear  oscillators.  Global  transient  behavior  has  received 
considerable  attention  in  numerical  studies  but  is  relatively  unexplored  from 
an  experimental  perspective,  despite  the  fact  that  a  global  view  of  transient 
behavior  provides  a  much  more  complete  description  of  the  dynamics  of 
a  system  than  a  traditional  concentration  on  steady-state  behavior.  Three 
different  physical  systems  are  studied:  two  mechanical  and  one  electrical. 

1.  Introduction 

Perhaps  the  most  dominant  characteristic  of  dissipative  dynamical  systems 
is  the  contraction  of  the  vector  field  onto  attracting  sets,  i.e.,  initiated 
transients  asymptote  to  certain  special  solutions  as  time  tends  to  infinity. 
A  typical  forced  nonlinear  oscillator  may  possess  co-existing  attractors  thus 
providing  a  dependence  on  initial  conditions,  which  in  some  cases  may 
be  extremely  sensitive  [9].  Relatively  little  attention  has  been  paid  to  the 
determination  of  basins  of  attraction  in  experimental  mechanics,  mainly 
due  to  the  difficulty  of  accurately  prescribing  initial  conditions  [3]. 

In  this  paper  three  archetypal  experimental  systems  are  investigated 
with  a  view  to  examining  their  basins  of  attraction.  The  determination  of 
the  basins  of  attraction  and  global  transient  behavior  is  approached  in  a 
similar  way  for  each  of  these  systems.  The  systems  studied  are:  a  double- well 
potential  gravity-driven  Duffing  system  [6, 16];  a  piecewise  linear  impacting 
system  including  dry  friction  [1,  2];  and  an  electric  circuit  modeling  a  driven 
Duffing  system  [17]. 

Each  of  the  above  systems  can  be  modeled  as  a  single  degree  of  freedom 
oscillator  with  a  periodic  input.  As  such  the  periodic  attractors  in  the 
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resulting  three-dimensional  (cylindrical)  phase  space  can  be  assessed  by 
their  penetration  of  a  surface  of  section  defined  by  a  prescribed  forcing 
phase.  In  this  way  regions  of  initial  position  and  initial  velocity  describe 
domains  in  the  plane  which  map  to  the  various  fixed  points,  and  how  long 
they  take  to  get  there. 

2.  Stochastic  Interrogation 

A  systematic  method  for  investigating  the  basins  of  attraction  in  an  exper¬ 
imental  context  has  recently  been  developed  [3].  In  this  approach  an  initial 
condition  map  is  built  up  by  imparting  bursts  of  stochasticity  to  perturb 
a  steady-state.  The  subsecpient  decay  of  these  generated  transients  is  then 
monitored  and  the  whole  process  repeated  in  an  automated  fashion. 


Figure  1.  Typical  stochastic  interrogation  time  series  showing  perturbations  of  the 
attractors. 


As  an  illustration  of  this  procedure  consider  the  typical  occasionally 
perturbed  time  series  of  Fig.  1.  Here,  there  are  four  co-existing  period- 
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one  attractors.  The  system  is  initially  exhibiting  steady-state  motion  when 
a  perturbation  (P)  is  applied,  causing  a  relatively  large  transient  which 
eventually  settles  back  down  on  to  the  original  attractor.  The  process  is 
repeated  and  this  time  the  transient  leads  to  an  alternative  small  amplitude 
motion.  A  collage  of  initial  conditions  can  thus  be  built  up  effectively  from 
a  single  time  series.  There  are  a  number  of  other  practical  considerations 
when  using  this  approach  including  the  optimal  size  of  perturbations  and 
their  stochastic  distribution. 

3.  A  Twin- Well  Mechanical  Oscillator 

The  double-well  oscillator  is  one  of  the  archetypal  systems  in  nonlinear 
dynamics.  Its  experimental  realization  has  been  achieved  using  a  buckled 
beam  [7],  and  more  recently  used  as  the  basis  for  a  roller-coaster  type 
mecheinical  system  [6].  The  potential  energy  function  has  two  minima  sep¬ 
arated  by  a  hilltop  and  thus  provides  the  cencept  of  a  particle  moving  in  a 
gravitational  field.  Details  of  the  experimental  realization  of  this  arrange¬ 
ment  can  be  found  in  [6],  including  a  derivation  of  the  actual  equation  of 
motion: 


(1  -b  a'^X^X^  -  \f){X"  +  2CX')  -b  -^sgniX') 

la 

-b  at' ^x(a:2-i)  (3x2-1) 

-b  \x{X'^  -  1)  =  F^^sin{Q.T  -b  </>),  (1) 

where  X  is  a  nondimensional  horizontal  projection.  Provided  a  is  rela¬ 
tively  small  [13],  this  equation  is  a  reasonable  apporoximation  to  Duflfing’s 
equation  with  the  addition  of  a  Coulomb  damping  term  and  transmissible 
excitation.  In  this  paper  the  following  parameters  are  fixed  at  their  exper¬ 
imentally  measured  values:  =  0.653,  C  =  0.002,  fi  =  0.02,  F  =  0.03,  fl 

=  0.89  and  (f>  —  0. 

In  the  presence  of  a  small  horizontal  harmonic  base  excitation  with 
the  parameter  values  indicated  the  asymptotic  behavior  is  dominated  by 
periodic  attractors.  When  the  system  is  forced  close  to  its  natural  frequency 
(with  a  sufficiently  large  magnitude)  the  classic  hysteresis  is  seen  together 
with  the  accompanying  resonant  amplitude  jumps.  Since  this  phenomenon 
occurs  within  each  of  the  two  wells  it  is  possible  to  locate  a  robust  regime  of 
parameter  space  where  there  are  four  coexisting  attractors.  Unstable  fixed 
points  and  manifolds  play  a  central  role  in  determining  long-term  behavior 
and  a  variety  of  subtle  (local  and  global)  bifurcational  behavior  has  been 
detailed  in  careful  numerical  simulations  [8].  In  this  section  of  the  paper 
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a  typical  initial  condition  study  is  used  as  a  l)asis  of  comparison  between 
numerical  and  experimental  data. 


Figure  2.  Basins  of  attraction  for  the  Dufl'ing  system  with  F  =  0.03.  ft  —  0.80  and 
4>  =  0.  Four  attractors  compete  and  the  initial  state  is  based  on  time-lag  embedding 
(1/4  cycle  delay),  (a)  Numerical  integration  using  a  set  of  randomly  generated  starts,  (b) 
experimental  results  using  stochastic  interrogation. 


The  stochastic  interrogation  technique  clcscrihed  in  tlie  previous  section 
is  used  to  generate  a  random  set  of  initial  conditions  for  a  given  set  of  pa¬ 
rameter  values  (sec  above).  Figure  2  shows  the  basin  boundaries  within  the 
resonant  hysteresis.  In  Fig.  2(a)  a  randomly-generated  set  of  50,000  initial 
conditions  based  on  simulation  is  shown  in  terms  of  time-delay  coordinates. 
The  equivalent  experimental  results  are  shown  in  Fig.  2(b)  for  4,000  per¬ 
turbations.  The  white  data  points  are  the  set  of  initial  conditions  tliat  lead 
to  the  non-rcsonant  periodic  solution,  and  the  gray  data  points  lead  to  the 
resonant  oscillations  (in  either  well).  The  fixed  points  are  indicated  by  the 
white  circles.  These  regions  can  be  further  divided  according  to  which  well 
the  solution  appears  in,  and  it  can  then  be  observed  that  these  V)asins  are 
smooth,  in  agreement  with  the  Melnikov  criterion. 

It  is  worth  mentioned  that  in  the  numerical  generation  of  Fig.  2(a)  a 
shooting  procedure  was  used  to  match  the  initial  conditions  in  terms  of  a 
quarter-cycle  position  delay  and  the  equivalent  conventional  initial  condi¬ 
tions  used  in  numerical  simulation.  Other  studies  of  this  system  in  rela¬ 
tion  to  indeterminate  bifurcations  have  shown  the  presence  of  fractal  basin 
boundaries  with  the  possibility  of  chaotic  transients,  although  noise  plays 
an  increasing  role  in  the  experimental  data  acquisition  [14,  1C].  Determi¬ 
nation  of  the  onset  of  fractal  basin  boundaries  is  one  of  the  ingredients  of 
indeterminate  post  saddle-node  jumps  in  the  response. 
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4.  A  Piecewise  Linear  System 

Impact  oscillators  have  been  the  focus  of  many  studies  [12].  This  is  also  the 
case  with  dry  friction  systems  [4].  Here,  these  two  piecewise  linear  charac¬ 
teristics  are  considered  together  in  the  context  of  a  single-degree-of-freedom 
mechanical  oscillator  consisting  of  a  rotational  inertia,  harmonically  forced 
through  a  base  spring,  and  subject  to  impact  at  critical  angles,  as  shown 
in  Figure  3. 


Figure  3.  A  schematic  of  the  frictional-impacting  system.  The  forcing  is  transmitted 
through  a  spring-damper.  Dry  friction  occurs  at  the  pivot  and  motion  is  constrained  by 
the  impact  barriers. 


Friction  is  assumed  to  be  present  at  the  pivot.  For  small  frictional  force, 
a  summation  of  moments  about  the  pivot  and  appropriate  nondimension- 
alization  provides  the  equation  of  motion: 

6  -f  2hd  +  6  +  f{9)  -I-  g[6)  —  2h7cos(7r)  -h  sin(7T),  (2) 

where  f{0)  and  g{6)  represent  nonlinear  forces  due  to  friction  and  impact 
respectively.  They  are  both  piecewise  linear  and  are  discussed  in  more  detail 
in  [2],  together  with  experimental  details.  It  is  worth  mentioning  that  rather 
than  using  the  time-lag  embedding  coordinates  as  in  the  previous  section, 
here  the  position  and  velocity  were  measured  independently. 

The  ratio  of  the  driving  frequency  to  natural  frequency  is  held  fixed  at 
7  =  (jj/ijJn  =1-4;  the  normalized  friction  force,  f  =  0.0505  (based  on  a  simple 
Coulomb  law);  the  viscous  damping  ratio,  h  =  0.02;  and  the  (asymmetric) 
left  and  right  impact  locations,  =  -1.574  and  ur  =  1.36  (nondimensional- 
ized  with  respect  to  the  distance  from  the  pivot  and  forcing  magnitude).  For 
this  set  of  parameter  values  there  are  three  co-existing  periodic  attractors 
and,  where  appropriate,  their  mirror  images.  The  three  periodic  attractors 
coexisting  at  this  specific  set  of  parameters  values  are:  (a)  a  small  amplitude 
non-impacting  (linear)  solution  with  a  fixed  point  at  (-0.202,  -1.285);  (b) 
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a  period-1  double  impacting  solution  with  a  fixed  point  at  (-0.602j  1.377); 
and  (c)  a  period-2  triple  impacting  solution  with  a  fixed  points  at  (-1.33, 
0.0.077)  and  (0.108,  2.066),  where  the  fixed  point  locations  are  based  on 
the  results  of  the  experiment. 


Figure  4-  Basins  of  attraction  for  the  impact  system,  (a)  Numerical  integration  from 
a  randomly  generated  set  of  starts,  (b)  adjusted  numerical  integration  with  a  1.5  cycle 
delay  before  initial  conditions  arc  accpiircd.  (c)  experimental  results  based  on  stochastic 
interrogation. 


The  initial  condition  map  at  this  set  of  parameter  values  (Fig.  4(a)) 
is  determined  numerically  by  generating  10,000  random  initial  conditions 
and  labeling  them  according  to  their  subseejuent  long  term  behavior  as  (a) 
white;  (b)  light  gray;  (c)  dark  gray,  for  the  attractors  (a),  (b)  and  (c)  in 
the  previous  apargraph.  Here,  the  axis  labels  x(0)  ”  6{0)  and  t;(0)  =  ^(0). 
The  corresponding  experimental  result  using  stochastic  interrogation  to 
generate  4,000  initial  conditions  is  shown  in  Fig.  4(c)  using  the  same  gray 
shading  and  with  the  fixed  points  labeled  as  white  squares.  Apart  from  the 
unvisited  region  the  correlation  is  cpiite  good.  Since  there  is  a  finite  time 
delay  in  switching  off  the  stochastic  forcing  mix  it  turns  out  that  there  tends 
to  be  typically  a  one  and  a  half  cycle  lag  before  tlie  initial  condition  can  be 
acquired.  This  suggests  that  it  is  not  p)ossible  to  generate  initial  conditions 
in  areas  where  transients  exit  very  quickly.  To  confirm  this  scenario  a  1.5 
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cycle  time-lag  was  built  in  to  the  numerical  algorithm  and  the  results  are 
shown  in  Fig.  4(b).  Clearly  initial  conditions  move  somewhat  rapidly  away 
from  a  central  region  as  well  as  from  regions  of  high  initial  velocity.  The 
uneven  nature  of  phase  space  contraction  is  not  very  surprising  given  the 
severe  nonlinearity  provided  by  the  impact  condition. 

5.  A  Nonlinear  Electric  Circuit 

Ordinary  differential  equations  are  often  represented  in  a  block  diagram 
form  such  as  in  Fig.  5,  which  is  a  schematic  representation  of: 

X  +  2C^ijjni  -  {ujn/2){x  -  =  Acos{(jjt).  (3) 

The  circuit  used  in  this  study  was  designed  by  literally  translating  the  block 
diagram  into  basic  circuit  components  consisting  of  resistors,  capacitors, 
operational  amplifiers  and  multiplier  chips  [10]. 


In  the  circuit,  input  from  a  function  generator  is  modulated  using  a 
voltage  controlled  amplifier  constructed  from  a  multiplier  chip  as  shown  at 
the  far  left  of  the  circuit  in  Fig.  5(b).  The  forcing  input  is  then  added  to 
the  position,  velocity,  and  the  cubic  term  through  the  use  of  a  summing 
amplifier.  The  sum,  representative  of  the  acceleration,  is  then  integrated 
using  a  low  pass  filter.  Rescaling  the  output  signal,  now  representative  of 
the  velocity,  using  an  inverting  amplifier  serves  two  purposes.  First,  the 
signal  is  returned  to  a  nominal  magnitude  within  the  operational  range  of 
the  circuit  components  as  well  as  data  acquisition  system  and  second,  the 
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signal  is  given  the  correct  sign  sense  for  the  acceleration  summation.  A 
similar  process  follows  when  integrating  the  velocity  to  obtain  the  position. 
The  most  important  section  of  the  circuit  is  composed  of  the  two  multiplier 
chips  at  the  far  right  of  Fig.  5(b).  Together  they  constitute  the  cubic  term  in 
Duffing’s  Eq.  (3).  The  circuit  was  tuned  to  have  a  linear  natural  frequency 
(/n)  in  the  vicinity  of  10  Hz  (due  to  the  double-well  nature  of  the  potential 
this  value  represents  an  average  of  the  two  natural  frequencies)  and  stable 
equilibrium  solutions  at  ±1  Volt.  A  standard  circuit  analysis  book,  such  as 
[5],  provides  a  good  review  of  integration,  summing  and  gain  amplification 
circuits. 

The  system  parameters  were  chosen  in  the  region  where  four  stable  read¬ 
ily  distinguishable  solutions  coexist:  a  low  and  high  amplitude  oscillation  in 
both  potential  wells  of  the  system,  analogous  to  the  mechanical  oscillator 
examined  in  the  first  part  of  this  paper.  Again  stochastic  interrogation  was 
used  to  perturb  the  system  about  the  baseline  parameter  values.  The  forcing 
amplitude  and  frequency  were  assigned  random  values  and  held  constant 
over  a  forcing  cycle  with  new  values  assigned  at  each  interrogation  forcing 
cycle.  An  additional  randomizing  element  is  added  by  varying  the  number  of 
interrogation  forcing  cycles.  The  data  collection  algorithm  simply  involves 
turning  on  the  pseudo-random  forcing  described  above  then  resetting  to 
the  nominal  system  parameters  and  acquiring  the  initial  condition  when 
the  phase  space  trajectory  intersects  the  plane  of  constant  forcing  phase. 
The  initial  condition  is  assigned  a  basin  when  the  trajectory  converges  to 
within  a  tolerance  of  one  of  the  predetermined  steady  state  solutions.  This 
choice  of  interrogation  input  is  validated  by  the  results  seen  in  Fig.  6  where 
the  initial  conditions  are  well  distributed  in  phase  space. 

For  the  frequency  value  in  Fig.  6(a)  there  are  just  two  coexisting  attrac¬ 
tors  with  the  dark  gray  shading  representing  the  small  amplitude  solution  in 
the  left  well,  and  the  light  gray  shading  corresponding  to  the  motion  in  the 
other  well.  Not  surprizingly,  just  because  an  initial  condition  is  generated 
in  one  well  it  does  not  necessarily  lead  to  the  attractor  in  that  well,  indeed 
a  trajectory  may  traverse  across  the  hilltop  a  number  of  times  before  the 
transient  has  decayed.  Fig  6(b)  corresponds  to  a  frequency  within  the  main 
resonant  hysteresis.  The  shading  now  corresponds  to  light  gray  for  both 
small  amplitude  solutions  and  dark  gray  corresponds  to  both  large  ampli¬ 
tude  solutions.  Again  this  data  can  be  broken  down  in  to  the  four  basins, 
the  boundaries  of  which  are  smooth.  The  white  symbols  correspond  to  the 
location  of  the  fixed  points.  Furthermore  the  duration  of  the  transients  is 
found  to  broadly  correspond  to  the  distance  from  the  initial  conditions, 
although  the  long  duration  transients  give  some  indication  of  the  location 
of  unstable  fixed  points  and  their  manifolds.  This  may  have  some  use  in 
the  control  of  chaos  [11]  and  identifying  bottlenecking  [15]. 
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Figure  6,  Initial  condition  maps  obtained  from  the  circuit:  (a)  two  attractors  at  a;  = 
6.5  Hz,  (b)  four  attractors  at  u;  =  8.3  Hz. 


6.  Conclusions 

This  paper  has  shown  the  determination  of  basins  of  attraction  for  three 
distinct  experimental  systems  using  the  method  of  stochastic  interrogation. 
Initial  condition  maps  are  generated  which  illustate  the  relative  dominance 
of  co-existing  periodic  attractors  for  typical  parameter  ranges.  In  the  exam¬ 
ples  shown,  parameter  values  have  been  intentionally  chosen  where  smooth 
basin  boundaries  exist,  mainly  for  validation  purposes.  Although  not  in¬ 
cluded  in  the  current  paper,  the  data  also  contains  information  relating  to 
how  long  the  initial  conditions  take  to  reach  a  periodic  attractor  (to  a  given 
tolerance).  This  is  an  especially  interesting  question  when  fractal  basin 
boundaries  are  encountered  since  chaotic  transients  can  have  arbitrary  du- 
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rations.  Clearly  this  general  approach  can  play  a  key  role  in  identifying 
global  bifurcations  in  experiments.  Although  global  issues  have  received 
quite  intensive  study  from  a  numerical  standpoint,  very  few  experimental 
studies  have  been  conducted.  Consideration  of  global  behavior  adds  robust¬ 
ness  to  the  understanding  of  the  general  properties  of  a  dynamic  system. 
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1.  Introduction 

A  mathematical  pendulum  as  well  as  a  one-body  mechanical  pendulum  is  re¬ 
stricted  to  periodic  motions.  A  two-body  pendulum  shows  during  the  trans¬ 
ition  from  oscillations  in  the  gravity  field  with  low  energy  to  oscillations  in 
the  centrifugal  field  with  high  energy  chaotic  behaviour.  A  three-body  pendu¬ 
lum  with  suitable  inertia  properties  may  perform  already  in  the  gravity  field 
chaotic  motions  what  is  generally  true  for  pendulum  systems,  see  e.g.  Rott 
[3].  In  theory,  pendula  represent  conservative  mechanical  systems.  There¬ 
fore,  in  simulation  conservative  pendula  show  stationary,  irregular  motion 
but  they  do  not  feature  strange  attractors.  In  experiments,  due  to  damping 
and  friction  pendula  are  in  nonstationary  transition  from  some  initial  state 
to  equilibrium  and  strange  attractors  are  missing,  too.  By  adding  a  control 
device  mechanical  pendula  may  be  converted  to  mechatronic  pendula  repres¬ 
enting  a  very  rich  dynamic  behaviour  including  chaos  and  strange  attractors. 

An  experimental  pendulum  apparatus  has  been  described  by  Rott  and 
Smith  [4].  The  fundamental  phenomen  with  mechatronic  pendula  were  presen¬ 
ted  by  Schiehlen  and  Meinke  [6]. 

2.  Modelling  of  a  Three-Body  Pendulum 

A  three-body  pendulum  with  an  inner  parametric  resonance  consists  of  three 
rigid  bodies,  Fig.  1.  For  modelling  the  mulitbody  system  approach  is  used 
and  the  motion  of  the  mechanical  device  has  to  be  controlled  to  overcome 
the  energy  dissipation  by  damping  and  friction. 

2.1.  MULTIBODY  SYSTEM  DYNAMICS 

The  three-body  pendulum  is  composed  of  the  main  pendulum  K1  and  two 
equal  auxiliary  pendula  K2  and  K3. 
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The  masses  are  M,-,  the  moments  of  inertia  the  damping  coefficients 
of  the  bearings  £),•,  i  =  1(1)3,  GE  is  the  gravitational  acceleration  and 
Mcontrol  means  the  control  torque.  The  pendulum  is  symmetric  with 
respect  to  the  geometrical  parameters:  distance  OjCi  is  A,  distances  O2C2, 
O3C3  are  B  and  distances  O/O2,  O1O3  are  C.  The  pendulum  has  /  =  3 
degrees  of  freedom,  the  generalized  coordinates  are  introduced  as  ALi,  i  = 
1(1)3. 

The  equations  of  motion  are  symbolically  computed  by  the  program 
NEWEUL,  see  Leister  [2]  and  read  as 

M{y,t)  y  +  k{y,y,t)  =  q{y,y,t)  ,  (1) 

The  elements  of  the  inertia  matrix  M  are  denoted  as  RM{1,  m),  the  gener¬ 
alized  force  vectors  k  and  q  are  written  as  K{1),  Q{l)i  /,  m  =  1(1)3.  The 
generalized  applied  force  vector  q  includes  gravity,  damping  and  control. 
The  vector  of  the  generalized  coordinates  is  specified  as 

yit)  =  [AL,  AL2  AL^]’^  (2) 

The  matrices  and  vectors  of  the  equations  of  motion  are  presented  in  Fig.  2. 

2.2.  CONTROL  OF  MOTION 

Due  to  the  inner  resonance  a  properly  designed  inherent  conservative  three- 
body  pendulum  shows  chaotic  behaviour.  The  only  task  of  the  control  device 
is  to  compensate  the  energy  dissipation.  For  this  purpose  controlled  torque 
thrusts  may  be  used. 
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Inertia  matrix 

RM(1,1)=A**2*M1+C^*2’‘M2+M3*C**2+I1. 

RM(1,2)=B*C*M2*SIN(AL1-AL2)  . 

RM{1,3)=“M3*B*C*SIN(AL1-AL3)  . 

RM(2,2)=B**2*M2+I2. 

RM(2,3)=0. 

RM(3,3)=M3*B**2+I3. 

Vector  of  generalized  gyroscopic  forces 

K  ( 1 )  =-B*C*M2  *AL2 P*  * 2  *COS  (AL1-AL2 ) 
+M3*B*C*AL3P**2*C0S(AL1“AL3) . 

K(2)=B*C*M2*AL1P**2*C0S(AL1-AL2)  . 

K(3)=-M3*B*C*AL1P**2*C0S(AL1-AL3)  . 

Vector  of  generalized  applied  forces 

Q ( 1 ) =-GE*A*Ml*SIN ( ALl ) +C*M2  *GE 
*COS  ( ALl )  -M3  *C*GE*COS  (ALl ) 
-D1*AL1P+D2  *AL2  P-D2  *AL1P 
+D3  *  AL3  P-D3  *  ALIP+Ll  +MCONTROL . 

Q  (2  )  =-B*M2  *GE^SIN( AL2 )  -D2 *AL2P 
+D2^AL1P. 

Q  ( 3  )  =-M3  *B*GE*  SIN  ( AL3 )  “D3  * AL3P 
+D3*AL1P. 


Figure  2.  Equations  of  motion 


The  control  law  has  to  provide  a  mechanism  for  self-excitation  which 
can  be  achieved  by  additional  logical  curcuits  as  shown  in  Fig.  3,  where  the 
6  X  1-state  vector 

=  [y'^y'^]^  —  [ai0;2a3Oia2«3]^  (3) 

is  introduced  in  modified  notation.  The  control  torque,  here  denoted  as  M, 
is  most  of  the  time  zero,  only  for  short  time  intervals  a  constant  torque 
Mcontrol  is  applied.  In  summary,  the  control  law  reads  as 

M  =  M(ofi)  (4) 

i.e.  only  the  position  ori  of  the  main  pendulum  has  to  be  measured. 

3.  Nonlinear  Chaotic  Dynmaics 

The  chaotic  motion  of  the  three-body  pendulum  follows  from  six  strongly 
coupled,  highly  nonlinear  state  equations.  Therefore,  the  mathematical  ana¬ 
lysis  is  restricted  to  a  mapping,  some  Fourier  analyses  and  a  computation  of 
Ljapunov  exponents.  Further,  an  experimental  verification  will  be  discussed. 

3.1.  MATHEMATICAL  ANALYSIS 

The  inner  resonance  condition  of  the  three- body  pendulum  is  easily  found  by 
linearization  of  the  conservative  pendulum.  Using  the  parameters  M2  =  M3, 
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Figure  3.  Logical  curcuits  for  the  control  law 


h  =  h)  Di  =  0,  M  =  0,  t  =  1(1)3,  the  initial  conditions  d,  z=z  0^  i  —  1(1)3 
and  aio  <<  1,  0^20  <  li  <  1  it  follows 

d'l  +  [(0^20  "  <^3o)  COSLOt  +  =  0  ,  (5) 

02  "h  ^^^2  “  0  1  (6) 

d3  +  a;^a3  =  0.  (7) 

Equation  (5),  well-known  as  Matthieu  differential  equation,  features  para¬ 
meter  resonance  for  020  ^  2ind  the  frequency  condition 
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For  a  conservative  pendulum,  Di  <  0,  trajectories  and  FFT  plots  are  shown 
in  Ref.  [7].  However,  these  results  can  not  be  experimentally  verified  due  to 
damping  and  friction. 

The  controlled  mechatronic  three-body  pendulum  has  been  analysed  us¬ 
ing  the  following  parameters; 

Ml  =  0, 613% 

M2  =  Ms  =  0, 209% 

Ii  =  0,0223%m^ 

/2  =  73  =  0, 00324%m^ 

A  =  0, 107m 
J3  =  0,114m 
C  =  0, 180m 
Di  =  0,0015iVms 
T>2  =  0, 000055iVms 
D3  =  0,00011Arms 
M^control  ”  1-^ 

a  =  21grad 
idelay  ~  1® 

The  mapping  of  the  motion  of  the  main  pendulum  is  shown  in  Fig.  4 
subject  to  the  condition  of  the  a'2  =  0,  02  =  10,  0:3  =  0,  03  =  10.  The 
mapping  of  a  higher  dimensional  state-space  to  a  twodimensional  plane  is 
also  discussed  by  Schaub  [5].  It  turns  out  that  there  exists  an  attractor  in 
the  neighborhood  of  the  separatrix  of  a  mathematical  pendulum. 

A  stationary  steady  state  motion  of  the  main  pendulum  is  shown  in  Fig. 
5,  the  trajectory  is  not  periodic  at  all.  This  follows  from  the  FFT  analysis 
of  the  trajectories,  too.  Fig.  6. 

There  is  one  periodic  component  for  each  pendulum,  for  the  main  pen¬ 
dulum  /i  «  0,5Hz  and  for  both  auxiliary  penudula  /2,3  «  0,8Hz. 

These  frequencies  are  related  to  the  frequencies  of  small  osciallations 
which  are  found  to  be  /i  «  0,62772  and  /2,3  «  IHz.  As  known  from  the 
theory  of  nonlinear  oscillations,  the  frequencies  are  decreasing  for  larger  amp¬ 
litudes  of  pendula. 

The  computation  of  the  Ljapunov  exponents  resulted  in  the  following 
steady-state  values 

ai  =  1,215  <r2  =  0.588  ^3  =  0.043 

(74  =  -0.074  <75  =  -0.606  ctq  =  -1.232 

Details  on  the  numerical  method  are  available  from  Kreuzer  and  Lage- 
mann  [1].  It  clearly  turns  out,  due  to  two  positive  Ljapunov  exponents,  that 
the  mechatronic  pendulum  system  shows  irregular,  chaotic  behaviour. 
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Figure  4.  Mapping  of  the  main  pendulum  motion 


3.2.  EXPERIMENTAL  VERIFICATION 

A  mechatronic  three-body  pendulum  has  been  designed  and  set  up  at  the 
Insitute  B  of  Mechanics  of  the  University  of  Stuttgart  with  the  kind  support 
of  the  Institute  of  Mechanics,  University  of  Hannover.  The  control  device 
consists  of  an  inductive  sensor,  a  digital  controller  and  an  electric  drive. 
Further,  an  initialisation  of  the  motion  from  the  equilibrium  condition  was 
implemented.  The  artistical  design  of  the  three-body  pendulum  is  shown  in 
Fig.  7.  By  observation  it  is  obvious,  that  the  three-body  pendulum  features 
a  stationary  chaotic  motion  which  is  completely  unpredictable.  It  turns  out 
that  the  mechatronic  pendulum  is  a  robust  system,  it  is  not  required  to  adjust 
the  parameters  of  the  system  accurately  due  to  the  selfexcitation  implemented 
in  the  control  law. 

4.  Conclusions 

Steady-state  chaotic  motions  of  pendulum  systems  can  be  achieved  by  digital 
control.  Then,  the  energy  dissipation  by  damping  and  friction  is  compensated 
by  electric  energy.  The  resulting  differential  equations  of  motion  of  mechat- 
ronic  pendula  are  strongly  nonlinear.  However,  the  fundamental  frequencies 
are  related  to  the  linearized  equations  valid  for  small  oscillations  only.  From 
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Figure  5.  Stationciry  steady  state  motion  of  the  main  pendulum 
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Figure  6.  FFT  amalysis  of  the  trajectories 
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Figure  7.  Experiments  with  a  artistical  design  of  the  three-body  pendulum 


the  observation  of  the  experiments  and  the  mathematical  signal  analysis  of 
the  simulations  it  can  be  concluded  that  even  for  very  large  time  intervals 
irregular  chaotic  motions  must  not  turn  into  perodic  motions. 
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VII.  VEHICLE  AND  SHIP  DYNAMICS 


Ships,  walking,  railways  and  shimmying  wheels  are  all  covered  in  these  five 
papers.  Coleman  et  al.  presents  a  model  and  experimental  evidence  for  stable  passive 
walking  machines.  Stepdn  presents  a  key  lecture  on  theoretical  models  for  shimmy 
dynamics  in  wheels.  A  similar  theoretical  problem  is  found  in  the  paper  by  O'Reilly 
and  Varadi  who  discuss  pulling  a  luggage  cart  on  wheels. 

Jensen  et  al.  provide  a  theoretical  view  of  nonlinear  rail  models  and  Spyrou  and 
Bishop  extend  earlier  work  on  ship  dynamics  to  multiple  degree  of  freedom  motions. 

Despite  the  ubiquitous  nature  of  vehicles,  ship  and  animal  locomotion,  the 
nonlinear  dynamics  problems  in  these  systems  are  not  completely  understood  and 
should  provide  the  new  researcher  with  a  rich  vein  of  research  to  mine. 
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1.  Introduction 

The  lateral  vibration  of  towed  wheels  -  the  so-called  shimmy  -  is  a  well-known 
classical  example  of  self-excited  nonlinear  oscillations.  The  developments  of  more 
and  more  sophisticated  wheel  suspension  systems  and  tires  in  vehicles,  as  well 
as  the  appearance  of  semi-trailers,  caravans,  high-speed  motorcycles  and  other 
large  towed  vehicle  systems  require  a  continuous  analysis  of  this  phenomenon. 
The  paper  calls  the  attention  for  the  complexity  of  the  modeling  issues  and  for 
that  of  the  nonlinear  dynamics  of  the  phenomenon  strictly  from  the  view-point 
of  the  wheel  only.  This  means  that  the  complex  dynamics  of  the  vehicle  itself  is 
simplified  and  only  those  key  elements  of  the  mechanical  models  are  considered  and 
analyzed  which  are  related  to  the  wheel-ground  connection.  The  resulting  finite 
and  infinite  dimensional  dynamical  systems  exhibit  a  great  variety  of  nonlinear 
oscillations  such  as  stable  and  unstable  periodic  and  quasi-periodic  oscillations, 
chaotic  and  transient  chaotic  behavior.  The  infinite  dimensional  phase  space  is 
due  to  the  presence  of  a  special  kind  of  memory,  or  time  delay  in  the  system  which 
is  related  to  the  deformed  tire  contact  surface  keeping  a  record  of  the  past  motion 
of  the  wheel. 

The  common  meaning  of  the  word  ‘shimmy’  is  a  dance  back  to  the  early  thir¬ 
ties  of  this  century.  This  shows  that  the  phenomenon  named  by  the  same  word, 
shimmy,  has  been  studied  for  several  decades  already  (the  earliest  scientific  study 
the  author  could  find  is  that  of  Schlippe  et  aL  (1941).  However,  the  phenomenon 
has  not  been  fully  explored.  This  is  due  to  two  important  reasons.  One  problem 
is  caused  by  the  fact  that  the  vehicle  itself  is  a  complex  dynamical  system  having 
important  nonlinearities  and  many  degrees  of  freedom  (DOF)  serving  several  low- 
frequency  linear  vibration  modes  which  may  all  be  important  components  of  the 
several  types  of  dynamical  behavior  at  different  running  speeds  and  conditions. 
This  part  of  the  problem  is  somewhat  resolved  by  the  aj>pearance  of  multi-body 
dynamics  and  good  commercial  computer  codes.  The  other  part  of  the  problem  is 
related  to  the  wheel-ground  contact.  One  of  the  most  challenging  tasks  of  contin¬ 
uum  mechanics  is  the  contact  problems  which  need  long  computation  time  even 
in  stationary  cases  and  when  the  most  advanced  finite  element  programs  are  used 
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(see  Kalker  (1990)  for  railway  wheels  and  Bolim  d  ul.  (19S9)  for  tires).  The  dy¬ 
namic  contact  problems  need  special  codes,  tremendous  computational  effort  and 
still,  there  are  no  analytical  examples  and  results  to  rlieck  the  calculations  which 
are  available  for  a  couple  of  parameter  settings  only. 

In  this  study,  the  simplest  po.ssible  mechanical  structures  are  considered,  with 
the  lowest  number  of  mechanical  DOF  which  still  exhibit  shimmy  motion.  On  the 
other  hand,  several  wheel  models  are  considered,  and  these  models  are  analyzed 
from  nonlinear  vibration  view-point. 

The  models  have  4  important  elements:  the  vehicle,  the  king  pin,  the  ca.ster, 
and  the  wheel.  In  accordance  with  the  above  goals,  the  vehicle  is  always  modeled 
as  a  rigid  body  running  straight  with  a  constant  speed  v.  Clearly,  the  t.owul 
wheel  may  have  a  straight  stationary  running  if  all  the  mechanical  parts  are  rigid. 
Shimmy  may  occur  if  at  least  one  of  the  king  pin,  the  caster,  and  the  whetl  is 
elastic.  Two  groups  of  the  basic  models  can  be  cla.ssified  this  way. 

If  the  wheel  is  rigid  then  the  king  pin  (and/or  the  caster)  is  considered  to 
be  elastic.  These  non-holonomic  models  may  de.scribe  realistic  systems  at  low 
speed,  like  the  trolleys  at  supermarkets  or  airports  (see  Plant,  1990).  Also,  when 
long  semi-trailers  are  modeled,  an  elastic  king-pin  may  have  an  impoitant  effect 
on  the  dynamics.  The  often  chaotic  and/or  transient  chaotic  ‘dana>’  of  these 
wheels  can  be  experienced  on  these  simple  trolleys  where  the  king  pin  is  loose  (sec 
Stepan,  1991).  The  control  of  this  motion  has  been  studied  recently  via  feedljack 

linearization  by  Goodwine  ct  al.  (1997). 

If  the  wheel  is  elastic  then  shimmy  may  occur  even  with  rigid  ca.ster  and  king 
pin.  These  models  are  realistic  for  pneumatic  tires  in  the  ca.se  of  short  caster  length. 
However,  the  description  of  the  contact  of  the  elastic  wheel  and  ligid  grouncl  is 
much  more  complicated  than  the  case  of  the  elastic  king  jiin.  For  engineering 
applications  in  the  middle  range  of  the  towing  speed,  the  qnasi-statiouary  idea  of 
the  lateral  creep  force  and  moment  helps  to  simplify  this  jiroblem  and  to  achieve 
reasonable  agreement  with  experiments  (see  Pacejka,  1988).  The.se  models  use 
a  holonomic  mechanical  model.  As  succe.s.sful  stiulies,  the  papei  of  .Sdnidl  tt 
al.  (1985)  can  be  mentioned  here  for  tract.or-semi-trailer  systems,  the  analysis  of 
[Sharp]  for  motorcycles,  and  that  of  Fratile  ct  al.  (199.5)  for  caravans.  Although, 
the  creep  force  idea  can  strongly  be  criticized  from  nonlinear  dynamics  point  of 
view,  the  conclusions  of  these  studies  arc  really  useful  and  imiioitant.  they  gi\e 
advice  how  to  pack  in  a  caravan  not  to  increase  its  moment  of  inertia  about  its 
vertical  axis,  etc.  However,  the  most  complex  iihenomeiia  which  can  be  studied  by 
these  models  are  the  different  structures  of  stable  and  unstable  limit  cjcles  only. 

In  the  ca.se  of  the  elastic,  wheel  models  of  airplane  front  landing  gears,  Schlipiie 
(1941)  realized  in  the  late  thirties  already  the  presence  of  a  past  effect  in  the 
system.  The  wheel  contact  region  behaves  like  a  memory  in  the  system,  it  records 
the  past  position  and  orientation  of  the  shimmying  wheel.  First,  thus  memory 
effect  was  modeled  by  using  the  assumption  that  the  contact  line  is  stiaight.  This 
resulted  a  delay  differential  ecpiation  with  discrete  delays.  Since  the  theory  of 
delay  differential  equations  was  missing  from  the  mathematical  literature  at  that 
time,  the  mathematical  analysis  suffered  of  several  simi)lifications. 
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Figure  1:  Model  of  a  towed  wheel. 


In  the  final  section  of  this  paper,  those  models  are  established  and  analyzed 
which  describe  this  memory  effect  more  precisely,  using  the  contact  line  deforma¬ 
tion  as  a  distributed  parameter  in  the  system.  The  resulting  coupled  partial  and 
integral  differential  equation  is  transformed  into  a  general  functional  differential 
equation  which  describes  the  memory  effect.  Stability  analysis  and  nonlinear  os¬ 
cillations  are  presented  based  on  the  existing  mathematical  theory  of  these  infinite 
dimensional  systems. 

2.  Mechanical  model 

The  mechanical  model  shown  in  Figure  1  has  4  parts.  The  rigid  vehicle  runs 
with  a  constant  velocity  v  in  the  ^  direction  providing  a  non-stationary  geometric 
constraint  for  the  structure.  Note  that  the  system  is  not  conservative  due  to  this 
constraint.  The  king  pin  at  the  point  A  has  its  axis  in  the  vertical  direction  z,  and 
it  is  attached  to  the  vehicle  via  a  spring  of  overall  stiffness  s.  The  qualitative  effect 
of  the  viscous  damping  of  this  support  will  also  be  mentioned,  but  it  is  neglected 
in  the  analytical  calculations.  The  rigid  caster  of  mass  nic  has  a  length  /.  This 
length  and  the  towing  speed  v  will  serve  cis  the  two  bifurcation  parameters.  The 
homogeneous  wheel  of  mass  rUu;  has  a  radius  R.  Its  central  part  is  assumed  to  be 
rigid.  The  tire  is  elastic,  modeled  as  a  thin  stretched  string  (see  Pacejka,  19S8). 
This  string  is  characterized  by  the  relaxation  length  <t  which  depends  on  the  tension 
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in  the  string  and  the  specific  lateral  stiffness  c  of  the  tire.  The  circumferential 
elasticity  of  the  tire  is  neglected.  The  half-contact-length  is  denoted  by  u,  and  the 
wheel  center  has  a  constant  distance  b  =  —  <i^  from  the  ground. 

If  the  above  geometrical  constraints  are  considered  only,  the  following  general 
coordinates  are  chosen;  p  is  the  lateral  displacement  of  the  king  pin,  V'  is  the  angle 
of  rotation  of  the  caster,  tp  is  that  of  the  wheel,  and  q{x)  is  the  lateral  disidacement 
of  the  tire  contact  points.  The  scalar  coordinates  PitJ^p  as  well  as  the  function 
q{x)  depend  on  the  time  of  course.  The  lateral  shai)e  q  of  the  deformed  tire  is 
described  in  the  moving  coordinate  system  (x,  y,  r)  attached  to  the  caster. 

The  wheel  can  roll,  slide,  or  creep.  It  rolls  if  all  the  wheel-ground  contact 
points  P  have  zero  velocity,  it  slides  if  all  of  them  has  non-zero  velocity,  ^^e  speak 
about  creep  if  some  parts  of  the  contact  line  q  stick  to  the  ground,  some  others 
slip.  The  static  and  dynamic  coefficients  /r,,  pd  of  friction  are  used  to  describe 
constraints  and  friction  forces  between  the  wheel  aiid  the  ground. 


3.  Rigid  tire 

If  the  tire  has  no  lateral  elasticity,  that  is  c  — ►  oc,  the  contact  region  is  red\iced 
to  a  single  contact  point  P  =  Oy  </(0,<)  =  0,  «  ~  0,  cr  n  0.  Then  the  system  is 
non-holonomic  with  the  kinematical  constraint  |v/>|  =  0.  This  results  a  system 
of  two  first  order  scalar  ordinary  differential  ecpiations  for  the  general  coordinates 
Py^y(p  in  accordance  with  the  formula 

Vpr\  (  VQOSx!?  ps\\\'il^  -  Bp 

vpy  )  \-vsin  ^  -f  f/cos  V’  “ 

Thus,  the  system  can  be  described  by  a  single  cpiasi-velocity  which  can  be  the 
angular  velocity  ^  of  the  caster.  Tlie  Appell-Gibbs  erpiation  co\ijded  to  the 
above  definition  of  the  quasi-velocity  and  the  kinematical  constraints  (1)  provides 
the  four  dimensional  system  of  first  order  scalar  e(|uations 


+  tan^  cos  V’  +  4^  cos  V-  +  C  V'  V’) 


p  =  V  tan  rp  + 

tp  =z 


Ql 


cos  tp  ’ 
V  Ql  sin  tp 


B  cos  tf) 


(2) 


Since  97  is  a  cy^tlic  coordinate,  it  does  not  appear  in  the  first  .J  equations,  and 
the  trajectories  of  the  rolling  system  can  uniquely  be  rej)resented  in  the  three 
dimensional  subspacc  tp,  of  Ike  caster  angle  and  angular  velocity  and  the  king 
pin  lateral  displacement. 
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Figure  2:  Stability  charts  and  bifurcation  diagrams. 


The  linear  stability  analysis  of  the  straight  rolling  (the  trivial  solution  of  (2)) 
gives  a  critical  value  of  the  caster  length: 


Figure  2  shows  the  corresponding  stability  chart.  The  stability  limit  at  zero  viscous 
damping  is  represented  by  the  line  at  /c  =  0.  In  this  case,  the  speed  of  towing  does 
not  appear  in  the  stability  condition.  However,  it  does  appear  when  k  >  0.  The 
corresponding  stability  limit  is  the  result  of  a  lengthy  calculation  when  the  viscous 
damping  is  included  in  the  mathematical  model.  Thus,  short  caster  length  and 
increasing  speed  destabilizes  the  towed  wheel. 

At  the  critical  value  of  the  caster  length,  the  Hopf  bifurcation  calculation  (see 
details  in  Stepan,  1991)  based  on  the  third  degree  truncation  of  (2)  presents  a 
subcritical  case,  that  is  there  exists  an  unstable  limit  cycle  around  the  asymptot¬ 
ically  stable  zero  solution  for  some  values  of  I  —  l^r  >  0.  This  is  also  presented  by 
the  bifurcation  diagram  of  Figure  2,  where  A  is  the  amplitude  of  the  oscillation. 

The  numerical  simulation  of  (2)  does  not  show  any  attractor  outside  this  limit 
cycle.  In  fact,  the  trajectories  run  to  some  singular  surfaces  at  V’  =  ±7r/2.  Clearly, 
the  real  structure  will  not  roll  anymore  when  the  vibrations  are  so  violent.  The 
wheel  is  going  to  slide  when  the  static  friction  is  not  able  to  provide  the  necessary 
constraining  force  for  rolling.  Consequently,  the  above  equations  (2)  of  rolling 
describe  the  system  only  for  that  region  of  the  pluose  space  where  the  friction  force 
F  at  the  contact  point  P  satisfies  the  condition 

F  <  fhN  =  fLs{irLc/2+ muj)(j  .  (4) 

This  condition  can  be  represented  in  the  phase  sj>ace  as  codimension  1  surfaces. 
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Within  these  surfaces  the  trajectories  are  described  by  (2).  Wlien  the  trajectories 
hit  these  surfaces,  they  switch  to  the  dynamics  of  tlie  sliding  wheel.  The  cor¬ 
responding  equations  of  motion  are  the  Lagrangian  equations  of  tlie  holonomic 
system  where  the  kinematical  constraint  |v/>|  =  0  is  rele«'Lsed.  The  3  dimensional 
system  of  the  second  order  ecpiations  in  the  6  dimensional  phase  space  of  tlie 
general  coordinates  and  velocities  assumes  the  form: 


^  +  (^  +  -(im^  +  nj„)/ros  V’  0 

-{^rric  +  miu)l  COS  rj;  ni^  +  777,„  0 

0  0  hi)„R^J 


/V'\ 

\<P  I 


( 


■v/"L+"r 


\ 


fy 


Ty 


V 


-R 


li.t{rii,/2  + iv„)ij  (5) 


/ 


where  the  coordinates  of  the  contact  point  velocity  vp^^py  has  to  be  substituted 
from  (1).  ,  .  ,  , 

The  numerical  simulation  of  the  ecpiations  (2)  and  (5)  and  the  precise  check 
of  the  changes  between  the  two  dynamics  are  difficult.  The  general  methods  of 
Glocker  ei  al.  (1995)  are  needed  if  the  system  is  more  romi)licated  and  consists  of 
several  bodies  which  may  all  slide  or  stick.  The  above  c^ise  is  somewhat  simpler, 
although  orbitally  stable  periodic  motion  as  well  as  chaotic  or  transient  chaotic 
motion  can  also  be  experienced  outside  the  unstable  limit  cycle  for  different  values 
of  the  parameters  (see  the  bifurcation  diagrams  in  Figure  2). 

Figure  3  explains  a  case  when  transient  chaos  occurs  (for  siniulation  re.sults  and 
parameter  values  see  Stepan,  1991).  The  plane  Vs  t-’  represtuits  the  4  dimensional 
phase  space  of  rolling.  The  thick  trajectories  start  running  outwards  around  the 
unstable  limit  cycle  presented  by  a  thin  ellipse  in  the  figure.  When  the  trajec¬ 
tory  hits  the  condition  of  rolling  calculated  from  (4)  and  approximated  by  two 
planes  here  at  the  wheel  starts  sliding.  The  si)eed  |vp|  of  the  contact  point 

represents  the  next  2  dimension  in  the  phase  space  of  Figure  3.  When  the  thick 
trajectory  changes  to  a  thin  one  and  leaves  the  space  of  rolling,  it  follows  the 
dynamics  of  (5)  in  the  6  dimensional  phase  si)ace  of  sliding.  This  dynamics  is 
strongly  di.ssipative  due  to  the  sliding  friction. 

The  trajectories  enter  the  space  of  rolling  sexeral  times.  When  they  enter  it 
within  the  conditions  of  rolling,  and  ‘outside’  the  un.stable  limit  cycle,  they  start 
spiraling  outwards  again,  and  the  wheel  shows  a  chaotic  dance.  Tiiis  may  disap¬ 
pear  after  a  stochastically  varying  time  of  transient  period  when  the  trajectory 
arrives  back  to  the  space  of  rolling  within  the  direct  domain  of  attiaaction  of  the 
zero  solution,  and  the  straight  running  of  the  wheel  is  ai)proached  asymptotically. 
The  above  structure  of  the  trajectories  can  also  be  followed  by  an  approximate  1 
dimensional  Poincare  section  of  the  trajectories  considered  along  the  t/’  axis.  Tliis 
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Figure  3:  Phase  space  structure  and  discrete  map. 

cartoon  of  the  transient  chaotic  wheel  motion  is  presented  on  the  discrete  map  of 
Figure  3. 

Note,  that  the  above  described  transient  chaotic  motion  occurs  for  certain 
parameter  values  only,  when  the  static  friction  is  about  2  times  greater  than  the 
dynamic  one.  In  other  cases  chaotic  motion  or  just  simpler  periodic  motions  may 
coexist  with  the  asymptotically  stable  straight  running  and  they  are  ‘separated’ 
by  the  unstable  periodic  motion. 

4.  Elastic  tire  and  creep  force 

If  the  tire  is  elastic,  there  is  a  contact  region  of  length  2a  between  tlie  wheel  and 
the  ground  (see  Figure  4).  In  the  meantime,  the  king  pin  is  assumed  to  be  rigid, 
that  is  s  oo.  It  can  be  shown  that  there  is  always  a  region  at  the  rear  end  E  of 
the  contact  line  where  the  contact  points  slide,  although  the  contact  points  at  the 
other  part  of  the  wheel  may  still  stick  to  the  ground.  This  phenomenon  is  called 
creep. 

In  case  of  a  constant  (!)  drift  angle,  the  calculation  of  the  resultant  force  and 
couple  of  the  distributed  lateral  (partly  dynamic  and  partly  static)  friction  forces 
is  presented  by  Pacejka  (19S8).  Since  the  drift  angle  ip  is  fixed  in  this  calculation, 
rz  V,  the  shape  of  the  contact  line  can  analytically  be  determined,  and  it 
depends  on  the  lateral  deformation  qo  =  q{a^ .)  of  the  leading  edge  L  only.  Thus, 
the  lateral  creep  force  Fy  and  moment  Mqz  can  be  presented  in  the  form 

(  22.2^qQ  ,  \qo\  <  qo,i  =  0.045 
fV('yo)  =  <  ,  ,  .  (6) 

(HdNsi^nqo,  |(/o|>Vo»/ 

|'0.16/j<jArasin(69.8^j;;^</o) .  I'yol  <  </Oj/ 

Mo2{qo)  =  {  ,  ,  •  (n 

L  0 ,  I'/ol  >  qo,i 
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Figure  4:  Creep  force  and  moment. 


where  =  /ia(mc/2 -f  771^;)^/  is  the  overall  friction  force  when  the  wheel  fully 

slides,  that  is  when  [ryol  >  f/ow- 

Now,  this  stationary  creep  force  and  moment  is  used  instead  of  the  real  kine¬ 
matic  constraint  along  the  contact  line  to  describe  the  dynamics  of  the  towed 
wheel.  In  the  three  dimensional  phase  si)ace  of  the  caster  angle,  angu¬ 

lar  velocity  and  the  lateral  displacement  of  the  leading  edge  L,  the  ecpiations  of 
motion  assume  the  simple  form 

-  ^lFy{(lQ)  -  ^fOz{fIo)  1  (^) 

do  =  vsin  ^ -f  (/ —  ti)v^ - ^o^osVs  (^) 

(7 

where  Ia  is  the  mass  moment  of  inertia  of  the  wheel  and  the  caster  with  re.spect  to 
the  z  axis  at  the  king  pin  j4.  The  first  ecpiation  (8)  describes  a  simjde  holonomic 
system,  while  the  second  equation  (9)  still  preserves  a  kinematical  constraint  with 
respect  to  the  leading  edge  L  and  also  a  ‘no  kink  at  L’  condition  introduced  by 
Pacejka  (1988). 

Although  the  above  equations  are  the  results  of  a  comj)licated  simplification  of 
the  wheel-ground  contact,  the  linear  stability  analysis  of  the  zero  solution  of  (8,9) 
with  (6,7)  gives  a  similar  condition  to  that  of  the  case  of  the  rigid  tire  in  (d). 

/  >  =  a  4-  cr .  (16) 

Moreover,  the  Hopf  bifurcation  analysis  of  the  3rd  degree  truncation  of  (8,9)  with 
(6,7)  presents  a  subcritical  case  again  (for  details  see  Stepan,  1992),  thus  both  the 
stability  chart  and  the  bifurcation  diagram  of  Figure  2  are  valid  for  this  model, 
too.  How'ever,  there  is  no  chaotic  attractor  or  transient  chaos  outside  the  unstable 
limit  cycle.  An  orbitally  asymptotically  stable  limit  cycle  exists,  how'evei,  when 
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the  viscous  damping  at  the  tire-ground  contact  is  also  included  in  the  model  (see 
the  K  >  0  case  in  the  bifurcation  diagram  of  Figure  2).  In  this  case,  the  speed  v 
of  towing  shows  up  in  the  linear  stability  condition,  just  as  in  the  case  of  the  rigid 
tire. 

As  mentioned  in  the  introduction,  the  inclusion  of  a  stationary  creep  force  in 
the  dynamic  equations  simplifies  the  mathematical  model  tremendously  (compare 
equations  (2,5)  to  (8,9)),  the  nonlinearities  are  partly  put  into  the  nonlinear  creep 
force  and  moment  characteristics,  but  in  the  meantime,  most  parts  of  the  complex 
dynamics  are  lost.  Even  some  linear  stability  effects  are  missing  in  the  above 
models.  For  example,  experiments  show  that  the  stability  of  the  straight  rolling  is 
regained  sometimes  with  increasing  speed,  then  lost  again,  etc.  These  issues  are 
discussed  in  the  subsequent  section. 

5.  The  memory  effect  of  the  elastic  tire 

In  this  section,  the  condition  of  rolling  is  enforced  for  the  whole  contact  line 
between  the  wheel  and  the  ground.  Although  it  is  true  for  large  values  of  static 
coefficient  //,  of  friction  only,  and  never  true  in  the  vicinity  of  the  rear  edge  jB,  this 
model  still  serves  important  and  new  nonlinear  oscillation  phenomena.  The  main 
advantage  of  this  model  is,  that  it  takes  into  account  the  actual  and  dynamically 
varying  shape  q(xyt)  of  the  contact  region. 

To  simplify  the  calculations,  we  restrict  ourselves  to  the  case  of  rigid  carcass, 
and  the  elasticity  of  the  tread  elements  are  modeled  only.  This  means  that  the 
relaxation  length  is  negligible,  that  is  cr  =  0,  and  the  lateral  displacement  </(«,^) 
of  the  leading  edge  L  is  also  zero  eis  follows  from  (9). 

The  equations  of  motion  with  respect  to  the  scalar  ^  and  the  function  (j(xj .) 
assume  the  form 

lA^(t)  =  -cf  {I  -  x)q{x,t)(lx  (11) 

q{x,t)  =  vsin7p{t)  +  {I  -  x)4^{t)  +  q\x,i){v  cos  -  q{x,i)ip{t))  ,  (12) 

X  G  [“a,a] ,  t  G  [^o,oo)  ,  and  q{a,i)  =  0.  (13) 

where  prime  denotes  the  derivative  with  respect  to  the  moving  coordinate  x  at¬ 
tached  to  the  caster.  In  these  equations,  the  partial  differential  equation  (PDE) 
(12)  with  the  boundary  condition  (13)  describes  the  kinematical  constraint  |vp|  = 
0  for  any  point  P  along  the  contact  line  in  accordance  with  Figure  1.  This  system 
of  integral  and  partial  differential  equations  describes  the  dynamics  in  an  infinite 
dimensional  phase  space. 

As  mentioned  in  the  Introduction,  the  contact  line  keeps  a  history  of  the  wheel 
past  positions  and  orientations  while  the  contact  points  stick  to  the  ground,  and 
these  past  values  determine  the  actual  lateral  force  system  which  appear  in  the 
right  hand  side  of  the  integral-differential  equation  (11).  This  can  be  interpreted 
mathematically  in  the  following  way. 

The  PDE  part  (12)  of  the  equations  has  a  traveling  wave-like  .solution.  This 
can  be  constructed  by  giving  the  absolute  coordinates  (^,  ?;)  of  the  contact  point 
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^{x,t)  =  vt  -  {I -t)  cos  x!’{t)-q{r,i)  sin  ^it), 

j]lx,t)  =  -{I  -  x)s\ni!-{i)  +  q{x,t)casi,''{t). 

Actually,  the  time  derivatives  of  these  equations  also  lead  to  the  above  PDE  (12). 
This  time,  however,  we  are  going  to  change  the  spare  variable  x  to  the  time  delay 

r  which  is  the  time  needed  for  the  leading  edge  i  at  x  =  u  to  travel  backwards 

(relative  to  the  caster)  to  the  actual  point  P.  This  means  that 

^(x,<)  =  ^(«,t-r), 

7](x,t)  = 

From  the  above  expressions,  simple  algebra  gives 

l-x  =  t)rcosT,')(t)  +  (/ -  n)cos(V>(0  -  V’(<  -  ^)) .  (^'*) 

q{x,t)  =  VTs\n4’{i)  +  {I  -  a)s\n{x!'{t)  -  -  t))  ,  (1^>) 

^  =  -vcosrlit)  +  {l-a)tP{t-T)s\n{r!it)-Ht -t))-  (^^0 

dr 

Note  that  a  linear  approximation  provides  explicit  expression  for  the  connection 
of  the  delay  and  space  coordinate  in  tlie  physically  obvious  form 


r  ^ 


a  -  X 


V 


Introduce  the  dimensionless  bifurcation  parameters  L  and  V  fc>r  the  c«aster 
length  and  the  speed  of  towing  by: 


L  = 


oT' 


where  =  2(ic(l^  4-  a^/^)/lA  is  the  square  of  the  natural  angular  frequency  of 
the  system  when  its  speed  is  zero. 

With  the  help  of  formula  (15),  (/(r,t)  can  be.  eliminated  from  (11),  <^nd  tlie 
variable  x  of  integration  is  changed  to  r  via  formulae  (14,15).  The  use  of  the 
dimensionless  time  t  :=  t/T  and  the  new  dimensionless  variable  t9  =  —r/T  of 
integration  results  in  the  3rd  degree  truncated  form  of  a  nonlinear  delay-differential 
equation  (DDE) 

vH{t)  +  V’(0  -  ^V-"(0  = 

where  the  odd  functions  /  and  y  are  calculated  a-s  functions  of  ipi  defined  by 


(17) 
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Figure  5:  Siabiliiy  chart  and  vibration  frequencies. 
ipti‘0)  =  +  t?) ,  rJ  e  [-1, 0] : 

WO  =  + 

+2^(0  jliiL  -  1  -  +  i9)cl^ 

-H^)  I-iiL  -  1  -  i?)(i  -  1  -  2j9)V>(f  + 

+K^  - 1)  /-i(^  - 1  -  • 

Its  only  unknown  is  the  scalar  but  clue  to  the  presence  of  the  integration  of  its 
past  values  on  [i  —  l,t],  the  phase  space  is  still  infinite  dimensional:  it  is  the  space 
of  the  continuous  functions  xl^t  on  [—1,0].  For  more  details  of  the  theory  see  e.g. 
Kuang  (1993). 
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Figure  6:  Stability  cliarts  with  visrou.s  clamping. 


The  asymptotic  stability  of  the  zero  solution  of  (IT)  is  checked  by  means  of 
the  characteristic  function  associated  with  the  linear  part  of  (17)  wlu*n  tlie  V’(0  ~ 
Kexp{Xi)  trial  solution  is  substituted  there: 


D{x)  -  + 1  - 


1  + 

X 


+  2 


1-t-^ 


) 


(18) 


This  characteristic  function  has  infinitely  many  characteristic  roots  in  accordance 
with  the  infinite  dimensional  nature  of  the  problem.  The  necessary  and  sufficient 
condition  of  asymptotic  stability  in  tlie  linear  systems  is  the  same  as  in  the  case 
of  ODEs,  that  is  ReA^-  <  0,  j  =  1,  2, - 

The  method  presented  in  Theorem  2.19  in  Stej)an  (10S9)  gives  the  stability 
chart  of  Figure  5  where  a  complex  structure  of  stability  domains  appear.  The 
stability  limit  at  i  =  1  O  I  —  a  also  appears  just  a.s  in  the  case  of  the  creep  force 
model  in  (10)  with  the  actual  assumption  cr  =  0,  but  there  are  also  many  alter¬ 
nating  borders  of  stability  wdth  Hoi)f  bifurcations  along  them.  The  corre.s])oriding 
vibration  frecpiencies  are  also  presented  above  the  stability  chart. 

This  model  presents  several  (infinitely  many)  bifurcation  i)oiiits  as  the  running 
speed  V  is  decreased.  However,  if  viscous  damping  is  added  to  the  model  at  the 
tire,  the  number  of  these  bifurcation  points  !)ecoim‘  finite,  at  great  values  of  the 
damping  only  a  couple  of  them  survives.  This  is  shown  in  Figure  G  where  the 
K  >  0  stability  limits  are  the  result  of  a  long  calculation  not  discus.^(’d  here. 

There  is  also  another  important  nonlinear  oscillation  phenomenon  which  ap¬ 
pears  in  this  delay  model  of  the  tire.  At  the  parameter  values  V:=0.1.H0,  L=0..1040 
of  the  point  P  in  the  stability  chart  of  Figure  5,  (pnasiperiodic  o.scillation.s  api)ear 
with  2  vibration  fre<piencies:  one  is  somewhat  more  than  the  natural  fre(piency  a 
of  the  structure  at  u  =  0,  the  other  one  is  at  about  the  half  of  it. 
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The  codimension  1  and  2  Hopf  bifurcation  analysis  requires  a  long  and  tedious 
algebraic  calculation  using  the  nonlinear  functions  in  (17),  and  it  serves  the 
structure  of  stable  and  unstable  limit  cycles  and  tori  embedded  in  a  2  or  4  di¬ 
mensional  center  manifold  of  the  infinite  dimensional  phase  space.  Actually,  the 
calculations  are  very  similar  to  those  of  Campbell  (1995)  and  Stepan  (1995)  for 
models  in  population  dynamics  and  robotics. 

At  this  point  we  refer  only  to  a  simple  and  useful  application  of  Theorem  3.24 
in  Stepan  (1989)  or  in  Stepan  (1997).  The  zero  solution  of  the  delay-differential 
equation 


x(i^)  -P  cox{i)  =  Cl  x{t  +  0)(10 


(19) 


is  asymptotically  stable  if  and  only  if 


0  <  Cl  <  Co  and  cq  ^  4;^7r^  j  =  1,2 .  (20) 


The  linear  part  of  the  delay  model  (17)  is  the  same  as  (19)  when  the  caster  length 
£  — j.  oo.  In  this  case  cq  =  Ci  =  1/V^ .  Clearly,  the  first  stability  condition  of  (20) 
is  just  violated:  there  exist  a  A  =  0  characteristic  root  in  this  case.  The  meaning 
of  this  root  is  obvious  from  the  physical  model,  since  the  position  of  the  wheel  in 
T]  direction  is  neutral  in  the  case  of  infinitely  long  caster.  The  second  conditions 
of  (20)  give  those  critical  speeds  where  self-excited  vibrations  are  likely  to  occur 
at  finite  caster  length  which  are  still  greater  than  (t: 


. 


This  means  that  the  stability  limits  of  Figure  5  tend  to  these  values  as  £  -^  oo,  and 
the  corresponding  unstable  regions  shrink  and  then  disappear,  since  the  shimmying 
wheel  is  always  stable  for  very  long  caster  apart  of  some  critical  speeds.  At  these 
critical  speeds  one  condition  of  the  Hopf  Bifurcation  Theorem  is  not  satisfied, 
namely  the  critical  characteristic  roots  do  not  cross  the  imaginary  axis  with  non¬ 
zero  derivative  with  respect  to  the  bifurcation  parameter. 


5.  Conclusions 

Three  basic  models  of  the  shimmying  wheels  have  been  considered  and  analyzed 
here  from  nonlinear  oscillations  point  of  view.  The  model  of  rigid  tires  may  exhibit 
chaotic  and  transient  chaotic  motion.  The  creep  force  models  describe  the  partially 
sliding  and  rolling  elastic  tire  with  the  help  of  a  stationary  tire  model  fitted  in  the 
dynamic  model.  This  model  gives  some  simple  and  useful  res\dts  for  engineering 
design,  but  does  not  present  most  of  the  complex  behavior  of  the  shimmying 
wheels.  The  more  precise  modeling  of  the  dynamic  contact  problem  of  the  tire 
and  the  ground  may  include  the  memory  effect  of  the  tire.  This  effect  appeared 
in  the  early  models  of  the  shimmying  wheel  (see  Schlippe,  1941).  The.se  models 
must  be  reconsidered  again,  and  the  recent  developments  of  mathematics  both 
in  bifurcation  theory  and  in  functional  analysis  of  infinite  dimensional  systems 
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provide  much  better  understanding  of  the  complex  motion  of  the  elastic  wheels  of 
motorcycles,  cars,  trucks,  airplanes. 
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1.  Introduction 

In  this  article  we  investigate  some  dynamical  features  of  the  Cooperrider  bogie.  A 
modern  railway  passenger  car  has  a  car  body  supported  at  each  end  by  a  carriage 
or  bogie  with  a  relatively  short  wheel  base.  The  suspension  systems  are  placed  in 
the  bogies  and  between  the  bogies  and  the  car  body.  Since  the  guiding  forces  from 
the  rails  act  on  the  wheelsets  in  the  bogies,  the  bogies  play  an  important  role  in 
the  dynamics  of  the  vehicle  motion.  The  mathematical  model  is  presented  at  the 
end  of  this  section. 

In  Section  2  we  outline  the  mathematical  theory  related  to  our  investigations 
of  this  model  and  we  use  the  symmetry  of  the  model  to  deduce  the  form  that 
generic  bifurcations  from  symmetric  periodic  solutions  will  have.  In  contrast  to 
systems  without  symmetry,  period-doubling  bifurcations  are  not  generic,  but  sym¬ 
metry  breaking  pitchfork  bifurcations  are.  This  remark  was  noted  previously  by 
Swift  and  Wiesenfeld  and  by  Fiedler.  If  two  critical  eigenvalues  are  close  in  the 
control  parameter  space,  different  types  of  secondary  bifurcations  may  occur.  This 
type  of  degeneracy  is  called  mode  interaction.  In  our  model  equations  we  find  a 
mode  interaction  between  a  saddle-node  and  a  pitchfork  bifurcation.  This  mode 
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Figure  1.  Conventional  Bogie  Model. 


interaction  was  studied  by  Dangelmayr  and  Armbruster  and  explains  a  number  of 
features  in  the  bifurcation  diagram  of  the  Cooperrider  model. 

The  results  of  our  numerical  investigations  are  presented  in  Section  3.  The 
mathematical  theory  verifies  the  numerical  results.  The  stringent  mathematical 
theory  suggested  a  generic  interpretation  of  the  numerical  results  and  led  to  the 
discovery  of  the  correct  splitting  and  the  correct  sequence  of  the  bifurcations  of  the 
periodic  attractor.  It  also  helped  the  authors  to  look  for  and  find  a  solution  that 
had  not  been  found  before  due  to  its  instability  and/or  small  basin  of  attraction. 
Section  4  contains  the  conclusions. 

1.1.  DYNAMICAL  MODEL 

The  Cooperrider  model  was  developed  as  a  model  for  a  conventional  passenger  car 
bogie  with  two  axles.  We  assume  that  all  parts  except  the  suspension  elements  are 
rigid  and  that  the  suspension  elements  all  have  linear  characteristics.  Furthermore, 
we  assume  that  the  vertical  displacements  are  so  small  that  the  equations  for  the 
vertical  and  horizontal  motions  are  uncoupled  and  consider  only  the  lateral  motion. 

The  model  of  the  conventional  bogie  is  a  multibody  system.  The  bogie  frame 
can  rotate  without  friction  in  a  bearing  in  the  floor  of  the  car  body.  It  is  supported 
on  two  wheelsets,  through  springs  and  dampers  as  shown  in  Figure  1.  The  bogie 
model  has  seven  degrees  of  freedom:  lateral  and  yaw  motion  for  each  whcelsct 
and  the  bogie  frame,  and  roll  motion  of  the  bogie  frame.  In  a  coordinate  system 
moving  with  constant  speed  v  along  the  track  center  line,  the  variables  are  denoted 
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^i,...,g7,  see  Figure  1.  The  speed  v  is  chosen  as  the  control  parameter,  and  all 
other  parameter  values  are  kept  constant  in  these  investigations. 

The  bogie  runs  on  a  straight,  horizontal,  perfect  track.  The  profile  of  the  rail 
surface  is  an  arc  of  a  circle,  and  the  wheels  have  a  conical  profile,  with  inner  flange. 
The  nonlinearities  in  the  system  stem  from  the  creep-creep  force  relation  in  the 
ideal  contact  point  between  each  wheel  and  the  rail  and  from  the  flange  force. 
The  Vermeulen- Johnson  creep  force  law  relates  the  resulting  creep  force  Fk(^h) 

to  the  resulting  creep  where  =  ^-92  and?*r  =  ^-94 

axe  the  front  and  rear  lateral  creepages,  and  ^yf  =  ^  -h  ^  and  ^yj.  =  ^  ^ 

are  the  front  and  rear  longitudinal  creepages.  In  this  model  a  =  0.716m  is  half  the 
track  gauge,  6  =  0.05  is  the  contact  angle,  and  ro  =  0.4572m  is  the  centered  rolling 
radius  of  the  wheel.  Hertz  theory  is  used  to  calculate  the  contact  area  between  a 
wheel  and  the  rail  with  the  coefficient  of  adhesion  ^  =  0.15  and  the  normal  force 
N  given  by  fiN  =  lOArAT.  The  constant  G  is  the  shear  modulus  and  with  Oe  and  be 
as  the  semiaxes  of  the  contact  ellipse,  G'Kaebe  =  6.563MiV'.  Setting  u  = 
it  follows  that 

Fr  _  f  u  “  |w|u|  -f  u  <3 
mAT  “  \  1  u>3 

which  defines  Fr.  Vermeulen  and  Johnson  show  that  the  lateral  and  longitudinal 
creep  forces  are  Fx  =  and  Fy  =  where  $  =  0.60252  and  =  0.54219 
are  weight  factors.  The  flange  force  Ft  is  modelled  as  a  stiff  nonlinear  spring 

{ko{u-7])  7}<U 

0  -Tj  <U  <7] 

ko{U‘]-7])  —T]>U 


where  we  have  used  =  14.60MiV,  and  rj  =  0.0091m. 

The  equations  of  motion  for  the  system  give  seven  coupled  nonlinear  second- 
order  differential  equations: 


m^qi 

+Ai 

+2Fa;/ 

+^t(9i) 

=  0 

Iwy  ^2 

+A3 

-i-2aFyf 

+ 

=  0 

Tn^q3 

+  A2 

+2Fxr 

^Friqs) 

=  0 

IwyQ4 

+A4 

-h2aFyr 

=  0 

rn/qs 

-Ai 

-A2 

+A5 

=0 

IfyQe 

-bAi 

+^2 

-As 

-A4 

-hAs 

=  0 

Ifrqi 

—hiAi 

“/I1A2 

+/l2^5 

+A7 

=  0 

where  Ai  =  2ki{qi  -  gs  “  bqe  -  hiqj),  A2  =  2ki{q^  -  qs  -  bqe  -  hiqj),  A3  = 

2/02^1  (g2 )  A4  —  2A;2di(g4““96),  A5  =  2Z)2(45“ft297)H“2A:4(g5“/i2g7))  As  =  k^qe 

and  A7  =  2Did2^7+2fc5C^g7‘f  4fc3dfg7.  The  front  and  rear,  lateral  and  longitudinal 
creep  forces  resulting  from  the  creepage  between  rails  and  wheels  are  Fx/^Fyf  and 
FxnFyr.  The  mass  and  moment  of  inertia  of  the  axles  are  m^^  =  1022fcy  and 
Iwy  =  678A:pm“^.  The  mass  and  moment  of  inertia  (yaw  direction)  of  the  bogie 
frame  are  nif  =  291Skg  and  Ify  =  67S0kgm~‘^  while  the  moment  of  inertia  in 
the  roll  direction  is  //r  =  6780A:pm"^.  Other  spring  and  damper  parameters  are 
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A:i  =  A:4  =  1.823MAr/m,  *2  =  *3  =  3.646AfAr/m,  h  =  0.3333A/A7m,  h  = 
2.710AfA’  •  m,  Di  =  20.0  kNs/m  and  D2  =  29.2kNsfm  (sec  Figure  1).  The 
remaining  constants  b  =  1.074m,  hi  —  0.0762m,  /i2  =  0.6584m,  di  =  0.620m  and 
d2  =  0.680m  are  geometrical  quantities  (see  Figure  1). 

For  n  =  1, . . . ,  7  we  define  x^n-i  =  Qn  and  X2n  =  Qn  and  obtain  an  autonomous 
system  of  14  coupled  first-order  differential  equations  with  the  speed  v  as  control 
parameter.  Abstractly,  this  system  is: 

x-Fix,v),  (1) 

where  x  e  v  and  F  :  x  E+  -4  R^^ 

A  14  X  14  matrix  7  is  a  symmetry  of  this  system  of  differential  equations  if 
F{jXjV)  —  jF{x^v)  for  all  x  G  R^^  and  i?  G  R"*^.  The  set  of  all  symmetries  of  F  is 
a  group,  which  we  denote  by  F. 

Let  Ii4  be  the  14  x  14  identity  matrix.  It  is  easy  to  verify  that  — /14  is  a 
symmetry  of  F,  since  all  of  the  terms  in  F  are  odd  in  x.  It  follows  that  F 
{/i4,—/i4}  =  Z2  is  a  symmetry  group  for  F.  It  is  also  true  that  F  is  the  only 
nontrivial  symmetry  group  of  F,  and  F  is  said  to  be  Z2-symmetric  . 

2.  Theory 

In  this  section  we  present  the  mathematical  background  for  the  numerical  results 
discussed  in  the  next  section.  In  Subsection  2.1  we  deduce  the  generic  bifurcations 
of  a  system  that  is  slightly  more  general  than  (1),  and  in  Subsection  2.2  we  discuss 
mode  interactions  in  our  system. 

2.1.  GENERIC  BIFURCATIONS  OF  SYMMETRIC  PERIODIC  SOLUTIONS 

We  consider  a  k-parameter  family  of  n-dimensional  systems  of  first  order  differen¬ 
tial  equations 

x  =  F{x,/j)  (2) 

where  x  G  R”,  /x  €  R^  and  F  :  R^  x  R*^  — >  R^  has  symmetry  group  F  =  Z2  = 
For  convenience  we  set  7  =  — 

We  study  the  generic  bifurcations  of  symmetric  periodic  solutions  of  (2).  Let 
c{t)  be  a  periodic  solution  of  F  with  period  T,  c(t+T)  =  c(f).  The  periodic  solution 
c  is  symmetric  with  respect  to  7  w’hen 

c(t  +  |)  =  7cW-  (3) 

Let  El  be  a  transverse  section  to  the  periodic  orbit  c,  and  let  F  :  Ei  ->  Ei  be  the 
Poincare  map.  Sec  Figure  2.  We  now  discuss  the  restrictions  placed  on  P  by  the 
symmetry  7. 

Let  E2  be  the  section  given  by  E2  =  7S1,  and  define  the  mappings  given  by 
the  flow:  0  :  Ei  -4  E2  and  ^  :  E2  Ei.  Let  2  be  a  point  in  the  section  E2.  Fiom 
the  symmetry  we  have 


’5'(z)  =  76(7^). 


(4) 
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Figure  2.  Poinc2u:e  Section  of  the  Flow. 

•which  for  a  given  point  x  in  the  section  Ei  yields  the  relation  (5): 

P{x)  =  ^  o  0(i)  =  4-(©(a:))  =  70(70(1))  =  (70)2(i).  (5) 

We  define  the  map  Q  :  Ei  Ei  by  Q  =  7©  and  obtain 

P  =  (70)2  =  Q\  (6) 

Let  xq  be  the  intersection  of  the  symmetric  periodic  solution  c  with  the  section 
Si  and  let  V  be  an  (n  —  l)-dimensional  subspace  of  that  is  transverse  to  c{to) 
where  c(to)  =  a:o.  Write  Q  :  {xq  +  y)  x  R^  ->  (xq  4-  V"),  and  change  coordinates 
to  obtain  the  map  Q  :  V  x  V.  By  considering  generic  bifurcations  of  the 

map  Q  we  deduce  the  generic  bifurcations  of  the  Poincare  map  P  and  thereby  the 
generic  bifurcations  from  the  symmetric  periodic  solution  c. 

Note  that  symmetric  periodic  solutions  of  F  correspond  to  fixed  points  of  Q, 
For  suppose  that  z  is  the  intersection  of  a  symmetric  periodic  solution  of  F  and 
the  section  Si.  Symmetry  implies  that 

Q(z)  =  70(z)  =  z.  (7) 

Thus,  a  symmetric  periodic  solution  of  F  corresponds  to  a  fixed  point  of  Q,  Next 
let  y  be  the  intersection  of  a  asymmetric  periodic  solution  of  F  and  the  section 
Si,  Since  the  solution  is  asymmetric  and  periodic  we  have 

Q{y)  =  70  (y)  ¥=  y  and  Q^(j/)  =  P{y)  =  y. 

Thus  an  asymmetric  periodic  solution  of  F  is  a  period  two  point  of  the  map  Q. 
The  generic  bifurcations  of  Q  and  their  effect  on  P  are: 

~  A  saddle-node  bifurcation  of  the  map  Q  leads  to  a  saddle-node  for  the  Poincare 
map  P  =  and,  therefore,  also  a  saddle-node  bifurcation  of  the  periodic 
solution  of  (2). 

~  A  Hopf  bifurcation  of  the  map  Q  corresponds  (generically)  to  a  Hopf  bi¬ 
furcation  of  the  periodic  solution  of  F  leading  to  either  stable  or  unstable 
quasiperiodic  motion  in  the  vicinity. 
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“  A  period-doubling  bifurcation  of  the  map  Q  leads  to  a  pitchfork  bifurcation 
of  the  Poincare  map  P  ~  and,  thereby,  a  pitchfork  bifurcation  of  the  flow 
or  a  symmetry  breaking  bifurcation. 

Note  that  period-doubling  bifurcations  of  symmetric  periodic  solutions  are  not 
generic. 

2.2.  MODE  INTERACTION 

The  eigenspaces  associated  with  the  Jacobian  matrix  are  often  called  modes.  When 
varying  one  control  parameter  we  expect  to  have  only  one  critical  mode  at  a  time. 
By  varying  another  parameter,  multiple  critical  modes  are  possible.  Near  param¬ 
eter  values  at  which  there  are  multiple  critical  modes  different  types  of  secondeiry 
bifurcations  may  occur.  These  secondary  solutions  are  created  by  nonlinear  inter¬ 
actions  of  the  tw^o  modes  and  are  called  mode  interactions. 

Suppose  that  a  saddle-node  point  and  a  period-doubling  point  for  the  map 
Q  occur  simultaneously  at  the  origin  (by  varying  two  parameters  at  a  time).  To 
study  this  mode  interaction  and  its  unfolding,  we  use  a  method  for  analyzing 
period  doubled  states  that  was  originally  developed  by  Vanderbauwhede  .  Define 
the  mapping  R:VxVxR^-^VxV  given  by 

p, p)  =  p)  -  p,Q{p, p)  -  (8) 

for  all  cT,p  eV  and  €  E*' . 

Note  that  zeroes  of  R  correspond  to  either  fixed  points  or  period  two  points 
of  Q.  Thus,  it  is  possible  to  study  the  bifurcations  of  fixed  points  and  period  two 
points  of  Q  by  studying  the  bifurcation  of  zeroes  of  i?,  and  the  bifurcation  of  zeroes 
has  been  well  studied. 

To  look  for  bifurcation  of  zeroes  of  R,  we  need  to  find  zero  eigenvalues  of 
the  linearization  L  of  the  map  R  evaluated  at  the  origin.  Assume  that  v  is  an 
eigenvector  of  the  linearization  of  Q  corresponding  to  the  critical  eigenvalue  +1 
(the  saddle-node)  and  that  w  is  an  eigenvector  of  the  linearization  of  Q  corre¬ 
sponding  to  the  critical  eigenvalue  —1  (the  period-doubling).  We  find  kerL  = 

and  a  Lyapunov-Schmidt  reduction  leads  to  a  dynam¬ 
ical  system  in  a  two  dimensional  space  that  is  tangential  to  kerL  at  the  origin. 
Now  we  determine  the  characteristics  of  such  a  system.  Let  k  act  on  by 

for  all  e  V.  Note  that  k  is  a  symmetry  of  R  since 
KR{a,p,p)  =  K{Q{a,fi)  -  p,Q{p,p)  -  a) 

=  {Q{p,p)- <y,QW,p)  -  p) 

=  R{p,a,p.)  =RK{a,p,p). 

Observe  that  k  acts  on  (v,i;)  and  (ir;,  —rz;)  by 
k{v,v)  =  {v,v) 

k{'W,—w)  =  {—w,w)  =  —{w,—w). 
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Thus  we  can  determine  the  action  of  n  on  kerL.  We  write  the  vectors  in  keri  as 

x{v,v)  +y{w,-w)] 

we  can  then  identify  kerL  =  using  the  coordinates  {x,y)  e  Since 

F  -u;))  =x{v,v)  -y{w,-w)y 
the  action  of  /c  on  E^  =  ker  L  is  given  by 

K{x,y)  ==  {x,-y). 

Since  the  Lyapunov-Schmidt  reduction  respects  symmetry,  we  find  that  the 
zeroes  of  R  are  parametrized  by  the  zeroes  of  a  map  T  :  E^  x  E*  E^  that  satisfies 
T{k{x,  y),fj)  =  kT{xj  y,fi).  Thus  we  have  a  system  in  two  state  variables  with  Z2- 
symmetry,  (a:,y)  {x,-y).  The  bifurcations  in  this  case  have  been  studied  by 

Dangelmayr  and  Armbruster  and  they  are  described  in  Golubitsky  et  al.,  Chapter 
XIX,  §§2-3.  In  the  next  section,  we  present  an  example  of  such  a  mode  interaction 
that  is  also  found  in  our  bogie  model. 

3.  Results 

In  this  section  we  discuss  those  results  from  our  numerical  investigations  of  the 
mathematical  model  of  the  railway  bogie  presented  in  Section  1  that  can  be  anal¬ 
ysed  by  the  mathematical  tools  presented  in  Section  2.  Other  interesting  features 
of  the  mathematical  model  have  been  presented  elsewhere  by  Jensen  and  TVue. 
The  main  numerical  tool  for  the  analysis  of  this  model  is  the  continuation  routine 
PATH  developed  by  Kaas-Petersen. 

It  is  easily  seen  that  the  fixed  point  xi  =  . . .  =  0:14  =  0  is  an  equilibrium 
solution  for  all  v.  For  low  speeds  the  solution  is  asymptotically  stable,  but  at  v  = 
65.2m/ s  the  solution  loses  stability  in  a  Hopf  bifurcation.  The  bifurcating  periodic 
solution  is  symmetric  with  respect  to  the  symmetry  group  presented  in  Section  1. 
We  have  managed  to  follow  the  symmetric  periodic  solution  as  it  undergoes  five 
saddle-node  bifurcations,  three  pitchfork  bifurcations  and  one  Hopf  bifurcation. 
This  is  illustrated  in  Figures  3  and  4.  (Stable  periodic  solutions  are  depicted  by 
solid  lines  and  unstable  periodic  solutions  are  depicted  by  dotted  lines). 

The  final  bifurcation  diagram  is  shown  on  Figure  5.  It  is  noticeable  that  in  the 
region  115m/s  <v  <  147m/5  the  only  stable  periodic  solutions  are  the  asymmetric 
ones  bifurcating  from  the  symmetric  periodic  solution  at  Pi.  The  asymmetric  pe¬ 
riodic  solutions  bifurcate  subcritically,  turn  around  in  a  saddle-node,  gain  stability 
in  a  Hopf  bifurcation  at  1;  =  112.59  m/s  and  remain  stable  up  to  t;  =  203.33  m/s 
where  they  lose  stability  in  another  Hopf  bifurcation.  The  symmetric  periodic 
solution  is  stable  in  the  region  147.59m/s  <  v  <  181.73m/s  but,  as  found  by 
Galvanetto  et  al.  ,  the  symmetric  periodic  solution  in  this  region  has  much  smaller 
basin  of  attraction  than  the  asymmetric  periodic  solutions.  Thus,  in  the  region 
115m/s  <  V  <  200  m/s,  the  asymmetric  periodic  solutions  are  dominant. 

In  Figure  6  we  see  the  details  of  the  final  bifurcation  diagram  in  the  speed 
interval  109.5m/s  <  v  <  llOm/s  showing  an  example  of  mode  interaction.  The 
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Figure  8.  The  symmetric  periodic  solutions  with  its  bifurcations. 


Figure  5.  Final  bifurcation  diagram. 
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figure  shows  the  region  near  the  pitchfork  bifurcation  Pi  and  the  saddle-node 
bifurcation  S5.  The  dotted  curve  in  figure  6  is  the  symmetric  periodic  solution 
and  the  dash-dotted  curve  are  the  bifurcating  asymmetric  periodic  solutions.  The 
saddle-node  point  and  the  pitchfork  point  are  very  close  in  parameter  space.  This 
is  exactly  the  situation  we  considered  in  Section  2.2.  We  find  that  our  Figure  6  is 
identical  to  Golubitsky  et  al,  figure  XIX.3.5  and  we  conclude  that  in  the  vicinity  of 
the  mode  interaction,  the  dynamics  of  the  our  system  can  locally  be  described  by 
the  two  state  variable  system  with  the  normal  form  (x^  -\-y^  A,  ~(x  —  a)2/). 

4.  Conclusion 

We  have  considered  the  Cooperrider  model  of  a  railway  bogie  and  we  have  analysed 
the  bifurcations  using  symmetry  groups.  We  find  that  the  model  is  Z2-symmetric. 

We  then  develop  the  generic  bifurcations  of  symmetric  periodic  solutions  of 
a  system  on  that  form,  considering  the  Poincare  map  P  and  a  map  Q  with  the 
property  P  =  Q^.  The  numerical  bifurcation  analysis  of  our  system  has  revealed 
many  bifurcations,  all  of  them  generic  in  the  sense  described  in  Section  2. 

Subsection  2.2  deals  with  the  theory  for  the  dynamics  of  the  system  near  the  pa¬ 
rameter  values  where  bifurcation  points  of  low  codimension  coincide.  We  consider 
the  form  of  the  mode  interaction  in  such  a  situation.  The  numerical  bifurcation 
analysis  of  our  system  reveals  a  very  complicated  region  where  a  mode  interaction 
as  described  in  Section  2,2  takes  place.  This  mode  interaction  yields  the  infor¬ 
mation  necessary  to  complete  the  bifurcation  diagram  of  our  bogie  model.  The 
splitting  and  the  correct  sequence  of  the  bifurcations  in  the  complicated  region 
was  found  after  studies  of  the  stringent  mathematical  theory  for  symmetry  and 
bifurcations.  The  theory  verifies  the  numerical  results  and  helped  the  authors  to 
refine  the  numerical  investigations  until  only  generic  bifurcations  appeared  in  the 
bogie  model.  Furthermore,  these  refined  investigations  revealed  the  continuation  of 
the  symmetric  periodic  solution.  This  solution  is  unstable  for  a  large  speed  range 
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but  gains  stability  in  the  speed  range  147.59  m/s  <  v  <  181.73  m/s.  In  this 
speed  range,  however,  the  asymmetric  periodic  solutions  are  dominant,  and  the 
symmetric  periodic  solution  had  not  been  found  in  earlier  investigations. 

Prom  the  mode  interaction  in  the  complicated  region,  the  theory  in  Golubitsky 
et  al,  Chapter  XIX,  §§2-3  also  predicts  the  Hopf  bifurcation  in  the  bogie  system 
and  the  presence  of  a  quasiperiodic  solution  bifurcating  from  the  asymmetric  pe¬ 
riodic  solution.  This  quasiperiodic  attractor,  its  development  and  its  symmetry 
characteristics  have  been  studied  in  Jensen  and  True. 

Asymmetric  wear  of  railway  wheelsets  do  occur  in  real  life.  We  suggest  that 
this  lopsided  wear  may  be  related  to  a  symmetry  breaking  pitchfork  bifurcation 
as  described  in  this  paper. 
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Abstract.  Some  features  of  velucular  dynamics  are  explored  in  the  con¬ 
text  of  a  simple  model  for  a  two-wheeled  suitcase.  Despite  the  simplicity  of 
the  model,  we  find  some  peculiar  phenomena.  These  include  an  uncount¬ 
able  infinity  of  heterodinic  orbits,  bifurcations  in  the  presence  of  reversible 
symmetries  and  complex  dynamics. 


1.  Introduction 

Two-wheeled  suitcases  have  become  increasingly  common  in  recent  years. 
For  many  travelers,  these  suitcases  pitch,  yaw,  rock  and  fall  in  the  most 
undesirable  situations.  In  a  recent  paper.  Plant  [11]  examined  some  of  the 
features  of  the  rocking  instabilities.  Motivated  by  his  work,  we  analyze  a 
simpler  model  of  a  suitcase  in  order  to  explain  its  yaw  and  pitch  dynamics. 
Despite  the  simplicity  of  the  model,  we  find  a  system  with  a  rich  dynamical 
behavior.  Our  analysis  is  a  precursor  to  a  more  detailed  examination  of 
rocking.  It  is  also  a  starting  point  for  examining  maneuvering  instabilities 
in  trollies  and  articulated  vehicles. 

Here,  we  examine  the  dynamics  of  the  suitcase  from  the  perspective  of 
non-holonomically  constrained,  reversible  mechanical  systems.  There  is  a 
vast  Russian  literature  on  this  subject.  The  interested  reader  is  referred  to 
Karapetyan  and  Rumyantsev  [7],  Neimark  and  Fufaev  [4],  and  Tkhai  [13]. 
Some  examples  of  work  in  this  area  pertaining  to  vehicle  dynamics  include 
O’Reilly  and  Tongue  [10],  Troger  and  Steindl  [14],  and  Verbitskii  and  Lobas 
[15,  16]. 
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2.  A  Model  for  the  Dynamics  of  a  Suitcase 

We  begin  by  developing  a  simple  model  for  the  dynamics  of  a  suitcase. 
Here,  the  suitcase  is  modeled  as  a  rigid  body  which  is  being  pulled.  It  has 
two  wheels  mounted  at  its  rear  which  roll  without  slipping  on  a  horizon¬ 
tal  surface  (cf.  Figure  1).  The  final  results  of  this  section  include  a  set  of 
four  first-order  ordinary  differential  equations  governing  its  motion.  In  our 
derivation  we  will  use  the  treatment  of  rigid  body  dynamics  proposed  by 
Casey  [3]  which  uses  a  convenient  tensor  notation. 


Figure  1.  Definitions  of  the  suitcase’s  parameters. 

The  vectors  E,-  (i  =  1,2,3)  denote  a  fixed  orthonormal  basis  for  Eu¬ 
clidean  three-space.  Further,  the  vector  E3  is  assumed  to  be  normal  to  the 
horizontal  ground  plane  on  which  the  suitcase  moves.  Another  orthonormal 
basis  {e,}  is  also  used  in  the  sequel.  This  basis  co-rotates  with  the  suitcase 
such  that  each  e,*  is  aligned  with  one  of  the  principal  directions  of  the  inertia 
tensor  J  =  A,  e,  ®  e,*  of  the  suitcase.  Here,  ®  denotes  the  usual  tensor 
product  and  A,*  are  the  principal  moments  of  inertia.  We  recall  that  these 
two  bases  are  related  by  the  rotation  tensor  Q  of  the  suitcase:  e,  =  QE,-.  To 
parametrize  Q,  we  use  three  Euler  angles:  the  yawing  angle  6  6  [0,27r),  the 
pitching  angle  9?  G  [0,27r)  and  the  rocking  angle  a  G  f)*  these 

angles,  the  angular  velocity  vector  <jj  of  the  suitcase  has  the  representation 

w  = -ie  [qQ^]  =  ^Ea  +  aa, +(-v>)e2  .  (1) 

Here,  e  is  the  third-order  permutation  tensor  and  the  superposed  dot  de¬ 
notes  the  time  derivative.  For  later  convenience,  we  have  defined  an  or¬ 
thonormal  basis  {a,}: 

ai  =  cos0Ei  +  sin0E2  ,  a2  =  —  sin^Ei -f  cos0E2  ,  a3  =  E3  .  (2) 

In  the  sequel,  it  is  assumed  that  the  principal  axis  02  is  parallel  to  the  axis 
connecting  the  centers  of  the  w^hcels. 
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The  vectors  re,  r^i  and  rp  denote  the  position  of  the  center  of  mass  of 
the  suitcase,  the  midpoint  of  the  rear  wheel  axis  and  the  point  of  application 
of  the  pulling  force  P,  respectively.  We  define  the  velocities  vq  =  ic  and 
VA  =  Tyl. 

We  now  consider  the  three  constraints  on  the  motion  of  the  suitcase. 
First,  both  wheels  are  assumed  to  remain  in  contact  with  the  ground: 

VA  '  E3  =  0  ,  a  =  0  .  (3) 

The  latter  constraint  implies  that  we  axe  not  considering  the  rocking  insta¬ 
bilities  discussed  by  Plaut  [11]^.  Second,  it  is  assumed  that  the  (massless) 
wheels  roU  without  slipping: 

vx  •  a2  =  0  .  (4) 

It  is  important  to  note  that  we  will  assume  that  no  part  of  the  smtease 
other  than  the  wheels  comes  in  contact  with  the  ground.  Hence,  we  have 
the  unilateral  constraints  (p  G  where  <pi  and  (p2  are  functions  of 

the  suitcase’s  geometry.  If  these  are  violated  then  our  model  is  inapplicable 
as  it  does  not  include  the  additional  reaction  forces  exerted  by  the  ground 
plane. 

Imposing  the  constraints  (3)  and  using  equations  (1)  and  (2),  the  relative 
position  vectors  rc  —  ta  and  rp  —  r>i  are 

rc  -  ai  +  Hi  a2  +  Zi  as  , 

^  =  ^2  +  -02  ^2  +  Z2  aa  .  (5) 

Here,  we  have  defined  the  relative  coordinates  Xa  and  Z^  (o;  =  lj2): 

Xa  =  La  cos  (p  -  Ha  sin(p  ,  Xa  —  -^Za  , 

Za  =  La  sin  (p+  Ha  COS(p  ,  Za  =  ^Xa  •  (6) 

The  geometrical  parameters  La^  Ba  and  Ha  are  shown  in  Figure  1.  We 
also  define  the  speeds  uj  =  vj  •  ai,  T  =  A,C.  It  follows  from  the  no-slip 
condition  (4)  that 

\A  =  ai  ,  V.C  =  Bi6  -  Zi(p  .  (7) 

The  suitcase,  which  has  ma^s  m,  is  subject  to  a  gravitational  body 
force  —  m^Ea  and  a  pulling  force  P  =  Pi^i  which  act  at  C  and  P, 
respectively.  The  lateral  reaction  force  that  enforces  the  constraint  (4)  is 

^Specifically,  Plaut  considers  rocking  instabilities  when  tp  and  $  are  constrained  to  be 
constant,  but  a  and  uc  are  varied.  He  also  includes  the  inertia  and  spin  angles  of  the 
wheels  which  we  have  neglected. 
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Rsi2  and  it  acts  along  the  wheel  axes.  The  normal  reaction  forces  which 
enforce  the  constraints  (3)  are  A^oEa,  and  they  act  on  the  wheels  I  and  II, 
respectively. 

The  reduced  equations  of  motion  are  obtained  by  eliminating  the  con¬ 
straint  forces  and  constraints  from  the  balances  of  linear  and  angular  mo¬ 
menta: 


dug 

dr 


-  =  Pi 


1 


f  d!^ip  -  d 


dr 


+  (A3-Ai)a;^sinv)COSv>  =  A(^i -■^2)  +  ^3^2--^i  ^ 


^[(  A  sin^  (^  +  A3  cos^  (p  +  A'l  )w]  +  Xiu  ^iic  +  A  = 

AA2- P,(52- A) 


(8) 


In  writing  these  equations,  we  have  used  the  dimensionless  quantities 


P 


P  .  uc 

1  / — f — 

mg  y/gLi 


9 


(9) 


For  brevity’s  sake,  we  refrain  from  writing  the  explicit  expressions  for  the 
constraint  forces  which  may  be  calculated  as  functions  of  the  motion.  These 
expressions  are  needed  to  conclude  if  the  wheels  have  lifted  off  the  ground. 

It  is  of  interest  to  use  the  wwk-energy  theorem  to  ascertain  if  an  energy 
is  conserved.  A  standard  calculation  shows  that 


dt 


E  =  T  +  mg  E3  •  rc  “  P  •  rp 


(10) 


Here,  the  kinetic  and  total  energies  of  the  suitcase  are  denoted  by  T  and 
E,  respectively. 

The  reduced  equations  of  motion  (8)  show  no  explicit  dependence  on  the 
orientation  6  (which  is  to  be  expected  on  the  grounds  of  symmetry),  nor  do 
they  depend  explicitly  on  re-  Also,  as  expected,  (8)  reduce  to  the  equations 
of  motion  of  a  three-wheeled  cart  discussed  by  O’Reilly  and  Tongue  [10] 
when  P  =  0  and  the  additional  constraint  v?  =  is  imposed.  This  addi¬ 
tional  constraint  entails  the  introduction  of  a  constradnt  moment  in  (8)2. 
The  resulting  equations  are  identical  to  those  governing  the  sled  which  were 
discussed  by  Caratheodory  [2]  and  Fufaev  [4]. 

We  will  henceforth  use  only  dimensionless  quantities  and  omit  the  su¬ 
perscripted  hat. 
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3.  Reversibility  and  Steady  Motions 

We  recall  that  a  dynamical  system  x  =  f(x)  is  reversible  if  there  emsts  a 
linear  transformation  R  =  R“'  such  that  Rf(Rx)  =  — f(x).  The  equations 
of  motion  (8)  constitute  a  reversible  dynamical  system.  In  particular,  they 
are  invariant  under  the  following  transformation^; 

.  dip  .  .  d<p  v  /  v 

I— 4  .  (11) 

In  this  section,  we  will  examine  the  steady  motions  and  their  stability  in 
light  of  this  reversibility. 

A  steady  motion  of  the  suitcase  corresponds  to  an  equilibrium  of  the 
reduced  equations  of  motion  (8): 


=  wco  j  <P  =  <Po  ,  w  =  Wo  ,  (12) 

where  uco,  (po  and  ojq  are  constants.  Prom  (8),  the  following  three  conditions 
must  be  satisfied: 


— XjoWq  =  Pio  ,  XioWqUco  =  P20X20  —  Pw{B2  —  B\)  , 

Wq  ((^3  “  ■^i)  sin  ipQ  cos  ipQ  +  Xio  {Zio  —  Z20))  +  Xio  =  P30  -^20  •  (13) 

The  added  subscript  0  here  indicates  that  the  functions  are  evaluated  at 
the  equilibrium.  We  observe  that  if  X20  =  0,  then  (13)  are  independent  of 
P20  and  P30. 

If  one  linearizes  the  reduced  equations  (8)  about  an  equilibrium,  one 
finds  that  the  trace  Ii  of  the  Jacobian  is 

j  _  _ --YiqUco _  .  . 

^  Ai  sin^  ipQ  +  A3  cos^  ipQ  +  X^Q 

It  follows  that  the  sum  of  the  eigenvalues  is  not  necessarily  zero.  If  XiqUcq  < 
0,  then  a  steady  motion  is  necessarily  unstable.  On  the  other  hand,  it  is 
possible  to  have  an  asymptotically  stable  steady  motion  even  though  there 
is  no  dissipation  in  our  model^. 

^When  P  =  P30E3  is  constant,  then  this  agrees  with  the  results  of  Tkhai  [13],  who 
showed  that  a  Chaplygin  system  is  generically  reversible  under  an  involution  of  the 
form  (11).  For  further  details  on  Chaplygin  systems,  we  refer  the  reader  to  Neimark  and 
Fufaev  [8]. 

®  Although  there  are  several  similarities  between  reversible  and  Hamiltonian  dynamical 
systems  (cf,  O’ReiQy,  Malhotra  and  Namachchivaya  [9]  and  Sevyruk  [12]),  there  also  exist 
several  distinctions.  For  example,  Hermans  [6]  noted  that  another  reversible  dynamiccJ 
system,  the  rattleback  (or  wobblestone),  has  asymptotically  stable  steady  motions. 
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From  the  point  of  view  of  a  traveler,  the  most  interesting  steady  motions 
arise  when  wq  =  0.  In  this  case,  (13)  reduce  to 


•^10  =  0  ,  P20-^20  =  0  ,  Aio  —  ^30-^20  • 


Assuming  that  A20  7^  0,  P20  must  also  vanish.  It  follows  that  these  motions 
can  be  sustained  by  P  =  P30E3.  Further,  if  one  has  a  steady  motion  where 
uc  =  v,co,<p  =  (po  and  u>o  =  0,  then,  from  (11),  its  counterpart  uc  = 
—uco,(p  =  <Po  and  ujq  =  0,  also  exists.  The  linearized  equations  in  the 
neighborhood  of  the  former  equilibrium  are 


1 

0 

1 

1 _ 

■  0 

1 

0 

0  ■ 

1 - 

0 

1 

1 _ 

d 

dip 

dr 

0 

0 

0 

i£. 

dr 

dr 

Uc  “  Uco 

0 

0 

0 

0 

Uc  -  Uco 

U 

0 

0 

0 

h  . 

U) 

(16) 


where  Ji  =  The  eigenvalues  are  {±v/J7, It  should  be 

noted  how  the  last  eigenvalue  depends  on  the  sign  of  uco]  this  is  a  conse¬ 
quence  of  (11)  and  has  obvious  implications  for  linear  stability  results. 

Due  to  the  non-hyperbolic  nature  of  these  equilibria,  we  proceeded  to 
calculate  the  center  manifolds  for  the  equilibria.  There  are  two  distinct 
cases  to  consider.  In  the  first  case,  Jj  is  negative  or  zero,  and  the  center 
manifold  is  u)  =  h{(f  -  “  '^Co)-  Examining  the  partial  differential 

equation  for  h,  we  found  that  /i  =  0  was  an  exact  solution.  In  the  second 
case,  Ji  is  positive,  and  the  center  manifold  is  one-dimensional.  Here,  we 
found  that  the  equations  for  the  center  manifold  were  cj  ==  0,  =  0  and 

^  =  0.  It  follows  that  Uc  =  uco  on  the  center  manifold  of  an  equilibrium. 
Clearly  we  are  dealing  with  a  degenerate  case  here"*. 


4.  Dynamics  on  the  Invariant  Plane 

We  henceforth  restrict  our  attention  to  the  case  P  =  P30E3.  It  follows 
from  (8)  that,  if  u;  =  0,  then  the  plane  is  invariant.  From  our  previous 
discussion  on  center  manifolds,  it  suffices  to  examine  the  dynamics  on  this 
plane  to  determine  non-linear  stability.  Of  further  interest  is  the  case  where 
Ai  =  A3  =  A,  and  the  plane  is  independent  of  u  and  uc- 

For  all  of  the  aforementioned  cases,  the  equations  (8)  restricted  to  the 
invariant  plane  are 


dV  d 


Xi 


dip 

dr 


(17) 


“^The  uniqueness  of  these  results  was  confirmed  to  fourth  order  using  the  approximate 
solution  method  discussed  by  Guckenheimer  and  Holmes  [5]. 
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This  dynamical  system  has  a  first  integral  (cf.  (10)): 

=  5  (•'»  +  ^0  (^)'  - 

Clearly,  (17)  is,  in  principle,  integrable  by  quadrature. 


Figure  2,  (a,b,c):  Equilibria  of  equation  (17)  for  a  given  The  stable  and  unstable 

(with  respect  to  perturbations  in  the  invariant  plane)  branches  are  solid  and  dashed, 
respectively,  (d):  A  representative  phase  portrait  with  ^  =  1,  ffi  =  0.8,  L^Pzo  =  1  and 
A2  =  1.  The  level  sets  rzQ  (dashed  lines)  are  shown  for  Ai  —  Aj  =  1  and  uc  =  0.2. 

The  equilibria  of  (17)  axe  the  solutions  of 

{P30S2  -  111)  sin  (po  =  (P30-^2  ~  1)  cos  (po  .  (19) 

These  solutions  can  be  conveniently  discussed  by  considering  the  three  cases 
which  arise  when  Hi  is  smaller,  equal  or  greater  than  ^  (cf.  Figure  2(a-c)). 
If  one  imagines  a  line  connecting  A  to  P  in  the  side  view  of  Figure  1,  then 
these  three  cases  correspond  to  the  center  of  ma^s  C  lying  below,  on,  or 
above  this  line,  respectively.  The  branches  of  equilibria  asymptote  to  either 
(po  =  arctan  f  or  =  V^o  ^  IP30I  — >  00.  The  stability 

of  an  equilibrium  is  inferred  from  the  following  equation: 

~(P3oi2  -  l)sinv?o  <  (P3oP^2  “  Hi)cos(po  . 


(20) 
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Clearly,  (local)  bifurcations  only  occur  when  H\  ^  For  completeness, 
a  typical  phase  portrait  is  displayed  in  Figure  2(d). 

It  is  of  interest  to  examine  the  behavior  of  orbits  in  the  neighborhood 
of  the  invariant  plane.  To  this  end,  we  consider  the  boundary  layer  where 
|a;|  <C  1.  From  (8),  it  follows  that  ip{r)  is  governed  by  (17),  that  uc  is 
constant,  and 

a  ^  _  (Ai  -  A3)^sin2v5  + 

^T-  Pu  ,  p-  Aisin^v^  +  Aacos^v^  +  X?  *  ^  ’ 

The  level  sets  of  p  =  0  separate  regions  on  the  in\^riant  plane  where  the 
orbits  are  ejected  and  injected  into  the  plane  (cf.  Figure  2(d)).  We  shall 
return  to  this  matter  shortly. 


5.  A  Multitude  of  Heteroclinic  Orbits  in  a  Suitcase 

It  is  of  interest  to  examine  the  case  where  Ai  =  A3  =  A  and  P  =  P30  E3.  The 
dynamics  on  the  plane  are  then  independent  of  cj  and  uc-  Further, 

the  equations  governing  the  latter  states  are,  from  (8), 


due  V  2  du  _  +  «c)'\ 

dr  “  ’  dr  “  (  A  +  ) 


where  Xi  =  Xi{(p{t)),  Zi  =  Zi((p{t))  and  ^  =  ^(r),  these  functions 
being  obtained  from  the  solutions  of  (17). 

In  the  event  that  (p(t)  =  the  equations  (22)  have  a  uncountable 
infinity  of  fixed  points  with  a;  =  0  and  uc  =  These  fixed  points  arc 

pairwise  connected  by  two  elliptical  heteroclinic  orbits: 


Uq  +  tJ^(A2  +  ^10)  —  '^co  • 

Indeed,  the  entire  phase  space  of  (22)  is  foliated  by  these  orbits,  and  the 
phase  portrait  is  qualitatively  identical  to  that  shown  in  Figure  2  of  O’Reilly 
and  Tongue  [10].  Paralleling  the  work  of  Caratheodory  [2],  one  can  calculate 
the  change  in  6  as  one  of  these  orbits  is  traversed: 


A0  =  ± 


(24) 


In  addition,  the  motion  of  the  suitcase  on  the  horizontal  plane,  can  be  easily 
inferred  from  figures  in  Bahar  [l]  and  Caratheodory  [2]. 
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Figure  3.  Orbits  connecting  periodic  orbits  of  the  invariant  plane  with  the  same  period 
(top)  and  different  periods  (bottom).  The  parameters  are  Hi  =  0.8,  H2  =  L2  —  2, 
Pzo  =  0.5,  Ai  =  1.5,  A2  =  1,  As  =  0.5.  The  initial  conditions  are  v>(0)  =  0,  u(0)  =  — 1, 
u;(0)  =  10~*.  In  addition,  for  the  top  figures,  |^(0)  =  0.51069  (solid),  ^(0)  =  0.2641 
(dotted),  and  for  the  bottom  figures,  ^(0)  =  0.4  (solid),  ^(0)  =  0.1  (dotted). 


6.  Concluding  Remarks 

When  Ai  ^  A3  and  P  =  P30E3,  then  the  hetero  clinic  connections  men¬ 
tioned  earlier  will  be  altered.  Our  numerical  simulations  indicate  that  al¬ 
most  every  orbit  asymptotes  to  w  =  0  as  |r|  — »  00  (cf.  Figure  3).  That  is  to 
say,  these  orbits  connect  periodic  orbits  in  invariant  planes  with  different 
values  of  uc.  The  injection  and  ejection  dynamics  appear  to  be  governed 
by  the  function  /3  of  equation  (21).  The  projections  of  the  orbits  in  the 
(jj-uc  plane  can  be  extremely  tangled.  It  is  also  possible  to  start  close  to 
a  periodic  orbit  where  ^  is  positive  and  end  up  close  to  an  orbit  where 
^  is  negative.  This  is  reminiscent  of  the  behavior  observed  in  a  wobble- 
stone.  On  the  other  hand,  by  starting  off  the  invariant  plane,  but  close  to 
the  homoclinic  orbit  in  the  invariant  plane,  one  observes  what  appears  to 
be  non-integrable  behavior.  The  mechanisms  for  these  complex  dynamics 
seems  to  be  the  breaking  of  the  heteroclinic  and  homoclinic  orbits.  How¬ 
ever,  we  have  been  unable  to  explain  these  dynamics  using  ShUnikov-type 
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mechanisms  (cf.  Wiggins  [17]  and  references  therein). 

One  issue  that  we  have  ignored  is  the  presence  of  the  unilateral  con¬ 
straints  ip  E  These  can  be  accommodated  by  introducing  an  im¬ 

pact  model  and  truncating  the  phase  space. 
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1.  Introduction 

Human  locomotion  is  a  complicated  process,  controlled  and  actuated  by  the 
neuro-muscular  system.  Tad  McGeer  [8],  however,  studied  bipedal  walking 
and  completely  neglected  the  neuro-muscular  system  in  his  models.  Some 
of  his  machines,  powered  only  by  gravity,  can  walk  stably  and  somewhat 
anthropomorphically  down  shallow  slopes.  We  have  continued  study  of  the 
dynamics  of  McGeer-like  physical  and  mathematical  biped  models  that 
have  little  or  no  actuation  or  control.  This  paper  summarizes  some  of  our 
results. 

These  passive- dynamic  walking  mechanisms  are  built  of  hinged  bodies 
that  malce  collisional  and  rolling  contact  with  the  ground  at  the  foot.  In 
models  with  knees,  the  lower  leg,  or  shank,  is  prevented  from  hyperextend¬ 
ing  (swinging  too  far  ahead  of  the  upper  leg,  or  thigh)  by  means  of  angular 
stops  at  the  knees.  Thus,  the  kneed  walkers  have  an  internal  rotational  col¬ 
lision.  In  our  modeling,  we  assume  that  all  collisions  are  instantaneous  and 
non-bouncing  (plastic). 

Following  McGeer,  our  analysis  is  built  around  simulation  of  a  single 
walking  step.  One  step,  or  cycle  of  motion,  starts  at  an  arbitrary  point, 
say  just  after  a  foot  collision.  A  cycle  then  includes  the  motion  between 
foot  collisions,  as  well  as  the  discontinuities  at  the  next  foot  collision.  The 
cycle  of  motion  is  represented  mathematically  by  a  return  map,  termed 
the  ‘stride-function’  by  McGeer,  that  maps  the  state  of  the  system  from 
just  after  one  heel-strike  to  just  after  the  next.  Fixed  points  of  the  map 
correspond  to  period-one  motion  cycles,  or  period-one  ‘gaits’  of  the  model. 
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Gait  stability  can  be  determined  by  calculating  (most  often  numerically) 
the  eigenvalues  of  the  linearization  of  the  map  at  the  fixed  points  (see  [3] 
for  a  detailed  description  of  the  modeling  and  analysis  procedures). 


Figure  1.  The  parameters  and  orientation  variables  for  (a)  a  uniform  rolling  disk  with 
oblique  masses  added  and  (b)  a  rimless  spoked  w'heel. 

Using  this  scheme,  we  have  studied  several  passive-dynamic  models  of 
increasing  complexity,  progressing  from  rolling  wheels  to  2D  straight-legged 
and  kneed  models  to  3D  straight-legged  models,  each  of  which  is  described 
below.  We  also  describe  a  simple  barely-controlled  powering  scheme  for  a 
2D  straight-leg  walker,  which  produces  stable  gait  on  level  ground. 

2.  Rolling  Wheels  in  2D  and  3D 

Perhaps  the  simplest  passive-dynamic  system  to  study,  that  has  some  fea¬ 
tures  in  common  with  walking,  is  the  rimless  spoked  wheel,  or  rolling  poly¬ 
gon,  confined  to  2D  [8].  The  2D  rimless  wheel  has  a  stable  limit  cycle  motion 
whose  eigenvalues  and  associated  global  basins  of  attraction  we  have  com¬ 
pletely  determined  analytically  [3].  The  primary  lesson  of  the  rimless  wheel 
in  2D  is  that  speed  regulation  comes  from  a  balance  of  collisional  dissipa¬ 
tion,  which  is  proportional  to  speed  squared,  and  gravitational  work,  which 
is  proportional  to  speed. 

Next,  we  studied  a  3D  rolling  disk  with  oblique  masses  added  [3]  (see 
Figure  1).  The  masses  can  bank  and  steer  with  the  disk  but  cannot  roll  (or 
pitch)  with  it.  The  purpose  of  this  investigation  was  to  study  the  effects 
of  mass  distribution  on  stability.  The  oblique  masses,  if  adjusted  properly, 
change  the  stability  of  the  uniform  rolling  disk,  a  conservative  nonholo- 
nomic  system,  from  neutrally  stable  to  asymptotically  stable  [10].  This  re¬ 
sult  suggests  that  mass  distribution  may  affect  side-to-side  balance  in  more 
complicated  walking  models. 

Finally,  we  studied  the  3D  rimless  wheel  (see  Figure  1)  and  found  an¬ 
alytically,  for  many  spokes  and  small  slope  angles,  the  stability  eigenval¬ 
ues  for  steady  ‘rolling’  motions  [1].  The  3D  rimless  wheel  is  a  piecewise- 
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conservative-holonomic  (but  globally  non-conservative  and  nonholonomic) 
system  with  intermittent,  dissipative  impacts  -  features  that  are  shared  by 
some  more  realistic  human  walking  models.  The  rolling  rimless  wheel  can 
also  exhibit  asymptotic  stability  when  perturbed  from  a  downhill  limit  cy¬ 
cle,  even  when  its  mass  distribution  corresponds  to  that  of  a  disk  that  does 
not  have  asymptotic  stability.  Thus,  the  intermittent  collisions  can  play  a 
role  in  side-to-side  balance. 

Despite  the  useful  lessons  from  rolling  models,  they  are  not  anthropo¬ 
morphic  walkers.  They  cannot  fall  down  forwards  or  backwards,  and  they 
lack  swinging  legs. 


3.  Straight-Legged  2D  Walkers 

The  next-simplest  class  of  models  live  in  2D  and  consist  of  two  linked  swing¬ 
ing  legs  and  point-feet  [8,  6,  3,  5].  Asymptotically-stable  walking  motions 
of  these  models  exist  for  a  variety  of  parameters.  The  simplest  such  ‘point- 
foot’  straight-legged  model  has  a  huge  hip  mass  and  tiny  masses  (relatively 
infinitesimal)  at  its  point-feet  (see  Figure  2). 

A  typical  plot  of  the  stance-leg  and  swing-leg  angles  is  shown  over  one 
stable  step  in  Figure  2.  This  model  exhibits  two  steady  walking  motions, 
or  period-one  gaits,  all  the  way  to  7  0*^  as  shown  in  Figure  3.  At  these 

gaits,  the  stance  angle  (and  step  length)  are  proportional  to  7^/^.  Figure  4 
shows  how  stable  limping  (period-two)  and  apparently-chaotic  ‘staggering’ 
gaits  appear  as  the  slope  angle  is  increased. 

That  this  machine  can  walk  on  arbitrarily  small  slopes  means  that, 
by  some  reasonable  measures,  it  is  capable  of  near-perfectly-efficient  gait 
(zero-h  energy  cost  per  unit  distance  of  transport).  At  small  slopes,  the 
gravitational  power  used  by  this  model  in  downhill  walking  is  proportioned 
to  the  fourth  power  of  the  walking  speed.  This  result  gives  insight  into 
achieving  similar  efficiency  in  more  complicated  models  (e.g.  models  with 
knees,  circular  feet,  and/or  more  general  mass  distribution).  The  power 
scaling  depends,  in  part,  on  the  infinitesimally  small  feet.  With  finite-mass 
feet,  there  are  two  modes  of  energy  loss  at  heelstrike:  one  due  to  deflection 
of  the  hip  mass,  and  one  due  to  dissipation  of  the  foot’s  kinetic  energy  in  a 
plastic  collision  with  the  ground.  Preliminary  studies  of  point-foot  models 
with  finite  foot  mass  show  that  the  long-period  gaits  retain  the  same  scaling 
laws  at  small  slopes,  while  the  short-period  gaits  do  not. 


4.  More  General  2D  Walkers 

We  have  reproduced  and  extended  McGeer’s  results  for  more  general  2D 
walkers  with  knees  [8]:  Figure  5  shows  the  state  variables  and  parameters  for 


M.J.  COLEMAN  ET  AL. 


Figure  2.  The  simplest  walking  model  and  one  of  its  typical  passive  walking  steps.  The 
inset  schematic  describes  the  variables  and  parameters  that  we  use.  In  the  cartoon  below 
the  graph,  the  new  stance  leg  (lighter  line)  has  just  made  contact  with  the  ramp  (left-most 
picture).  The  swing  leg  (heavier  line)  swings  until  the  next  heel-strike  (right-most  pic¬ 
ture).  We  ignore  foot-scuffing  of  the  swing  leg,  allowing  its  foot  to  pass  through  the  floor. 
Leg  angles  versus  time  are  shown  over  one  step  at  a  gait  cycle.  Leg  lines  are  drawn 
with  different  weights  to  correspond  to  heavy-line  leg  of  the  cartoon  below  the  graph. 
Heelstrike  returns  the  system  to  its  initial  conditions.  A  perturbation  analysis  predicts 
6st*  ^  -f  (^27,  where  O^t*  is  the  stance  angle  at  a  fixed  point  (see  Garcia, cf  al.  [5]). 


the  kneed  model  and  Figure  6  shows  a  typical  gait  cycle  and  its  qualitative 
comparison  to  experimental  data. 

Certain  conditions  on  the  mass  distribution  are  necessary  for  general  2D 
kneed  and  straight-legged  walkers  to  achieve  walking  at  arbitrarily  small 
slope  angles.  These  ‘balanced’  models  follow  similar  scaling  laws  as  their 
simpler  point-foot,  straight-legged  cousins.  We  have  also  found  period  dou¬ 
bling  and  chaos  for  these  kneed  walkers. 


5,  3D  Walking 

Finally,  we  move  our  point- foot  model  into  3D  [3].  McGeer  [9]  and  Fowble 
and  Kuo  [4]  began  studies  of  three-dimensional  passive  walking  mecha¬ 
nisms,  finding  only  unstable  periodic  motions.  We  have  built  a  simple  two- 


STABILITY  AND  CHAOS  IN  PASSIVE-DYNAMIC  LOCOMOTION 


—  analytic  approx. 

X  numerical  points 

I  ^stable  walking  down  to  zero  slope 
I - 1 - 1 - 1 _ I _ > 

0  0.005  0.01  0.015  0.02  0.025  0.03  0.035  0.04  0.045 

slope  Y  rad 

Figure  3,  Comparison  of  numerical  and  analytic  predictions  for  point-foot  stance  angle 
at  fixed  point  as  a  function  of  slope.  The  box  is  shown  expanded  in  Figure  4. 


Figure  4-  Period  doubling  of  stable  walking  motions,  inset  from  Figure  3.  Period  doubling 
occurs  when  one  of  the  map  eigenvalues  for  a  period-n  walking  cycle  passes  through  —  1. 
Unstable  period-one  cycles  are  shown  for  reference.  Dotted  lines  represent  stable  cycles 
while  solid  lines  represent  imstable  ones.  No  persistent  walking  was  found  at  slopes  much 
steeper  than  0.019  radians. 


legged  Tinkertoy®  model  that  walks  passively,  apparently  stably,  down 
gentle  slopes  [2]  (see  Figure  7). 
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a)  DIMENSIONAL  PARAMETERS  b)  DYNAMIC  VARIABLES 


Figure  5.  McGeer*s  kneed  walking  model.  Shown  above  are  (a)  model  parameters,  and 
(b)  dynamic  variables.  Radii  of  gyration  and  masses  of  thigh  and  shank  are  denoted  by 
rr,mT,T’5,  and  ms,  respectively.  The  foot  is  a  circular  arc  centered  at  the  cr  is 
defined  to  be  the  angle  between  the  stance  thigh  and  the  line  connecting  the  hip  to  the 
foot  center.  Dynamic  variable  values  0th,  and  Osh  are  measured  from  ground-normal 
to  lines  offset  by  er  from  their  respective  segments.  A  stop  (not  showm)  at  each  knee 
prevents  hyperextension  of  either  knee. 


The  configuration  and  mass  distribution  of  the  legs  of  the  Tinkertoy® 
model  were  suggested  by  numerical  simulations  of  a  simpler  3D  model  (see 
Figure  8)  that  was  predicted  to  be  almost-stable.  The  model  predicts  near¬ 
stable  steady  3D  walking  solutions  (the  maximum  return  map  eigenvalue 
is  \cr\max  ~  1-15  with  all  others  a  <  1)  for  very  low  center-of-mass  and 
lateral  center-of-mass  location  comparable  to  the  leg  length.  As  the  lateral 
center-of-mass  position  get  very  large,  the  model  predicts  something  like 
‘tight-rope’  walking  with  a  long  balance  bar:  the  step  period  and  length  get 
very  small,  and  the  maximum  map  eigenvalue  modulus  approaches  1  (neu¬ 
tral  stability)  asymptotically  from  above  (see  Figure  10).  More  detailed  3D 
modeling  is  currently  in  progress.  This  walking  mechanism  joins  a  small 
list  of  passive  mechanical  devices  free  to  move  in  three  dimensions  but 
without  fast  spinning  parts,  that  are  statically  unstable,  yet  can  be  dynam¬ 
ically,  asymptotically  stable.  Figure  9  shows  typical  3D  periodic  behavior 
predicted  by  the  model. 

6.  Powered  ‘Passive’  Walking 

Once  power  is  added  to  our  passive  devices,  they  are,  of  course,  no  longer 
uncontrolled  in  the  pure  sense.  Nevertheless,  as  shown  by  McGeer  [7],  a 
stable  passive-dynamic  model  is  a  good  basis  for  simple  ‘open-loop’  pow¬ 
ering  schemes.  Figure  11  shows  the  configuration  and  simulated  walking 
cycle  for  a  powered  2D  point-foot-like  model.  The  torque  is  provided  by  a 
constant- voltage  DC  motor  at  the  stance-ankle.  The  ankle  is  locked  during 
the  passive  mode. 
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Heelstrike  3  Link  Mode  Kneestrike  2  Link  Mode  Heelstrike 
Simulated  single-leg  strobe-shots  Human  data  including  trunk  (from 
(A  little  more  than  two  steps)  Winter  1987,  used  with  permission) 


Figure  6.  Simulated  gait  cycle  (ours,  similar  to  McGeer’s).  Angles  of  leg  segments  are 
shown  from  just  before  one  heelstrike  to  just  after  the  next  heelstrike  in  a  stable  gait  of 
the  walker  in  Figure  5.  The  heavy  line  on  the  graph  corresponds  to  the  motion  of  the 
heavy-line  leg  on  the  small  cartoon  under  the  graph.  At  the  start  of  the  step,  this  is  the 
stance  leg,  but  it  becomes  the  swing  leg  just  after  the  first  heelstrike.  The  strobe-like 
picture  of  the  walker  on  the  bottom  left,  created  from  the  simulated  gait  cycle  in  the 
graph,  shows  the  anthropomorphic  nature  of  the  gait.  The  stroboscopic  picture  on  the 
lower  right  was  generated  from  experimental  data  from  [11].  The  parameters  values  used, 
from  a  working  physical  model  in  our  lab,  are;  It  =  0.35m,  wt  =  Om,  m*  =  2.345kg, 
Tt  =  0.099m,  ct  =  0.091m,  L  =  0.46m,  Wa  =  0.025m,  rria  =  1.013kg,  =  0.197m, 

Ca  =  0.17m,  R  =  0.2m,  7  =  0.036rad,  g  =  9,81  m/s^,  cr  =  0.097rad. 


7.  Conclusions 

The  human-like  and  complicated  motions  of  McGeer-like  passive  dynamic 
devices  studied  by  ourselves  and  others  imply  that  coordination  in  locomo¬ 
tion  may  be  largely  governed  by  pure  mechanics.  It  has  yet  to  be  determined 
whether  or  not  these  models  have  medically-useful  lessons  to  teach  us,  and 
whether  or  not  they  are  a  good  spring-board  for  biomechanical  or  robotic 
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Figure  7.  A  drawing  of  our  3D  Tinkertoy®  walking  model.  The  center-of-mass  of  the 
device  is  above  the  centers  of  the  wheel-like  feet  and  behind  the  leg  axes.  The  metal 
nuts  for  weight  and  the  brass  strips  to  round  the  foot  bottoms  are  fastened  with  black 
electrical  tape. 


Figure  8.  The  orientation  variables  and  parameters  for  the  3D  straight-legged  point-foot 
walking  model.  Each  leg  has  mass  M,  moment  of  inertia  matrix  and  length  1. 


models  that  incorporate  neuro-muscular  elements  or  mechanical  actuators. 
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DC  motor  characteristics  are  cvno-ioad  =  100  and  Tgtaii  =  725.  The  actuation  begins 
when  Q3  =  Q^swUchy  where  Q3  =  tt  -f  Osw  -  Ost  (the  swing  leg  angle  measured  from  the 
projection  of  the  stance  leg). 
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introduction 

Over  the  last  few  decades  there  has  been  substantial  progress  in  the  theoretical 
prediction  of  ship  motions  and  there  is  now  a  solid  body  of  knowledge  which,  under  the 
banner  of  seakeeping  theory,  can  be  utilized  in  ship  design  [1-3].  However,  due  to  the 
intractable  nature  of  the  hydrodynamic  problem  posed  by  the  motion  of  a  body  at  the  water- 
air  interface,  much  of  this  knowledge  is  based  on  linearized  dynamics.  Seakeeping  theoiy  is 
useful  for  assessing  the  average  performance  degradation  in  rough  seas  and  for  deducing 
certain  operability  limitations  on  the  basis  of  the  anticipated  magnitude  of  wave-induced 
motions  or  accelerations,  at  various  locations  along  the  ship  hull.  It  can  even  predict  the 
occurrence  of  certain  large  amplitude  phenomena  such  as  bottom  slamming,  deck  wetness 
and  propeller  emergence.  These  go  some  way  towards  addressing  the  important  problem  of 
ship  survivability  in  extreme  sea-states.  However,  when  the  response  contains  sufficient 
nonlinearity  this  approach  cannot  offer  satisfactory  insight  into  the  dynamics. 

The  roll  restoring  function  is  perhaps  the  best  known  source  of  nonlinearity  in  ship 
motions  and  indeed  it  is  the  one  that  generates  the  possibility  of  capsize.  The  capsize 
problem  has  been  studied  to  considerable  depth  recently  [4-7].  Instability  phenomena  can 
also  arise  however  in  the  other  degrees  of  freedom  although  this  is  less  frequently  acknowl¬ 
edged  in  the  literature.  Typical  examples  are,  directional  instability  which  is  a  feature  of  the 
sway  and  yaw  motions,  surf-riding  that  involves  surge  and  porpoising  for  high-speed 
planing  craft  in  pitch.  An  additional  matter  of  concern  is  the  fact  that  coupling  mechanisms 
can  give  rise  to  safety-critical  internal  transfers  of  energy  engaging  directions  of  motion 
that  appear  at  first  sight  to  be  unrelated.  Internal  resonances  have  been  predicted  for  the 
pitch  or  heave  coupled  with  roll  in  longitudinal  seas  [8]  and  in  heave  coupled  with  roll  in 
beam  seas  [9].  In  general,  however,  little  has  been  done  so  far  in  exploring  mechanisms  that 
involve  more  than  one  degrees  of  freedom. 

2.  Broaching:  Description  of  the  problem 

An  effort  aimed  at  unveiling  and  classifying  the  instability  mechanisms  that  can 
arise  when  steep  waves  approach  a  ship  from  various  directions  is  currently  underway. 
Presently,  attention  is  focused  on  a  phenomenon  that  has  puzzled  naval  architects  for 
several  years,  namely  an  instability  on  the  horizontal  plane  known  as  broaching.  It  is  poten¬ 
tially  encountered  when  steep  waves  approach  a  ship  from  behind.  Broaching  is  the  sud¬ 
den  loss  of  heading  by  an  actively  steered  ship,  that  gives  rise  to  quick  build-up  of  signifi¬ 
cant  deviation  from  the  desired  course.  In  the  "post-critical"  stage  the  interest  is  largely  on 


roll  motion  because  broaching  some¬ 
times  results  in  capsize.  In  Fig.l  we 
introduce  the  terminology  that  will  be 
used  in  the  present  article. 

Broaching  is  often  associated 
with  ship  speeds  near  to  the  wave  ce¬ 
lerity.  Accordingly  we  first  consider 
the  surge  response  of  a  ship  under  a 
gradual  increase  of  speed  in  a  follow¬ 
ing  sea.  Fig.  2  shows  schematically 
the  main  changes  in  ship  response. 
The  parameter  varied  is  the  rate  of  ro¬ 
tation  of  the  propeller  but  it  is  gener¬ 
ally  preferable  to  present  the  informa¬ 
tion  on  the  basis  of  another  param¬ 
eter  that  has  a  more  universal  mean¬ 
ing,  the  nominal  Froude  number  Fn. 
This  is  basically  a  nondimensional  version  of  the  corresponding  steady  speed  in  still- 
water.  For  low  Fn  there  is  only  the  ordinary'  periodic  response  [plane  (a)  of  Fig.  2]  at  the 
frequency  of  encounter  between  the  ship  and  the  wave  (the  frequency  of  encounter  is 
defined  as  co^  =  k[c-U cos(v/  -/?  )]  where  ,  c  are  respectively  wave  number  and  celerity 
and  U  is  the  speed  of  the  ship).  However,  as  the  wave  celerity  is  approached  (which  means 
that  co^  tends  to  0)  the  response  becomes  asymmetric  [plane  (c)].  At  the  same  time  an 
alternative,  stationary  type  of  behaviour  can  emerge  [to  the  right  of  plane  (b)],  where  the 
ship  is  carried  forward  by  a  single  wave!  This  condition  is  called  surf-riding  [10  -1 1]  and  is 
characterized  by  two  speed  thresholds:  The  first  is  where  stationary  behaviour  becomes 
possible  due  to  static  balance  between  the  longitudinal  wave  force  and  the  hydrodynamic 
resistance  of  the  ship  [plane  (b)].  The  second  represents  the  disappearance  of  the  periodic 
motion  that  creates  global  attraction  towards  surf-riding  [see  planes  (c)  and  (d)].  This 
happens  due  to  a  homoclinic  saddle  connection  as  the  periodic  orbit  collides  with  the 
unstable  fixed  point  [1 1]  that  is  physically  located  in  the  vicinity  of  the  wave  crest. 

The  underlying  dynamics  of  surge  resemble  those  of  a  pendulum  with  constant 
torque.  The  periodic  motion  of  the  ship  as  is  overtaken  by  the  waves  corresponds  to  full 
rotations  whereas  surf-riding  represents  the  equilibrium  state.  Nonlinearity  exists  primarily 
due  to  sinusoidal  type  restoring  in  terms  of  the  relative  position  of  the  ship  on  the  wave. 
Nonlinearity  may  also  influence  the  dynamics  through  damping  due  to  the  nonlinear  nature 
of  the  resistance  curve  of  a  ship. 

It  has  been  suspected  for  long  time  that  surf-riding  may  play  the  role  of  precursor  of 
broaching  especially  when  the  heading  of  the  ship  does  not  coincide  with  the  direction  of 
propagation  of  the  incident  wave  (an  angle  between  the  10  and  30  deg  is  thought  to  be  the 
most  dangerous)  [12].  Consideration  of  nonzero  heading  angle  introduces  however  de¬ 
grees  of  freedom  in  addition  to  surge,  thus  leading  to  a  multi-degree  system.  New  nonlinear 
effects  come  into  play,  through  position-dependent  wave  loads  in  sway  and  yaw. 
Nonlinearities  with  an  origin  in  the  hydrodynamic  reaction  due  to  the  motion  of  the  ship  in 
these  directions  can  also  arise  if  the  ship’s  yaw  rate  or  drift  become  significant.  These  are 


Fig.  2  :  The  main  stages  of  surf-riding,  from  its  onset  to  its  final  disappearance. 

damping-like  effects  (the  so  called  added  masses/moments  of  inertia  have  been  shown  to 
be  primarily  linear).  Sway  and  yaw  motions  can  further  induce  roll  since  the  lateral  resist¬ 
ance  acts  generally  off  the  roll  centre  of  rotation.  Roll  couples  back  to  the  sway/yaw  pair 
because  the  lateral  resistance  of  the  inclined  hull  is  generally  different  from  that  of  the 
upright.  These  new  effects  introduce  additional  possibilities  for  capsize. 

Finally,  it  is  pointed  out  that  the  behaviour  of  the  moving  ship  is  governed  by  the 
hydrodynamics  not  only  of  the  hull,  but  rather  of  the  hull-propeller-rudder  combination.  It 
is  essential,  for  example,  to  take  into  account  that  the  rudder  acts  as  a  lifting  surface  placed 
in  the  slipstream  of  the  propeller  as  well  as  in  the  wake  of  the  drifting  and/or  turning  hull. 

3.  Mathematical  model 

In  order  to  assemble  all  the  above  considerations  into  a  mathematical  model  we 
assume  the  ship  to  be  a  rigid  body  and  we  apply  Newton*s  second  law  for  a  non-inertial 
system  that  moves  with  the  ship.  The  equations  of  motion  in  surge,  sway,  yaw  and  roll 
(assuming  the  existence  of  static  equilibrium  in  heave  and  pitch)  are  as  follows.  Fig  1 : 

m  («  -  r  V  -  pr)- 

m(v-+r«  +  x/®;  -  z/«V)  =  7^+ 


surge  : 
sway : 
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Fig  3  :  Experimentally  measured  moments  in  yaw  based  on  a  2.3m  model  of  a  34.5m  purse-seiner. 

(a)  Hydrodynamic  reaction  (experimental  data  denoted  by  symbols)  and  polynomial  fit. 

(b)  Wave  moment:  Comparison  of  theory  and  experiment  [14], 


yaw :  /  r  +  ;m  (v  +  r  w)  = 

roll:  Ij +  ru)  = 

The  letters  X,  Y,  N  and  K  denote  the  external  loads  on  the  ship,  respectively  in  surge,  sway, 
yaw  and  roll.  The  superscripts  and  represent  fluid  reaction,  the  wave,  the 

propeller,  and  the  rudder.  Also,  u,  v  are  surge  and  sway  velocities  and  r ,  p  are  yaw  and  roll 
angular  velocities;  m  is  ship  mass,  /  ,  /  are  roll  and  yaw  mass  moments  of  inertia  andx^^^-^, 
denote  the  longitudinal  and  vertical  position  of  the  ship's  centre  of  gravity. 

The  hydrodynamic  reaction  on  the  hull  normally  includes  contributions  from  ideal 
potential  flow,  hull  lifting,  cross-flow  and  separation  effects.  Neglecting  the  frequency 
dependence  (related  with  wave-making  of  the  hull  and  viscous  effects)  that,  in  the  time 
domain,  would  lead  to  a  convolution-type  representation,  it  is  quite  common  to  express  the 
excitations  in  polynomial  form,  retaining  linear  accleration  terms  and  up  to  second  or  third- 
order  velocity  terms  [11].  The  coefficients  of  the  acceleration  terms  can  be  theoretically 
predicted  while  for  the  velocity  terms  it  is  sometimes  possible  to  use  existing  regression 
type  formulae.  Alternatively,  the  forces  can  be  measured  experimentally  through  'captive* 
physical  model  tests  and  then  the  coefficients  can  be  derived  through  a  2-variable  curve 
fitting  method.  In  Fig.  3a  is  shown  such  an  example  for  the  damping  moment  in  yaw. 

The  wave  excitation  should  be  decomposed  into  contributions  based  on  the 
"Froude-Krylov"  assumption  (where  the  pressure  field  around  the  ship  is  only  due  to  the 
characteristics  of  the  incident  wave)  and  diffraction  (the  modification  of  the  pressure  field 
due  to  the  presence  of  the  hull).  In  yaw  for  example,  the  Froude  -Krylov  excitation,  is: 

p  gAk  sini//  x^)  e  C(x^)  sinA'(x  +  cosy/)  dr^ 

where  p  ,  g  are  water  density  and  acceleration  of  gravity;  A  is  wave  amplitude;  L  is  ship 


length;  C(x^  is  the  area  of  a  ship  cross  section  lying  at  ;c^  and  with  draught  Also, 
^j)  is  a  parameter  assumed  here  equal  to  1 .0.  In  Fig.  3b  we  give  a  comparison  between 
theory  and  experiment  for  the  wave  yaw  moment.  A  discussion  about  the  contribution  of 
diffraction,  also  taken  into  account  in  our  calculations,  is  given  in  [14]. 

As  is  usual,  the  propeller  force  is  expressed  in  terms  of  the  so-called  thrust  coeffi¬ 
cient  which,  in  turn,  is  written  as  a  second-order  polynomial  of  the  so-called  speed  of 
advance.  As  for  the  rudder  forces/moments,  these  are  expressed  in  terms  of  the  so  called 
rudder  normal  force  F^and  the  rudder  angle  5,  as  for  example  in  yaw: 

-  -[1+a^  (xf>/xf^)]  xf^>  cosS 

It  should  be  noted  that  the  rudder  normal  force  depends  on  the  rudder  inflow  velocity 
vector.  Also,  a^is  the  so-called  rudder-to-hull  interaction  coefficient  which  accounts  basi¬ 
cally  for  an  additional  force  acting  on  the  hull,  at  a  distance  xj^^  from  the  middle  of  the  ship. 
Finally,  indicates  the  location  of  the  rudder. 

The  rudder  is  controlled  with  a  linear  law  that  is  based  on  heading  angle  and  rate: 

5’  =  ^,[-5-a^(V^-v;)-a,r] 

where  is  the  inverse  time  constant  of  the  steering  engine;  are  respectively  the 

so-called  proportional  and  differential  gain;  and  is  the  desired  heading  of  the  ship. 

4.  Key  nonlinear  dynamical  features  of  surf-riding  at  nonzero  relative  heading  angle 

As  is  perhaps  obvious,  due  to  the  multi-dimensional  nature  of  our  system  we  can 
visualize  behaviour  only  through  2-d  (or  possibly  3-d)  projections.  A  number  of  new  fea¬ 
tures  emerge  in  the  dynamics  of  surf-riding  if  the  waves  are  allowed  to  meet  the  ship  also 
obliquely  from  behind  ("quartering  sea").  Some  of  these  are  shown  on  the  planes  (e),  (f) 
and  (g)  of  Fig.  2.  Firstly,  by  applying  fixed-point  continuation  it  has  been  found  that  the 
states  of  surf-riding  lie,  in  general,  on  a  closed  curve  in  state  space  [11].  This  means  that 
the  pair  of  surf-riding  points  that  are  shown  to  exist  to  the  right  of  plane  (b)  in  Fig.  2, 
represent  in  fact  the  intersection  of  this  curve  with  thev/'=0  plane.  The  range  of  headings 
close  to  the  exactly  following  sea  for  which  surf-riding  can  arise  is  however  relatively 
narrow.  Numerical  studies  were  carried  out  both  for  a  rudder-fixed  and  for  an  automatically 
controlled  ship,  based  on  models  of  a  7. 14m-fishing  vessel  and  a  34.5m-purse  seiner.  When 
the  rudder  is  fixed  at  preselected  angles,  surf-riding  is  in  principle  unstable,  with  the  excep¬ 
tion  of  two  very  short  and  symmetrically  located  regions,  at  relatively  large  heading,  which 
begin  with  a  saddle  node  and  end  with  a  Hopf  bifurcation.  This  is  shown  in  Fig.2  [plane  (e)] 
through  a  projection  in  terms  of  the  parameter  5  and  the  state  variable  \|/. 

The  oscillations  that  emanate  from  the  Hopf  bifurcations  can  lead  sometimes  to 
chaotic  behaviour  [plane  (g)].  The  chaotic  domain  is  very  short  in  terms  of  the  control 
parameter  and  it  arises  through  the  period-doubling  route.  Details  may  be  found  in  [15]. 
Unfortunately,  the  experimental  verification  of  such  behaviour  through  free-running,  radio- 
controlled  model  tests  somehow  surpasses  the  current  level  of  technology  in  this  field. 
However  it  is  worth  mentioning  that  oscillatory  surf-riding  has  been  observed  by  Kan 
during  model  experiments  [10]  (at  that  time  no  theoretical  explanation  was  supplied).  The 
oscillations  that  are  created  at  the  Hopf  bifurcation  end  abruptly  with  a  new  homoclinic 
connection.  How  this  happens  is  shown  on  plane  (f). 
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If  the  ship  is  actively  controlled,  the  desired 
heading  y/  should  replace  the  rudder  angle  S  as 
the  varied  parameter,  while  S  should  be  incorpo- 
rated  into  the  state  variables.  Then,  depending 
on  the  autopilot  gains,  stable  surf-riding  is  pos¬ 
sible  in  the  vicinity  of  the  wave  trough,  even  aty^ 
=  0,  Fig.  4.  The  proportional  gain  a^controls  the 
location  of  the  saddle  node  that  determines  the 
region  of  stability.  More  information  about  the 
role  of  the  gains  for  surf-riding  is  given  in  [  1 1]. 

5.  Global  behaviour 

Broaching  can  be  regarded  as  a  dynamic  change 
of  state  instigated  by  the  variation  of  a  certain 
control  parameter.  Therefore,  transient  dynam¬ 
ics  rather  than  steady-states  dictate  the  fortune 
of  the  ship.  The  control  vector  of  our  system 
includes  a  number  of  ship-based  parameters, 
such  as  the  propeller  rate  and  the  desired  heading  which  can  be  varied  at  will,  as  well  as 
exogenous  controls  that  represent  the  sea  state,  such  as  the  wave  height  and  length.  To 
facilitate  our  discussion  we  shall  classify  ship  behaviour  in  quartering  seas  into  four  cat¬ 
egories,  as  following:  (1)  surf-riding,  (2)  Oscillatory-type  motion  with  a  clearly  defined 
heading  and  the  waves  running  before  or  ahead  of  the  ship  (non-zero  encounter  frequency 
condition),  (3)  broaching  and  (4)  capsize.  Types  (3)  and  (4)  are  non-ordinary  responses  and, 
obviously,  as  motion  patterns  of  the  ship  that  could  play  the  role  of  initial  conditions  it 
makes  sense  to  consider  only  types  (1)  or  (2).  However,  the  parameter  change  will  cause  a 
transition  towards  any  of  the  four  presented  types  of  behaviour,  thus  creating  a  rather 
unusual  ’’multiple-effect”  scenario  [  1 3] .  An  additional  problem  to  be  dealt  with  is  the  mul¬ 
tidimensional  character  of  our  system.  For  this  we  have  assumed  that  the  ship,  just  before 
the  change  of  parameter  setting,  was  in  steady-state. 

In  Fig.  5  is  presented  an  application  of  this  approach,  focusing  on  the  problem  of 
escape  from  surf-riding.  The  ship  is  assumed  initially  to  be  lying  at  a  fixed  point  with  its 
nominal  Froude  number  ’tuned'  on  the  wave  celerity  (Fn=0.56  if  A/L=2.0)  and  with  some 
desired  heading  angle  y/  in  the  range  where  stable  surf-riding  can  exist.  The  locus  of  the 
possible  initial  conditions  is  traced  in  advance  using  a  path-following  technique.  Then  the 
nominal  Froude  number  is  suddenly  reduced  to  The  pair  [y/ ,  (F>i)j^  J  will  be  thus  our 

plane  of  control  parameters.  It  should  be  pointed  out  however  that,  as  the  initial  conditions 
lie  on  fixed  points,  the  state  and  control  variables  are  directly  connected.  For  example  from 
the  autopilot  equation  of  Section  3  is  easily  derived  that,  for  d5  /d/  =  r  =  0,  it  will  be  y/’  -  y^  = 
“5  la  .  This  means  that  we  can  use  y/^  [or  indeed  any  of  the  other  constituents  of  the  state 
vector  (w,  v,  ;;  x,  5)]  instead  of  y/;,  and  so  we  can  study  the  organization  of  the 

domains  of  the  four  types  of  behaviour,  on  the  plane  [\|/,  J  which  seems  to  be  more 
relevant. 

In  Fig.  5  the  domain  of  surf-riding  can  be  seen  occupying  the  upper  part  of  the  graph 
while  below  it  is  located  the  domain  of  periodic  motion.  This  appears  to  be  however  in 
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Fig.  4  :  Evolution  of  surf-riding  with  automatic 
control  for  increasing  Fn  :  a  =3. 

H/X  =1/20,  A/I=2.0  {h=2Aj. 
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Fig.  5  :  The  organization  corresponding  to  the 
escape  from  surf-riding  problem. 


competition  with  the  broaching  domain. 
With  increasing  heading  the  broaching 
domain  comes  very  near  to  developing 
a  direct  interface  with  surf-riding.  A 
boundary  of  a  qualitatively  different 
nature  arises  due  to  an  intrusion  of  cap¬ 
size  into  the  broaching  domain.  At  larger 
heading  capsize  dominates.  Further 
studies  are  currently  imderway  about 
the  character  of  the  boundaries.  Quan¬ 
tification  of  the  tendency  of  a  ship  for 
broaching  is  possible,  by  measuring 
relative  areas  and  their  change  imder 
the  effect  of  selected  parameters,  in  a 
similar  fashion  to  the  "integrity  curves" 
concept  of  Thompson  [4]. 

6.  Broaching  with  low  speed 


There  have  been  several  reports  based  on  observations  (see  for  example  [16]),  that 
broaching  can  also  occur  for  speeds  that  are  considerably  lower  than  the  wave  celerity  and 
that,  in  fact,  there  is  no  need  for  a  ship  to  go  through  surf-riding.  In  this  case  broaching 
should  arise  directly  from  the  periodic  motion. 

Our  numerical  study  of  steady  periodic  responses  for  the  purse-seiner  model,  con¬ 
sidering  a  range  of  speeds  below  the  first  surf-riding  threshold,  has  shown  that  in  extreme 
waves,  with  gradual  increase  of  the  desired  heading  angle  a  supercritical  flip  is  encoun¬ 
tered.  Further  increase  of  the  control  parameter  paves  the  way  for  a  sudden  jump  to 
resonance  fi*om  a  fold  [17].  The  resonant  motion  is  an  oscillation  that  often  tends  to  extend 
beyond  the  [-35, 35]  range  of  feasible  rudder  angles.  The  wave  steepness  required  to  cause 
this  mechanism  is  however  higher  than  the  one  through  surf-riding.  It  is  likely  that  with 
proper  parameter  variation  we  can  go  through  the  codimension-2  coalescence  of  the 
supercritical  flip  and  fold  that  will  give  rise  to  a  subcritical  flip.  There,  the  change  of  state 
will  be  even  more  sudden  and  unexpected.  This  matter  is  currently  under  investigation.  It  is 
interesting  that  in  the  type  of  broaching  that  is  discussed  here,  the  divergence  from  the 
initial  state  is  of  oscillatory  type  and  this  agrees  very  well  with  observations  about  a 
"cumulative- type"  character  of  broaching  at  lower  speeds. 

Studies  have  been  carried  out  also  concerning  the  effect  of  the  autopilot  gains  for 
this  particular  type  of  broaching  [17].  Through  proper  gain  values*  selection,  especially  of 
the  differential  one  which  is  the  most  influential,  it  is  possible  to  increase  the  range  of 
headings  of  safe  ship  operation. 

7.  Concluding  remarks 

The  study  of  broaching  from  a  nonlinear  dynamics  perspective  has  helped  to  un¬ 
derstand  what  causes  this  phenomenon.  However  fiirther  studies  will  be  needed  in  a  number 
of  areas.  Firstly,  pitch  and  heave  must  be  taken  into  account  in  a  more  rational  way,  particu¬ 
larly  when  motions  away  from  the  zero  frequency  of  encoimter  condition  are  studied.  Also 


the  effect  of  frequency  dependence  of  fluid  reaction  needs  to  be  assessed.  At  the  same 
time,  simplified  models  that  can  capture  the  dominant  features  of  response  must  be  derived 
in  order  to  improve  our  understanding  of  the  phenomena  at  a  fundamental  level.  In  this 
direction  we  have  been  successful  in  showing  that  the  broaching  mechanism  at  low  speed 
is  basically  a  case  of  parametric  instability,  [17].  Thirdly,  there  is  a  compelling  need  to  carry 
out  extensive  free  running  model  tests  in  order  to  verify  the  presented  theory.  Lastly,  the 
new  information  must  be  brought  into  a  form  that  would  allow  effective  use  of  it  by  naval 
architects  during  the  design  stage  of  a  ship. 
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VIII.  FLUID-ELASTIC  PROBLEMS 


This  group  of  nine  papers  was  the  largest  group  covering  topics  such  as 
aeroelasticity,  rotorcraft,  aircraft  stability  and  hydrodynamic  systems.  The  key  lecture 
by  Dowell  et  al  summarized  the  nonlinear  dynamics  of  areoelastic  systems  and  provides 
many  references.  Macmillan  and  Thompson  presented  a  view  of  how  nonlinear 
dynamics  can  be  employed  in  the  aircraft  industry. 

Heat  exchanger  tube  dynamics  are  examined  in  the  papers  of  Pai*doussis  et  al. 
and  Thothadri  and  Moon. 

Readers  can  learn  how  to  build  a  hydrodynamic,  chaotic  water  wheel 
demonstration  in  the  paper  by  Kriebel  et  al.  These  chaotic  demos  are  now  in  many 
museums  and  educational  institutions. 
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Abstract 


This  paper  is  an  overview  of  a  research  program  for  nonlinear  aeroelasticity  of 
aircraft  and  rotorcraft  in  forward  flight  conducted  at  Duke  University  and  sup¬ 
ported  by  the  Air  Force  Office  of  Scientific  Research  and  the  Army  Research  Of¬ 
fice.  Theoretical  and  experimental  investigations  of  aircraft  and  rotor  aeroelastic 
stability  and  nonlinear  response  are  described.  Flexible  airfoil  and  rotor  blade 
models  with  geometrical  and  freeplay  structural  nonlinearities  and  the  ONERA 
stall  aerodynamic  model  are  considered.  Analytical  and  numerical  solutions  of 
nonlinear  mathematical  models  and  experimental  methods  for  flutter  and  forced 
response  in  a  wind  tunnel  environment  are  discussed.  Correlations  between  the¬ 
oretical  and  experimental  results  are  presented  and  some  significant  conclusions 
are  drawn.  It  is  hoped  that  this  paper  will  help  provide  improved  fundamental 
understanding  of  the  nonlinear  aeroelcistic  behavior  of  aircraft  and  rotorcraft. 

This  work  was  supported  by  the  Air  Force  Office  of  Scientific  Research  under 
Grant  F49620-97-1-0063  and  the  Army  Research  Office  under  Grant  DAALOS-  87- 
K-0023;  Major  Brian  Sanders  and  Dr.  Gary  Anderson  are  the  technical  monitors. 


1.  Introduction 

Aeroelasticity  in  aircraft  and  rotorcraft  is  concerned  with  the  dynamic  interaction 
between  the  air  stream  and  the  elasticity  of  the  aircraft  or  rotorcraft  structure. 
The  air  stream  cannot  only  provide  sufficient  energy  through  the  aircraft  or  rotor 
system  to  support  flight  in  air,  but  it  is  also  a  potential  source  of  aeroelastic 
instability  such  as  flutter  as  well  as  forced  vibration.  An  acceptable  structural 
design  should  avoid  or  ameliorate  such  dynamic  response.  However,  it  is  not  easy  to 
reach  this  goal.  There  are  many  linear  and  nonlinear  stability  and  forced  response 
phenomena  that  need  to  be  studied.  During  the  last  thirty  years  numerous  papers 

^  An  earlier  version  of  this  paper  was  presented  zis  a  plenary  lecture  at  the  International  Forum 
on  Aeroelasticity  and  Structural  Dynamics, June  17-20,  1997,  Rome,  Italy 


and  reports  on  linear  aeroelasticity  in  aircraft  and  rotorcraft  have  been  published. 
Here  the  focus  in  on  nonlinear  effects. 

Some  readers  will  recall  a  seminal  article  entitled,  “The  Engineer  Grapples 
with  Nonlinear  Problems,”  written  by  Theodore  Von  Karman  [1]  many  decades 
ago.  Today,  engineers  continue  to  grapple  with  nonlinear  aeroelasticity  in  air¬ 
craft  and  rotorcraft,  but  on  the  whole  more  successfully  due  to  work  of  numerous 
individuals.  This  paper  is  an  overview  of  a  research  program  for  nonlinear  aeroe¬ 
lasticity  of  aircraft  and  rotorcraft  in  forward  flight  conducted  by  the  authors  and 
their  colleagues.  The  emphasis  is  on  physical  understanding  and  describing  the 
nonlinear  aeroelastic  phenomena  theoretically  and  experimentally.  The  goal  is 
not  to  model  any  particular  practical  aircraft  or  rotorcraft,  but  rather  to  develop 
accurate  models  of  the  several  possible  phenomena  that  may  be  verified  by  exper¬ 
iments.  Various  aspects  of  aircraft  and  rotor  aeroelastic  stability  and  nonlinear 
response  are  included  in  this  program  and  described  in  this  paper  including  the 
following  topics. 

1.  The  study  of  the  subject  will  be  motivated  by  considering  the  most  significant 
physical  nonlinearities  that  occur  in  aeroelasticity  of  aircraft  and  rotorcraft. 

2.  The  consequences  of  nonlinearity  for  constructing  mathematical  models  and 
analytical  solution  procedures  will  be  discussed. 

3.  A  comparison  and  discussion  of  experimental  and  theoretical  results  will  be 
presented. 

For  a  discussion  of  nonlinear  aeroelasticity  in  a  more  general  context  see  [2,3]. 
Two  of  the  authors  have  reviewed  the  work  on  rotorcraft  previously  [4]  and  hence 
here  the  emphasis  will  be  primarily  on  more  recent  results  for  an  aircraft  model. 
However  we  will  first  briefly  summarize  the  key  results  from  our  rotorcraft  studies 
in  Part  I  of  this  paper  before  turning  to  the  aircraft  model  in  Part  II. 


Part  I:  ROTORCRAFT 

I-l.  Physical  Nonlinearities  in  Aeroelasticity  of  Rotorcraft 

The  aeroelastic  behavior  of  a  rotor  system  is  most  complex.  Structural  nonlinearity 
and  stall  aerodynamics  are  dominant  and  the  deformations  are  typically  of  the 
order  of  the  blade  chord  or  span.  The  possible  combinations  of  structural  motions 
(bending  in  the  lift  and  drag  directions  and  twisting)  and  flow  field  conditions 
(hover  and  high  speed  forward  flight)  are  several.  Here  a  few  basic  nonlinearities 
and  combinations  that  we  have  studied  in  our  work  will  be  addressed. 


M.l.  STRUCTURAL  NONLINEARITIES: 


I-l.l-l.  Geometrical  Structural  Nonlinearity 

Hodges  and  Dowell  [5]  derived  a  set  of  nonlinear  equations  of  motion  for  the 
elastic  bending  and  torsion  of  twisted  nonuniform  hingeless  rotor  blades.  A  mod¬ 
erate  deflection  theory  was  developed  and  the  geometrically  nonlinear  terms  up 
to  the  second  order  were  taken  into  account  in  terms  of  an  ordering  scheme.  Sub¬ 
sequently,  the  theoretical  computations  discussed  by  DaSilva  and  Hodges  [6,7] 
indicated  that  when  geometrically  nonlinear  terms  up  to  third  order  are  retained, 
the  stability  characteristics  of  the  hingeless  blade  are  only  slightly  affected  (12% 
or  less)  as  compared  to  the  results  when  terms  up  to  only  second  order  retained. 
Friedmann  [8]  has  emphasized  that  from  the  view-point  of  cost  and  accuracy,  im¬ 
provements  in  the  aerodynamic  model  are  more  effective  than  the  retention  of 
third  and  higher  order  geometrically  nonlinear  structural  terms.  The  stability  and 
structural  response  are  more  sensitive  to  the  improved  aerodynamic  model  than  to 
the  geometrically  nonlinear  structural  terms.  In  our  work,  only  the  second  order 
geometrically  nonlinear  terms,  (l>w  ,  <{>v  and  i/;  i;  ,  are  included  in  equations 
and  the  cross-section  warping  terms  and  other  higher  order  terms  are  neglected, 
see  Figure.  1.  v^w  and  0  are  the  chord  wise,  flapping  bending  deflections  and  twist 
about  deformed  elastic  axis,  respectively.  It  is  noted  that  the  higher  order  interac¬ 
tive  terms  included  in  the  effective  angle  of  attack,  a,  due  to  the  structural  motion 
deformation,  and  the  aerodynamic  coefficients  are  retained. 


I-l,1.2.  Freeplay  and  Parabolic  Pitch  Stiffness  Nonlinearites 

A  freeplay  pitch  stiffness  nonlinearity  of  the  rotor  system  may  exist  in  a  helicopter 
control  system  due  to  a  loose  hinge,  or  linkage,  or  possible  joint  slippage  in  the 
system.  Because  there  is  an  initial  pitch  angle  of  the  blade,  in  general,  the  blade  is 
subjected  to  a  preload  moment;  hence  a  static  deviation  angle  ,  ^p,  exists  and  the 
freeplay  stiffness  curve  is  not  symmetric.  Also  a  parabolic  pitch  stiffness  nonlinear¬ 
ity  may  be  found  in  light  helicopters  with  a  direct  rod  link  control  system  without 
a  power  actuator.  Typical  restoring  moment  versus  rotation  characteristics  for 
our  experimental  model  are  shown  in  Figure.2.  Curve  (a)  is  for  the  nominal  linear 
pitch  spring  stiffness;  curve  (b)  for  the  parabolic  or  cubic  stiffness  and  curve  (c) 
for  the  freeplay  stiffness  with  a  preload. 


M.2.  STALL  AERODYNAMIC  NONLINEARITY: 


A  high  angle  of  attack  is  usually  required  in  normal  operation  for  an  advanced 
helicopter  with  high  load  and  high  forward  speed.  If  the  angle  of  attack  of  the 


blade  sections  becomes  large  enough,  dynamic  stall  of  the  fluid  flow  may  occur. 
Typically,  this  occurs  on  the  retreating  blade.  When  the  blade  sections  undergo 
repeated  excursions  into  stall,  a  large  hysteresis  in  the  fluid  force  and  mornent 
behavior  can  arise  and  lead  to  a  negative  pitch  damping.  Under  appropriate 
conditions,  it  can  excite  the  blade  torsion  mode  at  its  natural  frequency  and  lead 
to  stall  flutter.  Dynamic  stall  and  stall  flutter  are  quite  complex  as  is  seen  from 
wind  tunnel  and  flight  tests. 

There  are  several  aerodynamic  models  that  can  be  used  to  predict  the  dynamic 
stall  behavior  of  rotor  airfoils.  The  ONERA  dynamic  stall  model  developed  by 
Tran  and  Petot  [9]  seems  to  be  a  particularly  useful  model  for  dynamic  aeroelastic 
analysis.  This  model  describes  dynamic  stall  in  terms  of  differential  equations 
that  describe  the  lift,  drag  and  moment  coefficients  of  a  blade  section  element. 
In  our  work  we  have  chosen  the  ONERA  dynamic  stall  model  for  a  systematic 
investigation  of  helicopter  blade  stall  flutter  and  forced  response.  The  effects  of 
large  angle  of  attack  and  a  reversed  flow  region  will  be  taken  into  account.  For 
more  details,  see  references  [10-15]. 

For  linear  aeroelastic  behavior  in  rotorcraft  ,  the  two-  dimensional  incompress¬ 
ible  Theodorsen  aerodynamic  model  [16],  or  Roger’s  transfer  function  [17]  (in  fact, 
this  is  an  alternative  formulation  of  the  Theodorsen  model)  is  frequently  used^  The 
unsteady  aerodynamic  coefficients  are  expressed  only  at  discrete  values  of  reduced 
frequency,  or  the  coefficients  of  transfer  function  are  calculated  by  a  best  fit  of 
the  Theodorsen  function.  In  fact,  there  is  a  connection  between  the  Theodorsen 
and  ONERA  aerodynamic  models  for  a  given  airfoil.  The  Theodorsen  aerody¬ 
namic  model  is  a  special  case  of  the  ONERA  model  when  the  effective  angle  of 
attack  is  less  than  the  stall  angle  of  attack.  When  transforming  the  linear  part  of 
the  ONERA  model  for  small  angles  of  attack  into  the  Laplace  domain,  we  obtain 
an  unsteady  aerodynamic  transfer  function  with  a  simple  pole  similar  to  Roger’s 
formulation. 


1-2.  Mathematical  Consequences  of  Nonlinearity 

Formulation  of  the  complete  aeroelastic  equations  of  motion  requires  a  combination 
of  structural,  aerodynamic  and  inertia  terms.  The  structural  and  aerodynamic 
model  have  been  described  in  the  previous  section.  The  inertia  loads  are  obtained 
in  a  direct  manner  by  using  D’Alembert’s  principle  or  by  using  variational  methods^ 
The  complexity  of  a  mathematical  model  may  be  determined  by  whether  the  model 
is  linear  or  nonlinear  and  the  number  of  degrees  of  freedom  (DOF)  and  the  number 
of  parameters.  Obviously,  the  fewer  the  number  of  needed  DOF  and  the  number 
of  parameters,  the  less  complex  the  model.  It  is  also  clear  that  linear  models  arc 
simpler  than  nonlinear  ones.  However  it  may  be  worthwhile  to  note  a  fundamental 
blurring  of  the  distinction  between  parameters  and  degrees  of  freedom  that  occurs 
when  the  model  is  nonlinear.  For  a  linear  system  the  long  time,  steady  state 


solution  is  independent  of  the  initial  conditions,  though  it  does  depend  on  model 
parameters.  However  for  nonlinear  midels  the  long  term,  steady  state  solution 
may  depend  upon  initial  conditions.  Thus  in  a  nonlinear  model,  initial  conditions 
become  possible  parameters. 

After  formulation  of  the  equations  of  motion,  a  general  solution  approach 
is  to  carry  out  a  structural  spatial  discretization.  For  a  flexible  rotor  blade  with 
bending'-torsional  coupling,  the  spatial  discretization  often  consists  of  applying  the 
well  known  Galerkin  method  based  upon  the  free  vibration  modes  of  the  rotating 
blade.  If  N  modes  are  used  for  each  of  the  flapwise,  chordwise  and  twist  directions, 
there  are  ZN  structural  DOF  and  QN  DOF  in  the  state  space. 

The  ONERA  dynamic  stall  model  is  based  on  a  blade  airfoil  element.  It  is 
applied  to  an  isolated  blade  motion  in  hover  and  forward  flight  which  satisfies 
the  force  and  momnet  equilibrium  trim  requirement.  A  simple  assumption  is  that 
the  blade  is  divided  into  several  spanwise  aerodynamic  sections,  say  N N ,  and  the 
ONERA  model  is  applied  to  each  section  both  for  the  rigid  or  flexible  blade  . 
Generally,  there  are  three  aerodynamic  degrees  of  freedom,  CzayCz^  and  Czb  in 
the  state  space  for  each  aerodynamic  section,  and  for  each  aerodynamic  coefficient, 
lift  coefficient  (Q),  drag  coefficient  (Q),  and  pitch  moment  coefficient  (Cm)*  The 
total  DOF  of  the  aerodynamic  model  is  thus  3  x  3  x  NN , 

When  either  structural  nonlinearity  or  aerodynamic  nonlinearity  is  included  in 
the  mathematical  model,  it  may  be  difficult  to  obtain  explicit  equations  of  motion. 
The  blade  motions  are  functions  of  the  aerodynamic  coefficients  and,  in  turn,  the 
aerodynamic  coefficients  depend  upon  the  blade  motion.  Therefore,  an  implicit 
solution  approach  is  frequently  applied  to  the  equations  of  nonlinear  aeroelasticity 
which  mandates  iterative  solutions  or  requires  considerable  additional  algebraic 
effort.  For  the  pitch  stiffness  nonlinearities,  the  additional  complexity  of  the  al¬ 
gebraic  procedure  is  significant,  because  the  pitch  stiffness  characteristics  change 
with  the  blade  motion.  Therefore,  the  critical  flutter  airspeed  and  response  is 
a  function  of  the  amplitude  of  blade  oscillation.  A  linearization  technique,  e.g. 
the  harmonic  balance  method,  is  often  used  to  develop  an  equivalent  linear  pitch 
stiffness  which  is  represented  as  an  algebraic  equation  and  then  added  into  the 
original  nonlinear  ordinary  differential  equations  to  provide  a  more  readily  soluble 
mathematical  model.  For  details,  see  reference  [12]. 

It  is  important  to  note  that  for  a  rotor  in  forward  flight,  the  nonlinear  equations 
have  periodic  parameter  excitation  terms  which  appear  in  explicit  form  in  the 
damping  and  stiffness  terms  of  the  equations.  When  we  solve  these  nonlinear 
equations,  the  first  step  is  to  use  a  perturbation  procedure  to  obtain  a  set  of 
linear  equations  for  small  motion  about  an  equilibrium  position.  The  solutions  of 
the  (nonlinear)  equilibrium  position  are  contained  in  a  set  of  nonlinear  algebraic 
equations  which  are  solved  by  an  iteration  procedure  such  as  the  Newton-  Raphson 
method.  The  second  step  is  to  solve  the  linear,  perturbation  equations  with  the 
periodic  coefficients  using  Floquet  theory  [19]. 


Of  course,  the  full  nonlinear  equations  can  also  be  solved  by  the  nonlinear  pe¬ 
riodic  shooting  method  [18], [19]  or  by  direct  numerical  time  marching  integration. 

By  contrast  for  an  airfoil  plus  control  surface  model,  there  are  only  three 
structural  degrees  of  freedom  (or  six  states)  plus  two  additional  states  from  the 
simplified  but  accurate  aerodynamic  model.  See  the  discussion  in  Part  II. 


1-3.  Experimental  Methods  for  Flutter  and  Forced  Response 

All  flutter  and  forced  response  tests  were  performed  in  the  Duke  University  low 
speed  wind  tunnel.  The  wind  tunnel  is  a  closed  circuit  tunnel  with  a  test  section 
of  2.3x1.75  and  a  length  of  5  ft.  The  maximum  air  speed  attainable  is  293 
ft/sec.  An  overall  view  of  the  wind  tunnel  test  model,  measurement  and  excitation 
systems  is  represented  in  this  section. 


1-3.1.  EXPERIMENTAL  MODELS 

The  rotor  blade  experimental  model  includes  two  parts;  a  helicopter  blade  section 
and  a  root  support  mechanism. 

There  are  two  blade  model  configurations  used  in  our  experiment.  One  is  a 
rigid  blade  model  which  is  rectangular  and  untwisted.  The  blade  is  constructed 
from  a  stiff  aluminum  beam  with  mass  per  unit  length  uniformly  distributed  along 
the  blade  span  and  a  wood  styrofoam  fairing  covering  the  entire  chord  and  span. 
The  other  model  is  a  flexible  blade  which  is  rectangular,  untwisted  and  flexible 
in  the  flap,  lag  and  torsional  directions.  The  blade  is  constructed  from  a  flexible 
aluminum  beam  with  eight  light  wood  styrofoam  fairing  elements  covering  the 
entire  chord  and  span  which  provide  the  aerodynamic  contour  of  the  blade. 

The  root  mechanism  is  mounted  to  a  very  heavy  support  frame  which  is  at¬ 
tached  to  the  ground.  A  root  support  mechanism  allows  the  blade  to  have  rigid 
body  flap  and  pitch  motion  degrees  of  freedom.  The  two  degrees  of  freedom  are 
independent  of  each  other.  The  pitch  axis  of  the  blade  is  supported  on  upper  and 
lower  bearings  in  a  blade  root  socket  and  is  free  to  move  in  the  pitch  direction. 
The  pitch  spring  uses  a  steel  wire  spring  material.  The  steel  wire  is  inserted  tightly 
into  a  slot  of  the  blade  root  socket.  According  to  the  different  constraint  condi¬ 
tion  at  the  support  of  the  pitch  spring  in  the  experimental  model,  three  different 
pitch  stiffness  characteristics  were  obtained.  When  the  support  at  the  end  of  pitch 
spring  is  allowed  to  have  rotation  and  slip  motions  without  transverse  motion,  the 
linear  pitch  stiffness  is  obtained.  When  the  support  point  has  a  transverse  gap,  the 
freeplay  structural  nonlinearity  is  obtained,  and  the  magnitude  of  the  deadspace 
can  be  adjusted.  When  the  support  point  is  tightly  clamped  (both  transverse  mo¬ 
tion  and  rotation  at  this  support  point  are  equal  to  zero),  the  pitch  stiffness  has 


a  hard  nonlinear  spring  characteristic  with  a  parabolic  or  cubic  moment-rotation 
relationship.  The  flap  axis  of  the  blade  is  supported  on  two  precision  ball  bearings 
and  is  free  to  move  in  the  flap  direction.  The  natural  frequencies  of  flap  and  pitch 
motion  can  be  adjusted  by  moving  the  support  position  of  the  flap  springs  and 
pitch  spring  (wire  spring),  respectively.  The  effective  mean  pitch  angle  can  be 
adjusted  by  rotating  the  root  support  mechanism  as  shown  in  Figure. 3. 


1-3.2.  MEASUREMENT  AND  EXCITATION  METHODS 

Strain  gages  were  used  for  measurement  of  flap  and  elastic  torsional  deflec¬ 
tions.  A  micro- accelerometer  was  installed  at  the  tip  of  the  blade  for  measuring  the 
chordwise  response.  The  pitch  and  flap  angular  displacements  at  the  blade  root 
was  measured  by  the  rotational  velocity /displacement  transducers,  RVDT.  The 
digitized  response  data  could  be  graphically  displayed  either  on-line  or  off-line  as 
a  time  history,  phase  plane  plot,  FFT,  PSD,  or  Poincare  map. 

Two  excitation  methods  are  used.  One  is  a  mechanical  base  pitch  excitation 
where  the  driving  frequency  and  amplitude  can  be  adjusted.  In  this  system,  only 
a  pure  single  harmonic  excitation  in  the  pitch  direction  is  provided.  The  other 
excitation  is  an  aerodynamic  gust  which  is  described  in  [4]  and  [15]. 


1-4.  Theoretical  and  Experimental  Results 

1-4.1  PARABOLIC  PITCH  STIFFNESS  NONLINEARITY 


Figure  4  shows  the  limit  cycle  flutter  amplitude  and  oscillation  frequency  vs  air¬ 
speed  for  the  parabolic  torsional  stiffness  nonlinearity.  Figure  4a  gives  the  flutter 
amplitude,  and  4b  the  flutter  frequency.  In  the  figure,  the  theoretical  curve  is 
indicated  by  the  solid  line,  and  the  experimental  results  are  indicated  by  the  sym¬ 
bol  o.  The  agreement  is  generally  good.  Both  theory  and  experiment  show  that 
the  limit  cycle  flutter  amplitude  includes  many  higher  harmonic  components  in 
addition  to  the  dominant  flutter  oscillation  frequency,  and  the  magnitude  of  those 
higher  frequency  components  increases  as  airspeed  U  increases.  The  dominant 
oscillation  frequency  (flutter  frequency)  is  14.5  Hz,  but  higher  order  frequency 
components  of  two  and  three  times  the  dominant  frequency  also  appear  in  this 
limit  cycle  response  due  to  the  pitch  structural  nonlinearity. 


For  forced  response  behavior,  the  motions  are  periodic.  Figure  5  shows  the 
frequency  response  curve  of  the  pitch  motion  for  U  ^  15  m/s  and  =  1  .  The 
theoretical  curve  is  constructed  from  the  harmonic  balance,  Newton-Raphson  al¬ 


gorithm.  The  linear  frequency  response  curve  is  also  drawn  in  the  same  figure. 
For  comparison  the  time  integration,  numerical  solutions  are  plotted  in  this  figure 


as  well.  Two  stable  solutions  are  found  for  a  range  of  base  excitation  frequency 
and  different  initial  conditions.  For  example,  when  u  =  2bHz,  the  amplitude  is 
equal  to  0.0373  for  <^o(0)  <  0.24.  and  0.154  for  ^o(O)  >  0.24.  The  limit  cycle  am¬ 
plitude  and  equilibrium  position  may  vary  with  the  initial  conditions.  It  is  noted 
that  the  pitch  motion  is  dominant  as  a  consequence  of  the  pitch  only  excitation 
and  a  substantial  flap  aerodynamic  damping.  Experimental  data  are  also  plotted 
in  Figure  5  for  confirmation  of  the  theoretical  prediction.  There  is  a  weak  jump 
phenomenon  from  w  =  2ZHz  to  2AHz.  Because  of  safety  limitations  of  the  model 
configuration,  we  could  not  obtain  the  larger  pitch  responses  experimentally  that 
were  predicted  theoretically.  Also  the  higher  frequencies  were  not  accessible  to  our 
experimental  model,  i.e.  w  >  28Hz  . 


1-4.2.  FREEPLAY  PITCH  STIFFNESS  NONLINEARITY 

Figure  6  shows  air  stream  or  flow  speed  vs  limit  cycle  flutter  amplitude  resjjonse 
normalized  by  (/><,,  /ir,  for  a  magnitude  of  deadspace  in  pitch  of  (/>»  =  1-5  ,  and 
an  initial  pitch  angle.  $0  =  0°.  In  the  figure,  the  theoretical  curve  is  indicated 
by  the  solid  line  and  dotted  line.  The  solid  line  denotes  a  stable  limit  cycle  vs 
airspeed,  while  the  dotted  line  denotes  an  unstable  limit  cycle.  These  two  states 
vary  with  the  airspeed  and,  upon  their  coalescence,  bifurcation  occurs  as  confirmed 
by  the  theory  of  nonlinear  oscillations.  The  experimental  results  are  indicated 
by  the  symbols  •,  ©  and  A.  The  symbol  •  denotes  the  motion  is  chaotic,  0 
denotes  the  motion  is  convergent  to  a  static  equilibrium  position,  and  A  denotes 
the  motion  tends  to  a  limit  cycle  oscillation.  Also,  the  results  obtained  frorn  the 
time  integration  are  plotted  in  these  figures.  The  symbol  0  denotes  the  motion  is 
chaotic  and  the  symbol  □  denotes  the  motion  tends  to  a  limit  cycle  oscillation  or 
tends  to  be  convergent  to  a  static  equilibrium  position.  The  agreement  of  theory 
with  experiment  is  good. 

A  chaotic  oscillation  is  observed  in  a  narrow  airspeed  range  and  for  certain 
initial  conditions.  It  occurs  in  an  amplitude-sensitive  region.  Figum  7  show^ 
the  chaotic  oscillation  time  history  of  the  pitch  motion  for  =  0  and  U  — 
l2A2m/s.  In  the  figure,  (a)  is  from  the  theory,  and  (b)  is  from  the  experirnent. 
An  evident  behavior  is  the  global  large  oscillation  around  all  three  rest  positions, 
(f)  =  0, 4>p+  -  =  ±1.25°,  with  a  small  fluctuation  around  the  two  static  equilibrium 
positions,  The  pitch  motion  is  more  dominant  as  compared  with  the  flap 

motion.  The  motion  is  similar  to  that  of  a  buckled  beam  under  large  harmonic 
excitation  [3]. 

The  limit  cycle  and  chaotic  motions  may  be  quite  sensitive  to  the  initial  con¬ 
dition  and  airspeed.  As  an  experimental  example  of  the  system  sensitivity  to  the 
initial  condition,  in  Figure  6  there  are  two  values  of  Hr  for  U=11.5  m/s.  When 
the  initial  pitch  angle,  <^o(0)  =  0.5°,  the  motion  converges  to  a  static  equilibrium 
position  («^  =  1.15°).  When  the  ^o(O)  >  1-5°,  the  motion  tends  to  a  limit  cycle 


oscillation.  Corresponding  to  the  above  example,  the  theoretical  prediction  also 
exhibits  this  feature  As  an  another  example,  when  a  small  airspeed  increment  or 
a  large  external  disturbance  is  added  to  a  chaotic  motion,  the  motion  will  tend  to 
a  limit  cycle  oscillation.  When  the  airspeed  increases  from  12.42  to  12.8  m/s,  the 
motion  becomes  a  limit  cycle  oscillation,  evolving  from  a  steady  chaotic  motion. 
Similar  results  have  been  obtained  for  flexible  blades  and  gust  excitation,  these 
effects  are  discussed  in  [4]. 


1-5.  Conclusions 

A  variety  of  structural  and  aerodynamic  nonlinearities  occur  in  rotorcraft  which 
may  lead  to  complex  dynamic  responses  including  chaos.  Mathematical  models 
have  been  developed  to  describe  these  responses  and  their  accuracy  confirmed  by 
experiment. 


Part  II:  AIRCRAFT 

II-l.  Physical  Nonlinearities  in  Aircraft 

Nonlinear  stall  aerodynamics  may  also  be  an  issue  for  aircraft  as  can  nonlinear 
transonic  flow  effects  at  high  speeds.  These  topics  are  still  under  active  study  and 
much  work  remains  to  be  done.  Here  we  concentrate  on  the  effects  of  freeplay  in 
an  airfoil  plus  control  surface  model  (aileron)  with  plunge,  pitch  and  flap  degrees 
of  freedom. 

The  potentially  serious  effect  of  a  freeplay  nonlinearity  on  the  response  of 
airfoils  is  well  established  [20-22],  especially  within  the  context  of  wear  and  main¬ 
tenance  where  a  degradation  of  moving  joints  is  inevitable.  Given  the^  relatively 
complex  nature  of  the  fluid-structure  interaction  for  an  airfoil  containing  a  con¬ 
trol  surface  freeplay  nonlinearity  it  is  inevitable  that  any  theoretical  study  must 
rely  heavily  on  numerical  methods.  Historically  a  limited  number  of  approximate 
analytical  techniques  have  been  developed  to  incorporate  piece-wise  linearity  into 
the  analysis  primarily  baised  on  harmonic  balance  [21],  but  it  will  be  seen  that  the 
assumption  of  periodic  response  is  often  inappropriate. 

The  aeroelastic  section  under  study  is  shown  in  Figure  8(a).  The  degrees  of 
freedom  are:  plunge,  h;  pitch,  a  and  flap,  /?.  The  freeplay  is  present  at  the  axis  of 
rotation  of  the  aileron  or  control  surface  at  the  point  of  attachment  to  the  airfoil. 
The  system  is  modeled  as  a  number  of  connected  linear  sub-systems  which  switch 
abruptly  due  to  a  discrete  change  in  stiffness.  This  is  shown  schematically  in  Figure 
8(b)  where  the  flap  experiences  no  restoring  force  between  certain  contact  angles. 
However,  once  the  critical  angle  S  is  exceeded  then  the  system  experiences  a  linear 


restoring  force  since  spring  contact  is  made.  Further  details  of  the  mathematical 
modeling  can  be  found  in  [23-27],  consequently  only  an  overview  is  given  here. 

Previous  experimental  research  in  this  area  includes  the  classical  work  of 
Theodorsen  and  Garrick  [28,  29]  as  well  as  the  more  recent  work  of  Tang  and 
Dowell,  e.g.  [30].  The  Tang/Dowell  studies  had  highlighted  the  possibility  of 
finite-amplitude  limit  cycle  oscillations  prior  to  the  onset  of  exponentially  grow¬ 
ing  flutter.  The  present  study  confirms  the  presence  of  quite  complex  nonlinear 
dynamics,  for  a  relatively  large  range  of  flow  velocity  in  both  the  numerical  and 
experimental  studies. 

This  type  of  investigation  is  aided  considerably  by  the  recent  advances  pro¬ 
vided  by  dynamical  systems  theory  [31,  32].  Such  an  approach  has  been  used 
in  related  studies  [33-35]  in  aeroelasticity.  An  innovative  aspect  of  this  research 
concerns  quasi-periodic  characterization  and  the  prediction  of  changing  limit  cycle 
behavior,  which,  although  previously  applied  to  other  simpler  mechanical  systems 
[36],  is  considered  here  for  the  first  time  for  an  aeroelastic  system.  For  further 
background  material  the  reader  is  referred  to  [23,  37]. 


II-2.  Theoretical  Model 

The  following  nondimensional  equations  of  motion  describe 

the  mathematical 

model: 

arl  +  0{rl  +  {c-a)xp)  +  hxa  +  Qrloil  = 

Ma 

(1) 

a{rp  +  {c  —  a)xp)  +  (drp +hxp  +  = 

Mp 

(2) 

axa  +  Pxp  +  h  +  hul  = 

L. 

(3) 

The  aerodynamic  modeling  is  contained  in  the  aerodynamic  moments  and  lift, 
Ma,Mp  and  L,  and  is  based  on  two-dimensional,  incompressible,  potential  flow 
theory.  The  i,  r,  and  w  parameters  are  the  reduced  distance,  radii  of  gyration 
and  natural  frequencies  in  the  various  degrees  of  freedom;  they  are  held  fixed  and 
appropriately  nondimensionalized.  More  details  of  this  modeling  can  be  found  in 
[27].  The  value  of  (c  -  a)  represents  the  distance  between  the  flap  axis  of  rotation 
and  the  overall  center  of  rotation  of  the  airfoil  as  shown  in  Figure  8(a).  In  the 
results  section  uppercase  letters  are  used  for  normalized  quantities,  where  the 
positions  are  nondimensionalized  with  respect  to  the  freeplay  range  [27]. 

This  three-degree-of-freedom  mechanical  or  structural  model  can  be  cast  in 
state-space  form  [24]  to  give  a  six  dimensional  phase  space.  Two  augmented  states 
are  added  because  of  the  Jones’  approximation  to  the  Wagnor  indicial  function  [27] 
for  the  aerodynamic  modeling.  Due  to  the  sudden  change  in  stiffness  resulting  from 
the  freeplay  condition,  the  state-space  model  switches  between  the  relevant  linear 
regions  [27]  as  shown  in  Figure  8(b).  A  small  amount  of  structural  damping  was 


included  in  the  modeling  based  on  a  linear  viscous  assumption  and  an  in-vacuo 
modal  response  as  determined  from  experiment. 

The  central  issue  is  then  the  following.  Suppose  all  the  parameters  of  the 
model  are  held  fixed  and  the  fiow  rate,  U,  is  slowly  increased  from  zero.  In  the 
absence  of  any  kind  of  freeplay  nonlinearity  the  linear  response  is  very  well  charac¬ 
terized  and  the  stability  of  equilibrium  is  lost  at  the  critical  fiutter  speed  leading 
to  unbounded  oscillations.  When  the  freeplay  is  present  a  variety  of  pre-flutter 
oscillatory  behavior  is  observed  which  may  be  quite  remarkably  complex.  It  is  the 
onset  of  limit  cycle  behavior  and  the  transition  between  one  type  of  motion  and 
another  that  is  considered  in  this  paper. 


II-3.  Numerical  Simulation 

A  4th-order  Runge-Kutta  algorithm  is  used  to  time  march  the  solution  incorpo¬ 
rating  an  accurate  location  of  the  switching  points  when  contact  is  made.  The 
importance  of  accurately  locating  this  stiffness  change  has  been  noted  by  a  num¬ 
ber  of  authors,  and  in  this  study  use  is  made  of  the  approach  suggested  by  Henon 
[38]  whereby  a  simple  change  of  independent  variable  can  be  used  to  locate^  the 
discrete  jump  in  phase  space.  This  is  useful  because  it  reduces  computation  time, 
improves  accuracy,  and  in  a  nonlinear  system  with  complex,  possibly  chaotic,  be¬ 
havior  any  errors  in  inaccurately  locating  the  sudden  change  in  stiffness  may  have 
a  cumulative  effect  on  the  long  term  response. 

A  number  of  other  numerical  techniques  are  used  to  characterize  the  periodic¬ 
ity  of  limit  cycle  behavior.  This  is  primarily  achieved  by  constructing  a  Poincare 
section  of  the  trajectory  and  then  investigating  stability  properties  via  the  behav¬ 
ior  of  small  perturbations.  The  decay  or  otherwise  of  induced  transients  is  used 
as  a  stability  measure  through  the  calculation  of  characteristic  eigenvalues.  It  will 
be  seen  that  certain  trends  can  be  detected  before  instability  occurs.  Fast  Fourier 
transforms  are  also  obtained  and  some  interesting  quasi-periodic  behavior  is  o\y 
served.  Although  much  of  this  behavior  is  highly  complex,  it  is  a  interesting  to 
observe  certain  generic  features  often  encountered  in  simpler  nonlinear  dynamical 
systems. 


II-4.  Experimental  Overview 

Some  experiments  were  conducted  in  the  low  speed  wind  tunnel  at  Duke  University. 
Only  a  brief  description  is  given  here:  further  details  of  the  experiments  can  be 
found  in  [27]  and  [37].  The  three-degree-of-freedom  airfoil  was  constructed  such 
that  varying  degrees  of  freeplay  could  be  incorporated  into  the  model.  The  NACA 
0012  experimental  model  section  is  shown  in  Figure  8.  The  main  wing  has  a 


19  cm  chord  and  52  cm  span  and  is  attached  (using  two  pairs  of  micro-bearings 
with  pins)  to  a  flap  with  a  6.35  cm  chord  and  a  52  cm  span.  The  wing  is  made 
of  an  aluminum  alloy  circular  spar  beam  with  a  diameter  of  2.54  cm  and  a  wajl 
thickness  of  0.32  cm,  and  acts  as  the  pitch  axis  running  through  14  pieces  of  airfoil 
plate.  A  0.254  mm  thick  aluminum  sheet  provides  the  aerodynamic  contour  of 
the  wing.  Additionally  an  aluminum  tube  is  incorporated  to  enable  adjustment  of 
the  center  of  gravity.  The  flap  control  surface  is  constructed  in  a  similar  manner. 
Freeplay  is  incorporated  into  the  model  by  means  of  leaf  springs  freely  moving 
between  rigid  contact  blocks.  Upon  encountering  the  blocks,  the  leaf  springs  bend 
to  provide  the  nominal  elastic  stiffness.  The  model  is  supported  outside  of  the  wind 
tunnel  at  the  top  and  bottom.  The  main  wing  supports  consist  of  bi-cantilever 
beams  and  allowance  is  made  for  plunge  motion  which  is  effectively  independent 
from  the  pitch  degree-of-freedom.  The  characteristic  Reynolds  number  was  on  the 
order  of  0.5  x  10®.  The  measurement  signals  in  the  three  degrees  of  freedom  were 
acquired  using  RVDT’s  and  the  LabVIEW  data  acquisition  and  analysis  software 
incorporating  a  NB-MIO-16  board.  The  structural  inertia,  stiffness,  damping  and 
frequency  data  were  then  measured  according  to  the  procedure  described  in  [27j. 
Initial  testing  was  conducted  on  the  linear  system,  i.e.,  with  the  freeplay  clamped 
down.  Results  from  this  study  can  be  found  in  [37]  and  showed  excellent  agreement 
between  theory  and  experiment. 


II-5.  Response 

Given  the  freeplay  configuration  it  is  relatively  easy  to  conduct  preliminary  linear 
testing  by  reducing  the  freeplay  range  to  zero.  Consider  the  results  shown  in 
Figure  9.  Here,  the  flow  rate  is  increased  from  zero  until  the  onset  of  linear  flutter 
(at  23.9  m/s)  and  the  numerical  root  locus  shows  the  expected  inovernent  of  the 
eigenvalues  in  9(a).  An  alternative  plot  is  shown  in  9(b)  where  the  imaginary  parts 
of  the  eigenvalues  are  evolved  as  a  function  of  flow  rate  U.  The  table  in  Figure 
9(c)  shows  a  good  correlation  between  numerical  and  experimental  characteristics 
for  the  linear  system. 

For  the  fully  nonlinear  system  three  specific  freeplay  configurations  were  cho¬ 
sen  corresponding  to  nominal  angular  gaps  or  freeplay  ranges  of:  2.3,  3.66,  and 
4.24  degrees.  Theory  suggests  the  response  normalized  by  the  angular  freeplay 
range  will  be  universal  as  shown  in  Figure  10.  Hence  attention  is  focussed  on 
typical  results  using  gap  3.  Starting  from  the  rest  state  the  airflow  velocity  is 
gradually  increased  and  after  allowing  for  the  decay  of  transients  the  displacement 
in  each  of  the  degrees-of-freedom  was  measured.  A  similar  procedure  was  followed 
in  the  numerical  integration.  Numerical  responses  were  obtained  for  all  flow  rates: 
numerical  data  points  correspond  to  periodic  behavior  and  the  lines  indicate  an 
average  amplitude  based  on  RMS.  A  summary  of  results  is  given  in  Figures  10(a) 
to  10(d).  Four  distinct  regions  of  pre-flutter  behavior  can  be  observed  in  this  fig¬ 
ure.  First,  up  to  about  20%  of  the  flutter  velocity  there  is  a  static  response.  Here 


any  initial  disturbance  dies  out.  For  a  flow  rate  slightly  greater  than  20%  there  is 
a  discrete  jump  to  a  low  frequency  limit  cycle. 

The  flow  velocity  for  the  onset  of  this  limit  cycle  may  be  calculated  by  con¬ 
sidering  the  linear  system.  For  zero  flap  stiffness,  =  0,  linear  theory  predicts  a 
flutter  instability  for  U/Uj  greater  than  0.36  for  any  set  of  initial  conditions.  How¬ 
ever  it  is  seen  that  a  limit  cycle  occurs  for  U/Uj  as  low  as  0.19.  This  limit  cycle 
behavior  has  a  simple  and  interesting  physical  explanation  as  follows,  as  has  been 
confirmed  by  nonlinear  numerical  time  simulations  and  also  harmonic  balance  or 
equivalent  linearization  calculations. 

With  freeplay,  the  flap  frequency  is  really  a  function  of  the  amplitude  of  re¬ 
sponse,  varying  between  zero  when  the  motion  is  small  with  in  the  freeplay  range 
and  increasing  to  the  nominal  flap  frequency  when  the  motion  is  large  extending 
well  beyond  the  freeplay  range.  Now  linear  theory  predicts  the  flutter  velocity 
has  a  minimum  for  some  value  of  flap  frequency.  If  that  flap  frequency  is  between 
zero  and  the  nominal  value,  then  flutter  may  occur  for  velocities  above  the  min¬ 
imum  flutter  velocity  and,  indeed,  the  minimum  flutter  velocity  for  the  present 
example  is  0.19.  From  nonlinear  theory,  one  may  determine  the  magnitude  of 
the  initial  disturbance  required  to  initiate  such  a  flutter  limit  cycle.  It  turns  out 
that  the  magnitude  of  the  initial  disturbance  required  to  initiate  the^  limit  cycle 
is  smallest  in  the  plunge  degree  of  freedom.  In  fact,  the  value  is  quite  small  in 
physical  terms,  h/25b  >  0.12.  For  typical  the  amplitude  of  the  plunge  initial 
displacement  required  to  initiate  the  limit  cycle  is  no  more  than  1%  of  the  airfoil 
half  chord,  6.  Thus  in  our  experiments,  we  able  to  apply  a  small  disturbance  in 
the  plunge  degree  of  freedom  to  readily  excite  the  limit  cycle. 

If  the  nominal  flap  frequency  is  decreased,  theory  suggests  a  larger  initial 
disturbance  is  required  to  excite  the  limit  cycle  below  the  flutter  velocity  predicted 
by  linear  theory  for  zero  flap  frequency.  This  observation  explains  the  difference  in 
results  between  those  reported  for  our  experimental  model  and  those  described  by 
Lacabanne  and  Humbert  in  [40]  for  an  experimental  model  with  a  flap  frequency 
well  below  the  pitch  frequency. 

Since  the  freeplay  is  in  the  flap  motion,  attention  is  now  focused  on  the  re¬ 
sponse  behavior  in  this  degree  of  freedom.  This  is  shown  as  a  (dimensional)  time 
series  in  Figure  11(a),  where  the  numerical  and  experimental  time  series  are  slightly 
phase  shifted  for  clarity.  One  second  of  data  is  shown  in  each  plot.  This  type  of 
behavior  then  gives  way  to  some  more  complicated  periodic  and  non-periodic  be¬ 
havior  at  about  one  third  of  the  linear  flutter  speed.  This  transition  region  is 
characterized  by  oscillatory  behavior  that,  although  having  roughly  the  same  en¬ 
ergy  (in  terms  of  RMS)  as  the  periodic  response,  has  a  much  greater  variety  of 
frequency  content  and  appears  significantly  more  noisy.  The  region  between  the 
vertical  dashed  lines  in  Figure  10  contains  this  interesting  transitional  behavior 
and  will  be  discussed  at  greater  length  later  in  the  paper. 


For  flow  rates  just  below  50%  of  the  linear  flutter  speed  a  subharmonic  re¬ 
sponse  occurs.  This  is  shown  as  a  time  series  in  Figure  11(b)  and  was  found  to  be 
robust  in  the  sense  that  this  response  was  the  only  outcome  for  a  variety  of  initial 
conditions  (studied  numerically  and  experimentally)  and  arbitrary  disturbances. 

At  about  55%  of  the  linear  flutter  speed  there  is  another  abrupt  change  in 
the  system  response.  The  low  frequency  limit  cycle  becomes  unstable  (rather 
suddenly)  and  a  high  frequency  response  occurs.  This  is  also  characterized  by 
a  sudden  drop  in  the  plunge  amplitude.  The  flap  amplitude  remains  relatively 
constant.  The  flap  time  series  for  this  type  of  response  is  shown  in  Figure  11(c)  at 
73%  of  the  linear  flutter  velocity.  Tests  were  not  conducted  for  flow  rates  greater 
than  93%  of  the  linear  flutter  velocity  in  order  to  prevent  the  possibility  of  damage 
to  the  experimental  model.  It  is  seen  that  the  numerical  and  experimental  results 
show  good  correlation. 

In  order  to  take  a  closer  look  at  these  various  responses  a  more  detailed  nu¬ 
merical  study  was  conducted.  Consider  the  response  at  21%  of  the  linear  flutter 
speed.  Figure  12  shows  the  (dimensional)  results  of  a  numerical  simulation  with 
all  three  degrees  of  freedom  shown.  In  Figure  12(a,c,e)  a  phase  projection  (i.e., 
position  versus  velocity)  illustrates  the  nature  of  this  response.  This  is  also  con¬ 
firmed  by  the  power  spectrum  in  Figure  12(f):  it  is  by  no  means  simple  harmonic. 
Figure  13  shows  a  similar  set  of  (nondimensional)  numerical  results  but  now  at 
a  nondimensional  flow  rate  of  49%  of  critical.  The  motion  is  now  aperiodic  and 
the  broadband  nature  of  the  power  spectrum  (Figure  12(f))  suggests  a  chaotic 
response.  At  a  comparable  flow  rate  the  experimental  model  exhibited  what  aj>- 
peared  to  be  an  increased  amount  of  noise  [27]. 


II-6,  Stability  of  the  Limit  Cycles 

The  stability  of  these  limit  cycles  can  be  assessed  in  the  following  manner.  A 
system  oscillating  in  a  steady-state  by  definition  passes  through  a  point  in  the 
phase  space  once  every  period  of  the  motion.  If  this  stable  cycle  is  perturbed 
then  the  induced  transient  will  return  to  the  limit  cycle.  An  unstable  cycle  will 
be  characterized  by  the  movement  of  transients  away  from  the  fixed  point.  If 
the  size  of  the  perturbations  is  small  then  the  local  transient  dynamics  can  be 
described  within  a  linear  framework  (i.e.  a  finite  difference  approximation  to  the 
Jacobian  of  the  dynamical  system),  from  which  characteristic  multipliers  can  be 
extracted.  In  this  way  the  stability  of  a  limit  cycle  can  be  assessed  in  an  analogous 
manner  to  the  stability  of  an  equilibrium  point,  e.g.,  the  logarithmic  decrement 
has  often  been  used  in  linear  flutter  estimates.  Since  the  Poincare  sampling  is  a 
discrete  mapping  from  one  period  of  motion  to  the  next  the  condition  for  stability 
is  that  the  eigenvalues  must  be  less  than  one  in  magnitude.  Further  details  of  this 
approach  and  the  typical  instability  mechanisms  can  be  found  in  [27,  36]. 


Using  this  approach  consider  the  evolution  of  stability  properties  over  a  range 
of  flow  rates.  Figure  14(a)  shows  a  root  locus  of  the  characteristic  multipliers 
over  the  flow  range  from  19%  to  35%  of  critical.  Alternative  views  are  provided 
in  Figures  14(b)  and  14(c).  Each  state  variable  has  its  own  eigenvalue  and  the 
approach  to  a  magnitude  of  unity  can  be  clearly  seen  for  a  complex  conjugate 
pair.  This  corresponds  to  the  transition  from  periodic  to  quasi-periodic  behavior, 
which  can  be  seen  at  about  33%  of  the  critical  flow  velocity  in  Figure  10.  This 
is  typically  the  result  of  at  least  two  incommensurate  frequencies  influencing  the 
motion.  Hence  the  behavior  is  not  periodic  and  may  look  quite  random  as  a  time 
series.  However  the  Poincare  section  tends  to  exhibit  a  closed  curve  as  the  orbit 
gradually  passes  along  a  (toroidal)  surface  in  the  phase  space  which  is  effectively 
cut  by  the  Poincare  section  [31,  32].  This  effect  is  not  dissimilar  to  the  familiar 
beating  effect  in  some  linear  systems  with  adjacent  natural  frequencies.  Other 
stability  transitions  can  be  followed  in  this  way. 

Returning  to  the  range  of  flow  rates  referred  to  as  the  transition  region  it 
was  found  that  the  oscillations  in  this  regime  typically  did  not  correspond  to 
strictly  periodic  behavior.  The  results  reported  in  Figure  10  were  based  on  a  RMS 
measure  of  the  amplitudes  and  hence  tend  to  disguise  this  fact.  However  within 
the  transition  region  (for  both  the  experimental  and  numerical  results)  marked  by 
the  vertical  dashed  lines  a  variety  of  subharmonic,  quasi-periodic  and  even  chaotic 
behavior  was  observed  [31,  32].  This  is  primarily  based  on  the  numerical  results 
although  experimentally  it  was  clear  that  this  same  type  of  qualitative  behavior 
occurred,  but  due  to  noise  and  the  sheer  complexity  of  the  response  it  could  not 
be  observed  as  clearly  as  in  the  numerical  simulations.  A  typical  set  of  results 
is  shown  in  Figure  8  as  pitch  Poincare  projections.  ’A’  is  the  nondimensional  a 
normalized  by  the  freeplay  gap,  2  <J.  A  harmonic  response  would  have  produced 
just  a  single  point  in  this  projection.  When  quasi-periodic  behavior  appears  in  a 
nonlinear  dynamical  system  it  will  often  undergo  a  series  of  generic  bifurcations 
as  a  system  parameter  is  varied.  Here,  the  flow  rate  is  changed  (very  slightly)  and 
a  splitting  of  the  quasi-periodicity  into  two  distinct  branches  is  seen.  On  further 
(extremely  slight)  changes  in  the  flow  rate  the  Poincare  projection  has  broken  up 
into  a  classic  chaotic  geometry.  This  has  some  interesting  features  in  its  power 
spectrum  [39]. 


II-7,  Conclusions 

In  the  presence  of  a  region  of  freeplay  in  the  flap  motion  of  a  three-degree-of- 
freedom  typical  airfoil  section,  a  variety  of  pre-flutter  oscillatory  (limit  cycle)  be¬ 
havior  is  observed.  Experimental  results  show  good  agreement  with  numerical 
simulations  despite  the  relatively  simple  modeling  approach  used.  The  character 
and  stability  of  the  dynamic  responses  prior  to  the  complete  loss  of  stability  at  the 
flutter  boundary  are  assessed  using  techniques  from  dynamical  systems  theory. 
It  is  interesting  to  note  that  this  characteristic  behavior  can  be  expected  to  be 


present  whenever  significant  nonlinearities  are  present  in  an  aeroelastic  system. 


EPILOGUE 


The  advances  in  computational  and  experimental  laboratory  capability  combined 
with  new  understanding  of  nonlinear  dynamical  systems  has  led  to  more  complex 
and  more  accurate  mathematical  models  of  aircraft  and  rotorcraft.  These  models 
have  been  verified  by  experiment  and  now  offer  a  new  and  better  approach  to 
analysis  and  design. 
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Figure  1:  Physical  representation  of  a  flexible  rotor 
blade 


Figure  2:  Static  torque  vs  twist  angle  for  experimental 
model. 
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Figure  4(a)(b):  Limit  cycle  flutter  amplitude  vs  air¬ 
speed  with  parabolic  pitch  stiffness  nonlinearity,  (a)  for 
amplitude,  (b)  for  oscillation  frequency. 
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Figure  5:  Frequency  response  behavior  with  parabolic 
pitch  stiffness  nonlinearity 


Figure  3;  Photograph  of  root  support  mechanism  of  ex¬ 
perimental  model. 


Figure  6:  Flow  speed  vs  limit  cycle  flutter  amplitude 
ratio,  pr,  with  freeplay  nonlinearity  for  =  0°. 


Figure  7(a)(b):  Time  history 'of  chaotic  motion  with 
freeplay  stiffness  nonlinearity,  (a)  for  the  theory  ,  (b)  for 
the  test. 
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Figure  8:  (a)  Schematic  of  the  aeroelastic  typical  section 
with  control  surface,  (b)  structural  restoring  moment  for 
the  control  surface  (flap). 
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Figure  9:  (a)  Root-locus  plot  for  the  nominal  linear  sys¬ 
tem  (numerical)  as  the  freestream  increases  from  0  to  25 


m/s,  (b)  Variation  of  the  frequencies  with  freestream  ve¬ 
locity.  The  vertical  dashed  line  represents  the  linear  flut¬ 
ter  boundary,  (c)  A  numerical-experimental  comparison 
of  dynamic  characteristics. 
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Figure  10:  Numerical  and  experimental  normalized 
steady-state  RMS  amplitude  for  (a)  pitch,  (b)  flap,  (c) 
plunge,  and  (d)  frequency. 


Figure  12;  Phase  projections  (a,c  and  e)  dimensional 
lime  series  (b  and  d)  and  power  spectrum  (f),  based  on 
numerical  simulation  at  21% 


Figure  13:  Phase  projections  (a,c  and  e),  dimensional 
time  series  (b  and  d),  and  power  spectrum  (f),  based  on 
numerical  simulation  at  49%. 
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Figure  14:  Progression  of  the  Jacobiam  matrix  eigenval- 
ues  as  U  incteasss  from  19%  to  35%,  (a)  complex  plane 
(b)  real  and  imaginary  components,  (c)  amplitude  and 
phase. 


Figure  15:  Poincare  sections  in  pitch  for  various 
freestream  velocities:  (a)  38.36%,  (b)  38.42%,  (c)  38.46%, 
(d)  38.47%,  (e)  38.473%,  (f)  38.48%. 
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!•  Introduction 

The  problem  of  stabilizing  dynamical  nonlinear  systems  by  introducing  random  fluc¬ 
tuations  to  the  control  parameter  has  been  of  great  interest  to  physicists,  engineers 
and  mathematicians  (Ibrahim,  1997).  For  nonlinear  one  dimensional  systems  with 
widely  separated  time  scales,  Graham  and  Schenzle  (1982)  showed  the  possibility  of 
shifting  the  bifurcation  point  by  a  broad-band  multiplicative  noise.  The  classical 
problem  of  stabilizing  the  inverted  position  of  a  simple  pendulum  during  vertical 
support  oscillation  was  considered  by  Stoker  (1950),  Bogdanoff  and  Citron  (1965), 
Valeev  (1971),  and  many  others.  The  unstable  equilibrium  position  can  be  stabilized 
if  one  imposes  a  sinusoidal  support  motion  with  appropriate  amplitude  and  frequency. 
Bogdanoff  and  Citron  (1965)  observed  experimentally  that  it  was  not  possible  to 
stabilize  the  inverted  pendulum  with  Gaussian  random  noise,  regardless  of  the  exci¬ 
tation  spectral  shape.  However,  it  was  possible  to  stabilize  the  pendulum  for  brief 
intervals  with  Gaussian  random  noise  clipped  at  one  sigma  interval. 

Sethna  and  Orey  (1980)  examined  the  possibility  of  stabilizing  the  pendulum  by 
allowing  the  support  motion  to  be  sample  functions  of  a  stochastic  process  with  con¬ 
tinuous  spectrum.  By  using  the  averaging  method  they  showed  that  the  pendulum 
can  indeed  be  stable  in  the  inverted  position  when  the  support  motion  is  stationary  in 
the  wide  sense  and  has  a  continuous  spectrum.  This  result  was  confirmed  by 
Trussing  (1981),  who  proved  that  the  inverted  pendulum  can  be  stabilized  in  terms  of 
the  first  and  second  moments  if  the  support  motion  is  a  physical  white  noise. 
However,  if  the  excitation  is  a  mathematical  white  noise,  the  pendulum  cannot  be 
stabilized,  as  proved  by  Nevel'son  and  Khasminskii  (1966)  and  by  Nakamizo  and 
Sawaragi  (1972).  Khasminskii  (1980)  constructed  a  two-dimensional  unstable  sys¬ 
tem  that  can  be  stabilized  by  introducing  two  independent  white  noise  sources. 
Arnold  (1979)  presented  another  class  of  unstable  deterministic  system  which  can  be 
stabilized  by  applying  a  single  nonwhite  random  noise. 

The  present  work  deals  with  the  stabilization  and  response  transition  of  nonlinear 
hydroelastic  structures  subjected  to  random  hydrodynamic  excitations.  A  unified 


second-order  stochastic  averaging  approach  based  on  the  Stratonovich-Khasminskii 
limit  theorem  is  developed  to  predict  the  response  pdf,  stochastic  stability,  phase 
transition  (known  as  noise-induced  transition),  and  stabilization  by  multiplicative 
noise  in  one  treatment.  It  is  known  that  first-order  stochastic  averaging  fails  to  ac¬ 
count  for  inertia  and  stiffness  non-linearities  because  their  effect  is  lost  during  the 
averaging  procedure.  The  effect  of  such  nonlinearities  can  only  be  determined  by 
performing  a  second-order  averaging.  Second-order  averaging  has  not  been  widely 
used  among  dynamicists  apparently  because  it  requires  tedious  mathematical  manip¬ 
ulations.  The  second-order  averaging  results  are  found  in  good  agreement  with  those 
estimated  by  Monte  Carlo  simulation.  Under  pure  parametric  random  excitation,  the 
stochastic  averaging  and  Monte  Carlo  simulation  predict  the  on-off  intermittency 
phenomenon  near  bifurcation  point,  in  addition  to  stochastic  bifurcation. 

2.  Statement  of  the  Problem 

The  dynamic  analysis  of  ocean  structures  involves  the  interaction  of  inertia  forces, 
elastic  forces,  and  hydrodynamic  forces.  Basically,  the  hydrodynamic  forces  induced 
on  structural  elements  are  nonlinear  and  a  combination  of  inertia  and  drag  contribu¬ 
tions.  The  hydrodynamic  forces  or  the  time  variation  of  the  system  parameters  are 
random  in  nature.  Figure  1  shows  an  elastic  beam  of  length  L  and  carries  a  mass  M 
at  the  top.  The  beam  is  subjected  to  two  types  of  excitations.  The  first  force  is  due 
to  hydrodynamic  loading  while  the  second  is  parametric  due  to  two  vertical  wave 
loads  which  can  take  place  as  a  result  of  the  heaving  motion  of  the  top  mass  as  it 
responds  to  the  seaway.  The  equation  of  motion  of  the  first  bending  mode  takes  the 
form  (Hijawi,  1996) 


Figure  1.  Schematic  diagram  of 
an  elastic  structure  subjected  to 
ocean  waves. 


Y'  +  Y  +  e(CY'  +  c,Y'^Y  -KjY’  -  X,qolqol  -  X2Sgn(qo)Y’^  +X3lqofV')  +  ^'eYW(T)  =.^X4qo  (1) 


where  Y  is  a  dimensionless  deflection  of  the  beam  at  its  free  end,  a  prime  denotes 
differentiation  with  respect  to  the  non-dimensional  time  x=o:t,t,  cq,is  the  first  mode 
natural  frequency,  e  =  D/L,  D  is  a  the  characteristic  width  of  the  structure,  is  the 
linear  damping  factor,  Cj  and  C2  are  the  coefficients  of  nonlinear  inertia  and  curva- 


ture,  respectively,  Xp  i=l,2,3,  are  the  coefficients  of  nonlinear  hydrodynamic  drag, 
X4  is  the  coefficient  of  inertia  hydrodynamic  force  and  W(t)  is  a  dimensionless 
white  random  process  representing  the  parametric  excitation  and  q^riu/ce^jD  is  a 
dimensionless  fluid  wave  velocity.  The  velocity  is  represented  by  the  output  of 
the  second-order  shaping  filter 


qo  +  2o^Cfqo  +  “?qo  =  ^W 


(2) 


where  is  a  dimensionless  filter  frequency  defined  as  the  ratio  of  the  filter 

frequency  to  the  system  natural  frequency  and  is  the  filter  damping  ratio  and  ^(x) 
is  a  zero  mean  white  noise  process  of  intensity  v .  The  power  spectral  density  and 
mean  square  of  the  process  qQ(x)  are,  respectively 


_ 1 _ ^ 

+  (2<¥0Cfr 


S,;,(C0)=(0^SJC0), 


The  average  value  /|qQ|\  can  be  calculated  by  using  the  pdf  of  the  linear  filter  (2) 


(4) 


where  a  is  the  variance  given  by  a  =  E[qo]*  More  realistic  shaping  filters  can  be 
used  to  model  the  wave  spectrum.  However,  the  second-order  filter  (2)  is  adopted  in 
the  present  analysis  for  the  sake  of  simplification. 


3.  Second-Order  Stochastic  Averaging 

The  solution  of  equation  (1)  has  a  similar  form  to  the  linear  solution  (e=0),  but  both 
amplitude  A(t)  and  phase  (p(x)=T+6(T)  are  slowly  varying  with  time,  i.e., 

Y  =  Acos  9,  Y’  =  -  A  sin  9  (5) 

introducing  (5)  into  equation  (1)  and  following  the  procedure  of  stochastic  averaging 
method  the  following  standard  amplitude  and  phase  equations  are  obtained 


/  A  \  ^  ff,(A,0,T)\  Jg„(A,0,T)  g,2(AAT) 

\  0’  /  “^\f2(A,0,T)  /  "^[g2i(A,0,T)  &2(AAt) 


q’oWl 

W(T)J 


(6) 


where  fi  and  f2  stand  for  drift  terms,  while  the  functions  gy  are  associated  with  diffu¬ 
sion  terms.  The  nonlinear  terms  in  fj  and  f2  will  contain  numerous  products  of  sine 
and  cosine  functions  with  phase  angle  9(1).  These  terms  may  be  expanded  into 
series  of  sine  and  cosine  functions  at  the  multiple  phase  angle  n9,  n=0,2,  4 .  We 


can  therefore  eliminate  the  oscillatory  effects  and  simplify  the  equations  of  motion 
by  introducing  the  near-identity  transformation 

A(t)  =  A(t)  +  £u(A,6,t)  ,  0(x)  =  0(x)  +  £v(A,0,x)  (7) 


where  A(x),(p(x)=0(x)+x,  and  0(x) stand  for  non-oscillatory  amplitude,  phase  angle, 
and  phase  shift,  respectively.  Differentiating  relations  (7),  equating  each  result  with 
the  corresponding  drift  functions  in  (6)  adding  the  contribution  of  the  diffusion  terms 
as  outlined  in  Hijawi,  et  ah,  (1997)  yields  the  average  equation  for  the  amplitude  A 

a'  =  CoA  +  C,  a  +  CjA^  +  v^2  Co  +  AA'  \M(x)  (8) 

where  Q  and  D2  are  coefficients  which  depend  on  the  system  parameters  and  excita¬ 
tion  statistics. 

Introducing  the  Hamiltonian  H  =  A^,  and  differentiating  fi  according  to  the  Ito 
formula  gives  the  averaged  equation 

H'  =  4Co  +  (2C,+Di)fl  +  2C3tf  +  y8CoFi  +  4Afi'  W((x)  (9) 


The  stationary  response  pdf  of  (9)  is 


p{h)=/:,(2Co+ah)’'  exp 


(10) 


where  k  =  -(|  +  2^-^) 


and  the  normalization  constant  is 


^^^.(-Q-exp(2C3(yA\  rta.x)=re-t-dt 


(11) 


r(a,x)  is  the  incomplete  gamma  function  which  is  monotonic  and  (for  a>l)  rises 


from  "near-zero*’  to  "near-unity"  in  a  range  of  x  centered  on  about  a-1,  and  of  width 
about  -/a.  Note  that  the  response  pdf  (10)  includes  the  effects  of  inertia  and  curva¬ 
ture  nonlinearities  of  the  structure  and  the  effects  of  two  components  of  the  hydrody¬ 
namic  forces  X3lqofY’  and  /^X4qQ.  However,  it  docs  not  capture  the  effect  of  the  two 
hydrodynamic  drag  components  -X^qolqol  ^i^d  -  X2Sgn(qo)Y*^  These  two  terms  only 

have  a  localized  effect  (in  time)  and  do  not  contribute  significantly  to  the  average 
behavior  of  the  system  over  a  long  period  of  time.  The  normalization  is  valid  pro¬ 
vided  Q  <  0  or 


(cj  -  5  Cj)  <  0 


(12) 


In  the  absence  of  hydrodynamic  forces  the  averaged  equation  is 
H  =  (2  C,*  +  Z);*)  H  +  2  c;  tf  +  Wl(x) 

where  q*  =e  {-i  ;  + 1  n  S^2)] ,  C3*  =e^  { ^  (c,  -  5  cj [; +71  S^2]]} .  Dj  = 

The  corresponding  stationary  pdf  is 

c:  3  .  ^  1 

c'  (  c'\^  ^  (c’ 

P(H)  =  /s:;h  exp(^H),  where  /r|^- 


The  normalization  constant  is  valid  only  under  the  two  conditions 


(i)  |4>o. 


(ii)  C:<0 


In  terms  of  the  system  parameters  the  first  condition  gives 


7tS^(2) , 


Figure  2  Dependence  of  the 
response  mean  energy  E[H] 
on  the  parametric  excitation 
level  for  e  =  0.005,  ^  =  4,  and 
C2=9. 
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Similarly,  the  second  condition  gives 


(c,-5c2)<0  (16b) 

Finally,  the  expression  of  the  mean  value  of  the  response  energy  is 


The  dependence  of  the  response  mean  square  E[H]  on  the  parametric  excitation  level 
is  shown  in  Figure  2  by  the  solid  curve.  Figure  2  also  shows  the  mean  energy  level 
as  predicted  by  Gaussian  and  non-Gaussian  closures  and  Monte  Carlo  simulation.  It 
is  seen  that  there  is  a  critical  excitation  level,  given  by  relation  (16a),  above  which 
the  response  mean  square  branches  to  a  non-zero  value.  This  level  corresponds  to 
the  well-known  ensemble  stochastic  stability  condition  of  dynamic  systems  paramet¬ 
rically  excited  by  a  white  noise.  The  bifurcation  point  predicted  by  second-order 
averaging  is  in  good  agreement  with  the  one  estimated  by  the  Monte  Carlo  simula¬ 
tion  (shown  by  solid  small  circles). 


4.  Noise-Induced  Transition  And  Stabilization  Problem 

Noise-induced  transition  implies  a  change  in  the  number  of  extrema  in  the  response 
pdf.  This  transition  will  be  examined  by  considering  the  averaged  equation  of  the 
response  amplitude  by  setting  the  external  excitation  to  zero  in  equation  (8) 


a'  =  C,‘  a  +  c;  a’  +  V*1(t) 

The  corresponding  stationary  pdf  is 


(18) 


2(^-1) 

P(A)  =  A:nA  exp(^A^)  . 


k;.=2- 


2 

d: 


^4- 


(19) 


In  terms  of  system  parameters  the  response  pdf  takes  the  form 

-  /  1  C 

p(A)  =  2(  -  |e(c,  -  5c,){  1  +  A 

X  exp  (|£(c,  -  5c2)(1  +  ^  "  7tS*(2)^ 


(20) 


Inspecting  this  result,  one  may  establish  the  following  three  different  response 
regimes,  depending  on  the  parametric  excitation  level  7cS^(2)/^: 


L  Zero  motion  given  for  all  excitation  levels  defined  by  the  range  0<7cS^(2)/i^<2. 


2.  Partially  developed  random  motion  (or  on-off  intermittency)  takes  place  for  all  exci¬ 
tation  levels  within  the  range  2<7tS*{2)/^<4.  Within  this  range  the  peak  of  the 
response  pdf  occurs  at  zero  response  amplitude,  as  detected  by  the  exponent  of 
A-  The  time  evolution  of  the  response  will  experience  a  sequence  of  zero  and 
non-zero  response  periods  (Ibrahim,  1997). 

3.  Fully  developed  random  motion  occurs  for  all  excitation  levels  exceeding  4,  i.e., 
when  7cSv^2)/^>4.  This  regime  is  characterized  by  continuous  random  motion  and 
the  peak  of  the  response  pdf  will  be  shifted  from  zero  amplitude. 
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Figure  3  Response  amplitude  pdf  for  different  values  of  excitation  level 


The  response  pdf  p(A)  is  shown  in  Figure  3  for  different  parametric  excitation  levels 
”S*(2)/^  .  Note  that  both  on-off  intermittency  and  noise-induced  transition  cannot  be 
predicted  by  estimating  the  response  moments  because  the  moments  eliminate  a  lot 
of  information  about  the  state  of  the  system.  The  appropriate  indicator  of  a  transition 
is  the  extrema  of  the  pdf  which  is  obtained  from  the  condition  dp(S)/dA  =  0 .  The 
on-off  intermittency  can  only  be  uncovered  by  using  Monte  Carlo  simulation  or 
experimental  tests  (Ibrahim,  1991).  The  extrema  of  the  response  stationary  pdf,  are 
determined  from  the  condition 


a,(A)- 


2  dA 


=  0 


Substituting  for  a,{A)  =  C,*  A  +  Cj  and  b,i(A)  =  A*  A^  (21)  becomes 


(21) 


ClA^-A{[i-C^)  =  0 

This  equation  has  three  solutions  given  by  the  roots 


(22) 


A,  =  0 .  Aj.,  =  ±  (23a) 

In  terms  of  system  and  excitation  parameters  these  roots  are 

A,  =  0,  =  4(4  -  ^^)/{E(c,  -  5c,)[l  +  }  (23b) 

For  (C|-5c2)>0,  there  is  only  one  peak  of  the  response  pdf  at  Ai=0  as  long  as 
tcS^(2)/^<4.  Above  this  level  a  transition  of  the  response  pdf  takes  place  and  the 
peak  is  determined  by  the  second  root  of  (23b).  A  transition  to  the  peak  Aj  takes 
place  due  to  the  multiplicative  noise  and  its  value  depends  on  whether  the  net  value 
of  the  nonlinear  inertia  and  stiffness  expression  (q-Scj)  is  greater  or  less  than  zero. 
A  bifurcation  diagram  showing  the  dependence  of  the  extrema  on  the  excitation  level 
is  shown  in  Figure  4.  It  is  seen  that  7iS^(2)/^=4  separates  between  the  extrema  of 
positive  and  negative  nonlinear  parameter  (Ci-5c2)-  Figure  4  reveals  the  stabilization 
effect  of  the  multiplicative  noise  on  the  originally  unstable  system  when  (ci~5c2)only 
assumes  positive  values. 


Figure  4.  Bifurcation  diagram  showing  stabilization  for  soft  nonlinear  system 

The  Monte  Carlo  simulation  time  history  records  arc  processed  to  estimate  the  pdf 
and  power  spectra.  Figure  5  shows  typical  pdf  plots  for  excitation  levels 


7:Sw(2)/^ =1.875,  3.0,  4.0,  and  6.25,  respectively.  The  response  pdf  for  the  zero 
response  motion  is  a  delta  Dirac  function,  while  the  one  corresponding  to  intermit- 
tency  displays  a  peak  at  zero  amplitude  where  the  sharp  delta  peak  is  broadened. 
For  a  fully  developed  motion  the  response  pdf  is  non-Gaussian  whose  peak  at  zero 
amplitude  is  reduced  and  is  broadened  over  large  amplitudes  at  the  tails.  For  excita¬ 
tion  level  4  there  is  a  transition  in  the  response  pdf  characterized  by  a  zero  slope  at 
A=0.  This  feature  was  also  predicted  analytically.  As  the  excitation  level  increases 
the  response  will  have  a  peak  at  A=6,0  which  is  in  agreement  with  second  order 
averaging  as  given  by  relation  (20).  The  estimated  response  power  spectra  corre¬ 
sponding  to  different  values  of  excitation  levels  have  peaks  which  increase  as  the 
excitation  level  increases  and  are  shifted  to  the  right. 


Figure  5.  Response  amplitude  pdf  as  estimated  by  Monte  Carlo  simulation 

6.  Conclusions 

Unstable  dynamical  systems  dominated  by  nonlinear  inertia  can  be  stabilized  by 
imposing  parametric  random  excitation.  The  excitation  acts  as  a  source  of  positive 
stiffness.  If  the  system  is  dominated  by  nonlinear  stiffness,  the  parametric  excitation 
will  destabilize  the  system.  This  has  been  demonstrated  using  the  second-order 
stochastic  averaging  method.  The  method  is  capable  in  predicting  stochastic  phe¬ 
nomena  associated  with  noise-induced  transition  such  as  stochastic  stability,  on-off 
intermittency,  and  transition  of  the  peak  of  response  pdf. 
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1  Abstract 

Since  1977  [27]  various  studies  have  been  conducted  to  analyse  the  dynamics  of  aircraft 
using  continuation  schemes  and  bifurcation  analysis,  [1-5,7-29],  The  technique  has  not, 
however,  been  adopted  as  an  engineering  tool  in  &ie  indus^.  Having  performed  a  review 
of  previous  work  the  authors  have  applied  bifurcation  analysis  to  an  industrial  scale  air¬ 
craft  model  [26],  The  technique  is  shown  to  locate  and  identify  key  changes  in  the 
dynamic  behaviour  of  the  aircraft  as  its  flight  controls  are  varied.  The  issues  facing  the 
aircraft  industry  in  implementing  this  technique  are  raised  and  a  set  of  software  improve¬ 
ments  suggested.  With  these  improvements  the  technique  could  be  made  into  an  engi¬ 
neering  tool  with  important  benefits  to  industry. 


2  Background  to  Aircraft  Dynamics  and  Modelling 

An  aircraft  has  6  degrees-of-freedom,  giving  a  12  state  dynamic  problem,  4  of  these 
states  (the  spatial  position  of  the  aircraft  and  its  heading  angle)  do  not  effect  the  dynamic 
behaviour  of  interest.  The  remaining  8  phase  space  variables  are  (Figure  1): 

3  rotational  rates: 

p  roll  rate  (about  the  longitudinal  axis) 
q  pitch  rate  (about  the  transverse  or  lateral  axis) 
r  yaw  rate  (about  the  directional  or  vertical  axis) 

3  states  relating  the  aircraft  to  the  velocity  vector: 

V  total  aircraft  velocity 

a  angle-of-attack:  angle  between  the  symmetric  (longitudinal)  component  of  veloc¬ 

ity  and  the  aircraft’s  longitudinal  axis. 

P  angle-of-sideslip:  angle  between  the  plane  of  symmetry  and  the  velocity  vector. 

2  Euler  angles  describing  the  aircraft  orientation  relative  to  the  gravity  vector: 

0  pitch  attitude 

(j)  roll  attitude  (bank  angle) 


//v 


The  rigid-body  equations  of  motion  are  nonlinear  due  to  inertial  effects.  In  addition  the 
equations  include  the  total  aerodynamic  forces  and  moments  acting  on  the  aircraft.  The 
aerodynamic  forces  and  moments  are  typically  generated  from  a  nonlinear  model  in  the 
form  of  multiple,  multi-dimensional  interpolation  tables.  These  tables  are  usually  con¬ 
structed  from  empirical  data.  Adding  a  control  system  adds  to  the  number  of  states  of  the 
problem.  In  addition  a  control  system  may  result  in  degenerate  solutions  (an  infinite 
number  of  solutions  for  the  same  control  parameter  setting),  [1,5,15,17,28]. 

Usually  an  aircraft  will  fly  in  a  stable  equilibrium  state  corresponding  to  steady  level 
flight,  or  a  steady  banked  turn.  In  typical  steady  turns,  values  of  a  will  be  moderate  (0  to 
20  deg),  values  of  P  will  be  small,  and  p,  q,  and  r  will  be  steady.  Other  equilibrium  states 
usually  exist:  a  ‘stair  in  which  the  airflow  over  the  wing  is  detached  and  turbulent  is  an 
equilibrium  state  characterised  by  large  a  (>20  deg)  and  low  speed.  A  ‘spin’  may  also  be 
an  equilibrium  state.  A  ‘spin’  is  a  multi-axis  rotation  of  an  aircraft  with  a  stalled  wing. 
Spins  rnay  exhibit  various  characteristics  but  typically  are  characterised  by  excessive 
yaw  rates  and  moderate  to  very  high  angles-of-attack  (30-  90  deg).  Bifurcation  analysis 
has  often  been  used  to  analyse  spins,  [2-4,7,13,16,17,21,29]. 

In  combat  aircraft  the  most  common  periodic  (limit  cycle)  behaviour  is  ‘wing  rock’.  This 
consists  of  a  lateral  oscillation  with  a  period  of  about  2-3  seconds.  The  oscillation  may 
develop  at  moderate  angles-of-attack  (before  stall),  and  is  an  undesirable  characteristic. 
Bifurcation  analysis  has  also  been  used  to  analyse  wing  rock,  [2,5,8,15,16,20,28,29]. 
Spins  may  also  be  oscillatory  in  nature. 


3  The  ‘Harrier’  Model 

The  British  Aerospace/McDonnell  Douglas  Harrier  II  has  been  chosen  for  this  study.  It  is 
known  to  exhibit  a  wide  range  of  dynamic  behaviour  and  a  complete  nonlinear  simula¬ 
tion  model  is  available.  In  the  current  study  the  stability  augmentation  system  has  not 
been  modelled,  but  the  auto-flap  system  has  been  included.  The  aerodynamic  model  for 
the  Harrier  consists  of  over  half  a  million  data  points  contained  in  56  to  130  tables 
(depending  on  configuration)  of  2,  3  and  4  dimensions.  This  is  representative  of  the  com- 


plexity  of  aircraft  models  used  in  the  aircraft  industry.  The  AUT094  code  used  for  con¬ 
tinuation  is  unable  to  accommodate  linear  interpolation  of  these  tables,  hence  a  tensioned 
spline  algorithm  has  been  written  to  interpolate  1  and  2  dimensional  tables.  The  model 
therefore  has  been  simplified  by  limiting  tables  to  2  independent  variables:  neglecting 
second  order  effects.  All  analysis  has  been  performed  at  a  single  Centre  of  Gravity  (CG) 
and  inertial  condition.  In  practise  CG,  mass  or  inertia  may  be  varied  or  be  used  as  a  con¬ 
tinuation  parameter. 


4  AUT094 

The  AUT094  continuation  and  bifurcation  analysis  software  [6]  has  been  chosen  for  its 
availability,  zero  cost,  compatibility  with  existing  hardware  and  software,  and  the  com¬ 
prehensiveness  of  its  algorithms.  Certain  software  changes  had  to  be  made  to  the 
AUT094  code  in  order  to  run  with  models  containing  more  than  5  dimensions.  A  stan¬ 
dard  Newton  scheme  has  been  used  to  obtain  starting  solutions.  AUT094  is  a  generic 
program  and  the  user  must  set  36  parameters  to  define  the  problem  and  the  operation  of 
AUT094.  The  following  parameters  are  of  particular  importance: 

DSMAX:  the  maximum  allowable  pseudo-arclength  step  size  requires  setting  to  ensure 
convergence  with  acceptable  speed.  Values  ranged  from  0.5  to  0.01.  An  adap¬ 
tive  mesh  and  step  size  was  used  for  all  runs. 

ITMX:  this  sets  the  number  of  Newton  iterations  for  accurate  location  of  bifurcations, 
it  was  set  high  at  50. 

NTST:  for  periodic  orbits  NTST  sets  the  number  of  mesh  points  for  the  collocation 

scheme  used.  NTST  must  be  as  small  as  possible  for  speed,  but  if  set  too  low 
resulted  in  the  continuation  scheme  reversing  direction  at  bifurcation  points.  A 
value  of  50  has  usually  been  used,  a  value  of  20  usually  being  too  low. 


5  Bifurcation  Analysis  of  the  Harrier  Model 

All  results  presented  are  with  the  horizontal  stabilitor  (|i),  the  longitudinal  (pitch)  con¬ 
trol,  as  the  continuation  (control)  parameter.  All  other  controls  have  been  held  constant 
(ailerons,  rudder,  thrust,  etc.).  On  the  bifurcation  diagrams  solid  lines  denote  stable  equi¬ 
libria,  dashed  lines  unstable  equilibria.  Solid  circles  denote  stable  periodic  solutions, 
open  circles  unstable  periodic  solutions.  Supercritical  Hopf  bifurcations  are  identified  by 
solid  squares. 

5.1  MAIN  EQUILmRIUM  BRANCH 

The  first  bifurcation  diagram,  Figure  2,  is  from  the  most  complete  model  analysed.  It 
shows  the  main  equilibrium  branch  which  corresponds  to  the  normal  flight  regime  of  the 
aircraft.  Here  2  of  the  8  state  variables  are  shown.  As  the  pilot  moves  the  stabilitor  (|i)  to 
negative  deflections  the  angle-of-attack  (a)  increases.  At  a  =  8  - 10  deg  is  an  unstable 
region  bounded  by  fold  bifurcations.  This  corresponds  to  a  small  aerodynamic  pitch 
instability  in  the  basic  aircraft  model. 
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Figure  2,  The  angle -of-attack  (a),  &  angle-of>sideslip  (P)  vs.  stabUitor:  main  equilibrium  branch 

Angle-of-sideslip  (P)  is  small,  as  expected  in  normal  flight.  It  is  non-zero  however,  due 
to  small  aerodynamic  asymmetries  included  in  the  model. 

The  Harrier  aircraft  has  a  spiral  mode  which  is  stable  in  the  dynamical  system  sense,  (but 
unstable  in  the  terminology  of  flight  dynamicists):  ie.  left  to  its  own  devices  the  aircraft 
will  enter  a  steady  downward  spiral.  Hence  the  three  rotational  rates  p,  q  and  r  are  all 
non-zero  but  under  10  deg/s  in  the  stable  region  of  Figure  2. 

The  main  equilibrium  branch  becomes  unstable  at  low  a  by  means  of  a  fold,  and  at  mod¬ 
erate  a  by  a  supercritical  Hopf  bifurcation  (H).  Further  analysis  concentrates  on  the 
dynamics  at  the  higher  angles-of-attack:  more  commonly  reached  during  aggressive 
manoeuvering. 

52  PERIODIC  SOLUTIONS 

The  following  of  the  periodic  orbit  arising  from  the  Hopf  bifurcation  at  moderate  a  has 
initially  been  performed  on  a  simplified  model.  This  simplified  model  gives  the  same 
qualitative  dynamics  as  the  more  complex  model  in  the  vicinity  of  the  Hopf  bifurcation. 
The  supercritical  Hopf  (H)  yields  a  stable  limit  cycle  which  almost  immediately  under¬ 
goes  a  couple  of  cyclic  folds  to  give  a  stable  periodic  solution  (X).  These  cyclic  folds 
result  in  an  effective  jump  to  an  oscillatory  state  as  the  pilot  increases  anglc-of-attack  by 
decreasing  |i.  The  maximum  values  of  two  state  variables  in  this  stable  periodic  solution 
are  shown  below  (Figure  3): 


Figure  3.  Peak  angle-of-sideslip  (p)  &  roll  rate  (p)  vs.  stabilitor 


In  the  simplified  model  the  jump  occurs  at  about  oc=17  deg.  The  resulting  oscillation  is  a 
lateral-directional  mode  characterised  by  high  roll  rates  of  30  to  50  deg/s.  The  period  is 
2.7  seconds.  Such  a  motion  is  known  as  ‘wing  rock’.  A  time  history  of  the  wing  rock 
development  for^the  same  two  state  variables  is  shown  in  Figure  4.  Harriers  can  exhibit 
such  wing-rock  behaviour  in  wind-up  turns  in  which  the  pilot  progressively  increases 
angle-of-attack.  Whilst  the  a  Irom  flight  tests  at  which  onset  of  wing-rock  occurs,  agrees 
well  with  the  above  analysis  such  wing-rock  is  not  usually  sustained  in  flight  and  com- 
panson  of  steady-state  characteristics  is  more  difficult.  However,  wing-rock  develops 
^en  the  complex  eigenvalues  corresponding  to  a  ‘dutch  roll’  mode  become  unstable, 
lue  frequency  of  dutch  roll  on  Harriers  is  typically  2-3  seconds:  this  agrees  well  with  Ae 
time  penod  of  the  wing  rock.  Indeed  it  is  through  bifurcation  analysis  that  the  link 
between  dutch  roll  and  wing  rock  was  conclusively  proven.[18] 
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Figure  4.  Angle-of-sideslip  (P)  &  roll  rate  (p)  versus  time  in  seconds,  following  the  Hopf 

The  above  example  demonstrates  how  continuation  and  bifurcation  analysis  may  be  used 
to  find  important  changes  in  an  aircraft’s  dynamic  behaviour,  and  focus  simulation  effort. 
In  return  the  simulation  demonstrates  how  slowly  (or  otherwise)  the  dynamic  behaviour 
changes  during  the  transient  motion. 

5.3  TOROIDAL  SOLUTIONS 

The  above  results  are  from  a  simplified  aerodynamic  model.  The  final  model  analysed 
contained  all  major  aerodynamic  terms  and  the  auto-flap  control  system  which  is  usually 
engaged  in  flight.  Following  the  resulting  periodic  orbit  with  this  more  comprehensive 
model  reveals  more  complex  behaviour. 

Again  a  pair  of  cyclic  folds  yields  a  jump  to  stable  wing-rock  (X),  the  magnitude  of 
oscillation  increasing  as  ^  is  decreased.  At  p.  =  -3.7  deg  (a  =  15.5  deg)  a  cyclic  fold  (F) 
gives  an  unstable  branch  which  eventually  doubles  back  via  another  cyclic  fold  to  give  a 
new  stable  periodic  branch  (Y)  but  with  much  increased  rotational  rates,  sideslip  and 
velocity  (Figure  5).  With  the  loss  of  a  locally  stable  solution  at  p  =  -3.7  deg  the  aircraft 
will  jump  to  the  new  periodic  solution  (Y)  as  the  control  is  moved  past  -3.7  deg.  This 
jump  is  shown  in  a  simulation  time  history  (Figure  6),  in  which  the  control  p  has  been 
varied  slowly. 

In  the  AUTO  software  it  is  not  currently  possible  to  record  the  minimum  value  of  each 
state  in  a  periodic  orbit  easily.  However,  for  asymmetric  motions,  as  is  the  case  here,  the 
minimum  state  value  may  have  greater  magnitude  and  importance  than  the  maximum 
value. 
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Figure  5.  Peak  angle-of-sideslip  (p)  &  roll  rate  (p)  for  multiple  periodic  solutions 


Figure  6.  Angle-of-sideslip  (p)  &  roll  rate  (p)  versus  time  in  seconds;  jump  between  periodic  solutions 

If  )i  (and  a)  is  increased  further  the  periodic  solution  becomes  unstable  -  via  a  secondary 
Hopf  bifurcation  (T)  to  a  torus.  This  behaviour  contains  two  periods,  one  very  close  to 
the  wing^rock,  2.7  seconds,  and  one  considerably  slower,  19.2  seconds,  (Figure  7).  Such 
toroidal  behaviour  has  been  demonstrated  before  in  aircraft  models  [9].  Plots  of  phase 
space  projections  illustrate  the  toroidal  nature  of  the  motion  (Figure  8). 


Figure  7.  Toroidal  motion  time  history 
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Hgure  8.  Toroidal  motion  phase  projection 


6  Benefits 

In  all  studies  of  this  application,  continuation  and  bifurcation  analysis  has  been  shown  to 
highlight  areas  of  interest  for  simulation  analysis.  It  provides  a  more  global  picture  than 
simulation:  one  which  sets  the  context  in  which  changes  in  dynamic  behaviour  may  be 
explained  and  understood.  Other  studies  have  begun  to  demonstrate  the  technique’s 
potential  for  control  law  design.  To  what  extent  therefore  would  the  technique  benefit 
industry? 

To  clear  an  ^craft  for  flight  test  requires  obtaining  as  close  to  a  global  and  complete  pic¬ 
ture  of  the  aircraft’s  dynamics  as  possible:  and  ensuring  that  this  behaviour  is  acceptable. 
Combat  aircraft  fly  in  a  large  phase  space.  Flight  condition  is  dependent  upon  altitude, 
Mach  number,  CG,  inertia,  and  external  stores  configuration.  There  are  multiple  control 
surfaces  which  may  be  moved  in  almost  any  combination.  Flight  clearance  is  currently 
performed  through  repeated  nonlinear  simulation.  It  may  typically  represent  about  60% 
of  the  total  aerodynamic  cost  of  a  project.  Over  40  man-years  may  be  spent  on  flight 
clearance  of  a  combat  aircraft.  Hence  a  reduction  of  say  30%  in  this  process  time  would 
save  in  excess  of  10  man-years  per  project.  Could  bifurcation  analysis  offer  such  a  sav¬ 
ing? 

The  software  may  be  developed  so  as  to  use  the  same  aircraft  model  as  the  simulation 
tool:  thereby  eliminating  additional  setting-up  costs.  One  may  therefore  consider  the 
ability  of  the  technique  to  reduce  the  amount  of  simulation,  and  analysis,  required.  Con¬ 
tinuation  of  equilibrium  branches  provides  insight  as  to  where  bifurcations  occur  and  the 
qualitative  dynamics  to  be  expected.  Such  a  knowledge  could  potentially  save  of  the 
order  of  30%  of  simulation  time.  However,  such  a  saving  is  dependent  upon  certain 
improvements  to  the  software  used. 

Application  may  also  be  found  in  flight  control  system  design.  Control  law  design  is 
almost  exclusively  performed  using  linear  design  methods:  whether  classical  or  modem 
control  techniques.  Problems  often  arise  when  control  laws  are  implemented  within  a 
nonlinear  model.  Nonlinear  simulation  is  the  principal  tool  for  analysing  nonlinear  con¬ 
trol  systems.  Bifurcation  analysis  may  be  applied  to  both  preliminary  control  law  layout 
and  to  detmled/corrective  design.  In  the  first  of  these  applications  studies  have  focused 
on  using  bifurcation  analysis  in  comparing  the  use  of  control  effectors  or  feed-back 
schemes  when  multiple  options  exist  [23,24,29].  The  aim  is  to  compare  the  effect  of  dif¬ 
ferent  schemes  on  the  stability  of  the  aircraft:  ie.  its  bifurcational  behaviour. 


In  the  second  potential  application  the  technique  may  be  used  to  aid  design  of  a  control 
law  to  address  a  specific  problem  area.  An  example  would  be  a  wing-rock  suppression 
system  [29],  or  a  spin-prevention  system.  In  such  cases  the  efficacy  of  the  potential 
scheme,  and  its  impact  on  the  global  dynamics  of  the  aircraft  may  be  checked. 

7  Developments 

The  following  amounts  to  a  specification  for  an  ‘ideal’  software  tool  which  would  be 
suited  to  use  in  industry. 

7.1  SOFTWARE  CONTROL 

If  the  tool  is  to  be  used  for  flight  clearance  of  aircraft  it  must  be  both  validated  and  con¬ 
figuration  controlled. 

7.2  CONTINUATION  SCHEME 

The  pseudo-arclength  continuation  method  used  in  AUT094  is  unsuitable.  A  robust  con¬ 
tinuation  method  is  required  which  converges  for  non-smooth  systems:  that  is  for  models 
with  linearly  interpolated  aerodynamics  and  discontinuities  such  as  rate  and  amplitude 
limits.  Such  schemes  are  being  incorporated  into  other  software  packages  (KRIT),  and 
have  been  used  successfully  on  aircraft  models,  [1,10].  Ultimately  the  software  should  be 
compatible  with  the  same  aircraft  model  which  is  used  for  nonlinear  simulation. 

7.3  SPEED 

For  this  study  AUT094  was  run  on  an  SGi  Iris.  This  gave  acceptable  performance  for 
equilibria  paths  but  was  too  slow  for  periodic  solutions.  A  typical  periodic  branch  took  2- 
4  hours  to  compute.  Considering  that  a  complete  aircraft  model  may  be  2  to  3  times  as 
large,  run  times  are  ‘over-night’.  By  far  the  greatest  computational  time  (67%)  was  spent 
in  interpolation  of  aerodynamic  tables.  A  further  87c  was  spent  on  pivoting  and  Gaussian 
elimination.  Speed  may  be  increased  by  being  able  to  use  linear  interpolation  and  opti¬ 
mising  the  search/interpolation  routines.  The  interpolation  task  is  also  highly  suited  to 
parallel  processing,  and  this  could  achieve  2  orders  of  magnitude  improvement  in  speed. 
Such  a  speed  increase  is  needed  as  the  software  is  best  used  interactively. 

7.4  COMPREHENSIVENESS 

AUT094  is  good  in  terms  of  its  ability  to  identify  all  bifurcations  of  interest;  its  restart, 
branch  switching  and  bifurcation  following  capabilities  are  all  required.  Some  improve¬ 
ments  would  include:  recording  maxima  and  minima  of  periodic  orbits  in  all  state  vari¬ 
ables  in  a  single  continuation  sweep;  the  ability  to  increase  the  dimensions  of  the  model 
must  be  straight  forward;  the  ability  to  control  the  output  of  information  is  important; 
and  the  versatility  of  the  graphical  output  needs  improving. 

7.5  EASE  OF  USE 

The  graphical  user  interface  (GUI)  of  AUT094  is  of  benefit.  However  the  program,  by 
reason  of  its  generality,  is  difficult  to  set  up  and  use  on  a  new  application,  without  prior 
experience.  Software  developed  for  industry  would  require  parameter  settings/guidclines 
specific  to  the  application. 


7.6  BASINS  OF  ATTRACTION 


Knowing  basin  boundaries  would  complete  the  picture  given  by  bifurcation  analysis. 
There  are  two  issues  however; 

1 .  How  easily  could  knowledge  of  basin  boundaries  be  used  to  aid  simulation/flight 
clearance,  or  control  law  design? 

2.  How  are  the  boundaries  to  be  calculated? 

The  first  issue  is  the  dominant:  for  an  un-augmented  aircraft  it  would  be  possible  to  look 
at  projections  in  all  8  state  variables  and  rapidly  determine  in  which  states  the  boundaries 
are  closest  to  the  equilibrium.  This  would  give  a  ‘manoeuvre’  boundary  within  which  the 
aircraft  would  not  jump  to  a  different  steady  state  solution.  For  an  aircraft  with  control 
augmentation  the  number  of  states  increases  rapidly  and  the  picture  may  become  too 
complex. 

Basins  of  attraction  may  be  determined  via  ‘carpet  bombing*  techniques  [10]  but  this  is 
computationaly  inefficient.  Further  research  is  required  to  look  at  ways  in  which  bound¬ 
aries  may  be  rapidly  estimated  to  sufficient  accuracy. 

7.7  EXPERIENCE 

Two  decades  of  experience  in  this  application  have  been  gained,  but  this  experience 
needs  to  develop  in  two  ways: 

1)  More  experience  is  required  on  the  application  to  large  aircraft  models  with  complex 
control  systems  within  an  industrial  environment.  A  control  system  increases  dimensions 
and  complexity  and  gives  rise  to  additional  problems:  multiple  solutions  for  the  same 
control  parameters;  speed  of  computation;  finding  all  solution  branches. 

2)  Engineers  in  industry  often  face  a  terminology  gap  in  the  application  of  modem  non¬ 
linear  dynamics  theory  applied  to  aircraft  dynamics.  The  technique  has  to  be  both 
explained  and  demonstrated  to  be  beneficial,  for  it  to  be  adopted  by  industry. 


8  Conclusions 

The  auAors  have  found  that  bifurcation  analysis  provides  an  insight  into  an  aircraft’s 
dynamic  characteristics  which  is  both  different  from,  but  complementary  to,  nonlinear 
simulation.  The  technique  has  clear  abilities  to  trace  out  all  the  trim  states  of  an  aircraft, 
and  locate  and  identify  qualitative  changes  in  its  dynamics.  These  abilities  may  be  used 
to  reduce  the  amount  of  simulation  time  required  to  clear  an  aircraft  for  flight.  They  may 
also  be  useful  aids  to  control  law  design.  Due  to  the  large  cost  of  both  these  aspects  of  an 
aircraft  project  there  is  an  incentive  to  develop  the  tecluiiques  and  software  in  order  to 
provide  a  beneficial  tool  for  industry.  After  two  decades,  it  is  time  for  the  industry  to 
have  an  input  into  future  development  of  the  technique  and  its  software,  and  ultimately  to 
assess  the  technique,  and  hopefully  benefit  from  it. 
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1.  Introduction 

In  this  paper,  we  study  certain  gyroscopic  and  aeroelastic  systems  near 
resonances,  subject  to  internal  damping,  symmetry-breaking  and  time  pe¬ 
riodic  perturbations.  The  interplay  between  these  three  effects  results  in 
a  variety  of  local  and  global  bifurcations.  This  paper  deals  with  obtaining 
new  bifurcation  results  for  fairly  general  nonlinear  gyroscopic  and  aeroelas¬ 
tic  systems  using  the  method  of  normal  forms,  global  bifurcation  techniques, 
and  various  other  dynamical  systems  tools.  While  deriving  these  equations 
of  motion,  many  in  the  past  have  neglected  some  nonlinear  terms  as  in¬ 
significant  which,  in  fact,  may  completely  change  the  bifurcation  behavior. 
In  both  gyroscopic  and  aeroelastic  systems  it  is  the  nonlinear  dissipative 
terms  that  can  change  the  behavior,  and  it  is  essential  to  carefully  model 
these  terms  in  the  physical  problems.  For  general  nonlinear  gyroscopic  and 
aeroelastic  systems,  we  present  these  effects  as  various  bifurcation  results 
due  to  symmetry-breaking  imperfections.  In  the  case  of  the  gyroscopic  sys¬ 
tems  the  symmetry  is  broken  by  the  addition  of  imperfections  while  for 
general  aeroelastic  systems,  the  reversible  symmetry  is  broken  by  the  addi¬ 
tion  of  unsteady  aerodynamic  terms.  We  also  determine  parameter  regions 
where  homoclinic  foci  exist,  which  may  give  rise  to  Silnikov  phenomena, 
depending  on  the  linearized  eigenvalues.  In  a  mechanical  system,  such  phe¬ 
nomena  may  lead  to  large  amplitude  oscillations  leading  to  catastrophic 
failure  or  persistent  small  amplitude  motions  leading  to  structural  fatigue. 
In  this  paper  we  shall  present  two  important  classes  of  problems  for  which 
some  global  methods  can  be  applied  to  detect  such  behavior. 
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2.  Gyroscopic  System 

A  gyroscopic  system,  in  the  absence  of  damping,  is  Hamiltonian,  and  the 
spectrum  of  its  linearization  at  an  equilibrium  is  symmetric  with  respect 
to  both  real  and  imaginary  axes.  The  necessary  condition  for  stability  is 
that  the  spectrum  lies  entirely  on  the  imaginary  axis.  In  generic  situations, 
simple  eigenvalues  remain  on  the  imaginary  axis  under  parameter  perturba¬ 
tions.  However,  multiple  (coincident)  eigenvalues  split  and  leave  the  imag¬ 
inary  axis.  Generic  eigenvalue  movements  are  modified  by  the  presence  of 
symmetries,  such  as  spatial  reflections  or  rotations.  Instabilities  in  families 
of  symmetric  Hamiltonian  systems  are  affected  by  their  symmetry  type. 

Almost  all  mechanical  and  structural  systems  have  inherent  imperfec¬ 
tions  which  break  the  symmetry  and  can  give  rise  to  both  local  and  global 
changes  in  the  dynamics  of  the  system.  Such  symmetry-breaking  causes  a 
pair  of  eigenvalues  to  split  at  the  origin,  causing  instability.  We  study  the 
combined  effects  of  symmetry-breaking  imperfections,  damping,  and  forc¬ 
ing,  all  of  which  are  weak,  on  the  nonlinear  dynamics  of  a  gyroscopic  system. 
Thus,  we  treat  the  problem  as  a  nearly  Hamiltonian  system,  making  use  of 
the  many  results  available  for  Hamiltonian  systems. 

2.1.  EQUATIONS  OF  MOTION  AND  SYMMETRY 

For  most  of  the  gyroscopic  problems  encountered  in  engineering,  such 
as  rotating  shafts,  supported  pipes  conveying  fluid,  etc.,  the  discretized 
equations  of  motion  in  the  neighborhood  of  an  equilibrium  configuration 
can  be  written  in  the  form 

q  +  2Gq  +  Kq  +  VU{q)  +  Ci^q  +  F{q,  q)]  +  g,  t)  =  0,  (1) 

where  q  G  (d  >  2)  is  a  generalized  coordinate,  and  the  d  x  d  matri¬ 
ces  G,  and  A  represent  gyroscopic,  linear  stiffness,  and  linear  damping 
terms  respectively.  The  function  U{q)  is  a  general  polynomial  which  con¬ 
tains  higher-order  nonlinearities  in  the  potential  energy,  with  coefficients 
that  can  also  depend  on  loading  parameters.  The  vector  T  is  periodic  in 
t  and  represents  parametric  perturbations.  Fi{q^q)^  (t  =  1,2)  is  a  general 
polynomial  linear  in  g,  representing  nonlinear  dissipation.  In  the  absence 
of  dissipation  =  0),  equation  (1)  represents  a  conservative  gyroscopic 
system,  while  C  >  0  corresponds  to  the  gyroscopic  system  with  damping. 

Introducing  the  generalized  momentum  in  the  usual  way,  the  Hamilto¬ 
nian  equation  for  (1)  can  be  written  in  terms  of  a:  (9>p)  ^  R^^  2ls 

i  =  Ax  +  JDHi{x)  +  JDHt{x)  -  ^Bx  q-  /(x)],  (2) 


where 
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o  o  ■ 

-AG  A 


I  ■ 
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The  dx  d  matrices  C,  O  and  /  are,  respectively,  C  =  K  —  G^,  the  null  ma¬ 
trix,  and  the  identity  matrix.  The  nonlinear  conservative  terms  are  given 
by  JDHi{x)  while  the  linear  parametric  terms  are  represented  by  JDHt{x), 
where  Hi{q,p)  —  U{q)  and  Ht{q,p)  =  U{q,t).  In  the  types  of  applications 
that  we  are  concerned  with  in  this  paper,  the  nonlinearities  stem  from 
the  potential  energy,  such  as  strain  energy  due  to  stretching  and  bend¬ 
ing  of  elastic  elements  and  periodic  perturbations  stem  from  variation  of 
axial  loads  and  rotaion  speeds.  However,  there  are  many  examples  where 
Hi{q,p),  Ht{x)  are  also  functions  of  the  momentum  vector  p  €  To  this 
end,  we  assume  a  general  form  of  Hi  and  Ht  throughout  the  analysis.  The 
nonlinear  dissipative  terms  are  contained  in  f{x).  When  C  =  0)  the  Hamil¬ 
tonian  formulation  of  the  nonlinear  gyroscopic  system,  taking  advantage 
of  canonical  transformations,  reduces  a  significant  amount  of  algebra  and 
provides  a  better  insight  into  the  mathematical  structure  of  the  problem. 


2.2.  BEHAVIOR  OF  EIGENVALUES 

First,  we  consider  the  linear,  autonomous  Hamiltonian  system,  studied 
by  Nagata  and  Sri  Namachchivaya  [6].  In  the  absence  of  damping,  the 
system  is  Hamiltonian  and  the  governing  linearized  equations  reduce  to 

X  =  JSx  =  Ax,  (3) 

and  we  note  that  A  depends  on  system  parameters.  Since  we  are  interested 
in  the  stability  of  the  trivial  solution,  the  four  eigenvalues  of  A  can  be 
written  as 


For  the  linear  system  with  symmetry,  i.e.  w  =  cJi  =  uJ2,  the  eigen¬ 
values  reduce  to 

±  i{U  —  fl)  ,  -f-  fi)  (5) 

and  depending  on  the  system  parameters,  the  symmetric  problem  can  have 
one  of  three  critical  cases:  (1)  a  double  zero  eigenvalue  at  uJ  =  (2)  a  pair 

of  purely  imaginary  eigenvalues  of  multiplicity  two  (i.e.,  1:1  resonance)  ±if2, 
dbifi  at  ZJ  =  0,  or  (3)  four  zero  eigenvalues  at  uJ  =  =  0.  However,  in  this 

paper  we  only  address  the  double  zero  eigenvalue  case.  To  simplify  the  anal¬ 
ysis  and  capture  the  essential  dynamics  near  the  double  zero  eigenvalue,  we 
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introduce  a  small  bifurcation  parameter  +  =  ^  +  where 

fic  =  is  the  critical  value  of  Q  for  the  symmetric  problem.  In  addition, 
we  introduce  the  symmetry-breaking  parameter  (3  (chosen  to  simplify  cal¬ 
culation  of  the  linear  normal  form)  to  measure  the  deviation  of  the  system 
from  the  symmetric  case  (see  Nagata  and  Sri  Namchchivaya  [6]).  With  these 
parameters,  the  linear  matrix  A  has  eigenvalues 

±iyJ{2Q  -  Sf  + 

Note  that  the  system  is  stable  for  6  <  —(3^  unstable  for  -/?  <  S  <  (3^  and 
restabilized  for  6  >  (3.  Including  the  nonlinear  terms,  dissipative  terms,  and 
the  periodic  terms  and  applying  various  nonlinear  transformations  as  in  Na¬ 
gata  and  Sri  Namachchivaya  [6]  and  McDonald  and  Sri  Namachchivaya  [4] 
the  normal  form  for  a  damped,  forced  gyroscopic  system  for  the  subhar¬ 
monic  resonance  case  is  as  follows: 


(6) 


+ 


zhi  + 


iBo  +  C  (  ^{B\)  — 


ApFoV 

) 


Z1Z2Z2 


} 


i2  =  ^  {[-CAo  +  i  (20A  -  5)]  Z2  +  [0h  {iq,  -  (/r)]  22 


(7) 


+ 


Z1Z2Z1  + 


iCo  +  C  I  3^(C')  + 


AqFq 

2Q 


r)] 


where  A  is  a  detuning  of  the  forcing  frequency  from  a  critical  frequency  uq. 


2.3.  DYNAMICS  OF  THE  DISSIPATIVE  SYSTEM 


In  this  section,  we  study  the  dynamics  of  (6-7)  in  the  absence  of  forcing. 
The  zi-plane  {z2  =  0}  is  invariant  and  exponentially  attracting  in  a  neigh¬ 
borhood  of  the  origin,  so  we  need  only  study  the  dynamics  restricted  to  the 
Zi-plane,  which  are  described  by 


^CAq 

2Q 


2j2l. 


We  assume  A  7^  0.  If  >  0,  then  by  rescaling  21  — >•  21,  C  “A 

S  — >■  pS,  and  f  and  introducing  action  angle  coordinates  /  >  0  and 

^  €  5^  by  2i  =  \/7 e‘®  we  get 

7=  (5C-Ccos20-f-sin2fl)7-^2Co/^  0  = -<5 -f- (sin  20 -f  cos20 -F  7/.  (8) 
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where 


7  =  sgn(A)  =  ±1, 


1  /  Re  A 
|i|  V  Ao 


The  lowest  order  damping  terms  make  the  /-plane  exponentially  at¬ 
tracting.  However,  the  effect  of  damping  on  the  system  restricted  to  the 
/-plane  is  weak,  and  higher  order  damping  terms  are  required  to  obtain 
generic  and  structurally  stable  dynamics. 

Treating  <5  as  a  bifurcation  parameter  and  linearizing  about  the  fixed 
point  at  the  origin,  we  find  that  the  origin  is  a  sink  for  5  <  —  1,  a  saddle  for 
— 1  <  ^  <  1,  and  a  source  for  ^  >  1.  Thus  we  expect  bifurcations  to  occur 
at  5  =  — 1  and  ^  =  1.  To  check  this,  we  look  for  nontrivial  fixed  points. 
Solving  for  nontrivial  fixed  points  of  (8),  and  eliminating  6,  we  get 


-  2(1  -f  C'*)"'(7  -  +  (1  +  =  /3^  (9) 


which,  for  fixed  positive  is  the  equation  of  an  ellipse  in  the  ^/-plane.  We 
are  concerned  with  the  portion  satisfying  /  >  0.  The  ellipse  of  nontrivial 
fixed  points  intersects  the  axis  /  =0at5=— 1  and  5  =  1,  giving  pitchfork 
bifurcation  points.  If  7  =  -|-1,  then  the  solutions  bifurcate  supercritically 
from  /  =  0  at  both  5  =  — 1  and  5=1,  while  the  bifurcations  are  both 
subcritical  for  7  =  —1.  For  5  near  —1,  there  is  a  pair  of  bifurcating  solutions 
with  I  near  0  and  6  near  n/2  and  37r/2,  while  for  5  near  1,  there  is  another 
pair  of  bifurcating  solutions  with  /  near  0  and  B  near  0  and  tt.  Solving  (9) 
for  /,  we  obtain 


_  5(7  -  ±  \/K 

1  +  Ca‘^ 


A  =  (1  -h  C'a2)(l  -h  C"*)  -  4-  a)2 


and  A  is  positive  for  all  sufficiently  small  (^. 

Linearizing  (8)  about  the  nontrivial  fixed  points,  we  find  that  the  de¬ 
terminant  and  trace  of  the  linearization  are  given  by 

Det  =  ±IVA,  Tr  =  2C(5  +  2a/) . 


Thus,  if  7  =  -fl,  the  pair  of  solutions  bifurcating  from  /  =  0at5  =  — 1 
are  sinks,  at  least  near  the  bifurcation  point,  and  the  pair  of  solutions 
bifurcating  at  5  =  1  are  saddles,  and  conversely  if  7  =  — l.q  Secondary 
Hopf  bifurcations  {Tr  =  0,  Det  >  0)  can  occur  from  the  top  branch  of 
the  ellipse  (9)  if  it  intersects  the  line  /  =  — 5/2a  for  some  /  >  0.  For 
example,  if  7  =  -|-1  then  secondary  Hopf  bifurcations  occur  when  2a  > 
— (1  -f-  C^a)/(1  —  C^a^)  =  — 1  +  O(lCp).  We  discuss  the  results  in  terms 
of  the  branching  of  solutions  along  one-parameter  paths,  as  5  is  increased 
while  a  <  0  is  fixed.  For  small  values  of  |a|,  we  consider  the  one-parameter 
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Figure  1.  One-pjirameter  brcinching  diagram  for  7=1  and  Qc  =  0.33  <  a  <  0. 


bifurcation  diagram.  For  S  <  —I,  the  origin  is  asymptotically  stable,  i.e., 
a  sink.  At  S  =  —1,  indicated  by  the  point  1  on  the  5-axis  in  Figure  1, 
the  origin  undergoes  a  pitchfork  bifurcation.  At  point  2  on  the  5-axis,  a 
semi-stable  large  periodic  orbit  exists.  As  5  is  increased  through  the  value 
corresponding  to  the  point  2,  there  is  a  saddle-node  bifurcation  of  periodic 
orbits.  For  5  just  beyond  the  point  2,  there  is  a  pair  of  large  periodic  orbits 
with  unstable  inner  orbit  and  a  stable  outer  orbit.  While  the  outer  stable 
orbit  remains  qualitatively  the  same,  the  inner  unstable  orbit  shrinks  to 
form  a  homoclinic  orbit  at  the  point  3  on  the  5  axis.  Further  increase  of  5 
produces  a  pair  of  unstable  small  periodic  orbits  around  the  nontrivial  fixed 
points  while  the  large  stable  periodic  orbit  remains  qualitatively  the  same. 
The  small  pair  of  unstable  periodic  orbits  ceases  to  exist  at  the  point  4  on 
the  5-axis, and  this  represents  the  secondary  Hopf  bifurcation  point  obtained 
in  the  local  analysis.  Similarly,  we  can  find  a  local  bifurcation  diagram  for 
larger  values  of  |a|,  as  shown  in  Nagata  and  Sri  Namachchivaya  [6]. 


2.4.  DYNAMICS  OF  THE  FORCED  SYSTEM:  LOCAL  ANALYSIS 

The  normal  form  equations  for  a  damped,  forced  gyroscopic  system  for 
the  subharmonic  resonance  case  are  given  in  (6-7):  Since  the  damping  in 
the  second  mode  is  much  greater  than  that  in  the  first  mode,  we  can  show 
that  the  zi-plane  {z2  =  0)  is  invariant,  and  exponentially  attracting.  Thus, 
since  there  is  no  forcing  in  the  first  mode,  the  local  analysis  is  the  same  as 
for  the  autonomous  case,  studied  in  section  2.3. 
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2.5.  DYNAMICS  OF  THE  FORCED  SYSTEM:  GLOBAL  ANALYSIS 


When  the  damping  and  forcing  are  both  scaled  to  order  e,  an  integrable 
structure  is  obtained,  and  a  global  analysis  may  be  done  [8].  In  this  case, 
the  equations  of  motion,  in  action-angle  coordinates,  can  be  written  as: 

h  =  ^^^h{-qrCOs2<t>2  +  qiSin2<f>2)-^^  (11) 

Equations  (10)  may  also  be  written  in  terms  of  rectangular  coordinates 
(xi,X2)  to  avoid  singularities  in  some  calculations. 

The  unperturbed  system  possesses,  for  max(0,  %^)  <  h  <  a  2- 
dimensional  normally  hyperbolic  invariant  manifold  Mo,  given  by  Ado  = 
{i^,h,4>2)\x  =  io{h),h  €  T,0  <  02  <  2^-}  where  xo(^2)  is  a  saddle  point 
in  the  x-plane,  and  a  3-dimensional  homoclinic  manifold  F,  given  by  F  = 

|x^(f, /2),/2,02(t)f2.  (02)o)}>  where  x^{t,l2)  is  a  homoclinic  orbit  in  the 
x-plane.  This  homoclinic  orbit  is  given  by 


01  (t)  =  —  tan  ^  [a  tanh(6t)] 


h  (0  ~  ~  ^  ^  tanh(6t))j 


02 (t)  =  (02)o  +  <^At  +  I' A  tan  ^ 

Cl' 

where  the  constants  are  given  by: 


a  = 


1 


S  —  {3  —  jBo/2 
S  +  P-Boh 


\l-{S-p-Boh){S  +  p-Boh) 

4Q 


71  =  i  -  ^0^2) 

Ao  '  ' 

The  unperturbed  dynamics  on  the  manifold  Mo  are  given  by  the  12  and 
02  equations,  evaluated  at  the  saddle  Ii  =  0,  and  6  =  0,  i.e. 


UA 


2^X-8-\-Coh 


UA  = 


2Bo 

Ao 


/2  =  0 


<5 

4Q 


(13) 


A  resonance  is  said  to  occur  in  the  dynamics  on  Mo  for  a  value  of  I2 
such  that  02  =  0.  Thus,  a  resonance  occurs  when  I2  =  I2  = 
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For  the  non-resonant  case,  the  fixed  point  of  the  averaged  system  on  Mo 
has  a  fixed  point  only  at  /j  =  0,  which  is  on  the  boundary  of  the  manifold 
Mo-  This  violates  an  assumption  of  the  persistence  theorem,  since  points 
on  the  boundary  of  Mo  may  flow  out  of  the  perturbed  manifold  Me 

However,  we  can  obtain  results  when  /2  =  7^  as  in  Kovacic  and  Wig¬ 
gins  [2].  In  this  case,  the  manifold  Mo  persists,  and  we  can  examine  the 
dynamics  on  the  perturbed  manifold  Me  by  rescaling  to  slow  time  near  the 
resonance,  i.e.  12  =  1^  +  \/c»?i  t  =  \/tL  In  these  coordinates,  the  unper¬ 
turbed  system  on  Mo  has  center  fixed  points  at  go  =  (0,  (i^2)c)  and  saddle 
fixed  points  at  po  =  (0,  (<^2)s),  where 

(<f>2)c  =  ^  (<^9  +  nrr  -h  cos"*  (<f>2)s  =  ^  (<f>g  +  -  cos"*  , 

Si  =  ^  and  cos<f>q  =  Using  Bendixson’s  criteria  on  the  perturbed 
system,  we  can  determine  that  no  closed  orbits  exist  in  the  perturbed  sys¬ 
tem,  and  that  the  center  fixed  point  perturbs  to  a  hyperbolic  sink  in  the 
T)  —  <j>2  plane,  with  the  homoclinic  orbit  of  the  unperturbed  system  as  an 
approximation  to  the  domain  of  attraction  of  the  sink. 

We  now  find  conditions  under  which  the  hyperbolic  sink  is  connected 
to  itself  by  a  homoclinic  orbit.  This  homoclinic  orbit  exists  if  the  unstable 
manifold  of  (transverse  to  the  rj  —  4>2  plane)  transversely  intersects  the 
stable  manifold  of  the  annulus  Ac  centered  at  and  if  this  orbit  returns 
to  the  domain  of  attraction  of  the  sink  Whether  or  not  the  orbit  returns 
to  this  domain  is  determined  by  the  phase  shift,  A<f>2,  calculated  as 

4  JD  1 

A(f>2  =  <;i>2(oO,72,  (</)2)o)  -  4>2{-00,l2A<l>2)o)  =  "7^  -  (14) 

Ao  a 


The  intersection  of  the  unstable  manifold  of  ge  with  the  stable  manifold 
of  the  annular  resonance  region  is  determined  by  the  Melnikov  function. 
Simple  zeros  of  the  Melnikov  integral  define  parameter  values  at  which 
these  two  manifolds  intersect  transversely.  The  Melnikov  integral  is  then 


Sc{C0S  —  1)  -  ^*^2  -  2'Si  A^,) 


where 


Sc  = 


2<5i9r9.  ,  -  9? 


+ 


Figure  2  shows  a  plot  of  the  zeros  of  the  Melnikov  function  as  a  function 

of  0  <  <5i  <  1,  — 1  <  <  1.  and  ^4>2 
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<5 


Figure  2.  Zeros  of  Melnikov  func¬ 
tion  as  function  of  and  A<t>2 


Figure  3,  Phase  condition  for 
A<j>  =  5.0,  =  ~  is  satisfied  for 

<  .304 


Finally,  to  ensure  that  the  orbit  returns  to  the  domain  of  attraction  of 
9c,  a  phase  condition  must  be  satisfied.  Assuming  ^2(-”Oo)  =  (^2)0  and 
(^2)71  is  the  ‘‘nose”  of  the  homoclinic  orbit,  the  phase  condition  is  given  by 

(02)s  <  {(f>2)c  +  <  (02)n 

For  A0  =  5,  a  typical  value  for  the  phase  shift,  and  =  0)  we 

have  plotted  this  phase  condition  as  a  function  of  in  Figure  3.  In  this 
case,  the  phase  condition  is  only  satisfied  for  <  ,304 

We  can  interpret  these  results  for  the  case  of  a  rotating  shaft.  The 
manifold  Aio  represents  for  each  value  of  /2,  a  periodic  orbit,  i.e.  a  pure 
whirling  motion  of  the  shaft,  with  some  whirling  frequency  which  is,  in 
general,  unequal  to  the  rotation  frequency  of  the  shaft.  The  homoclinic  fo¬ 
cus  thus  consists  of  two  distinct  motions:  (1)  a  quick  excursion  away  from 
this  steady  whirling  motion,  and  (2)  an  asymptotic  approach  back  to  the 
whirling  motion.  The  existence  of  this  homoclinic  focus,  as  well  as  condi¬ 
tions  on  the  eigenvalues  of  the  linearization  of  the  perturbed  vector  field 
about  the  sink  9^,  are  sufficient  to  show  the  existence  of  chaotic  dynamics 
in  this  problem,  according  to  the  Silnikov  theorem  [8]. 

3.  Aeroelastic  Problem 

It  is  our  intention  to  study  a  fairly  general  model  for  the  panel  flutter 
problem.  We  take  the  general  partial  differential  equations  of  motion  in 
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terms  of  the  displacements  u,v  and  to  as  in  Dowell  [1],  assuming  a  two- 
dimensional,  isotropic  flat  plate  with  nonlinear  coupling  between  in-plane 
stretching  and  out-of-plane  bending.  The  supersonic  flow  over  the  panel 
generates  the  pressure  difference  Ap  with  respect  to  the  cavity  below  (which 
we  assume  is  deep  enough  not  to  have  a  significant  influence  on  the  panel 
response).  For  inviscid  high  supersonic  flow  regimes,  a  third-order,  quasi¬ 
steady  piston  theory  approximation  can  be  derived  as  an  estimate  of  Ap. 
Following  Lee  and  Sri  Namachchivaya[3],  applying  Galerkin’s  method  to 
the  resulting  partial  differential  equations  yields  the  following  system  of 
nonlinear  second  order  ordinary  differential  equations  (two  mode  approxi¬ 
mation): 

z  +  Kz  +  F{z)-\-[G^z-\-F^iz)]^0  (15) 


where 


K 


7A 


7 


2mim2(l-(-l)’"‘+'"=)  „ 

9  9  1  ^  ^ 


m 


2^2 


r 


In  several  respects,  Eq.(15)  contains  terms  that  have  not  been  consid¬ 
ered  in  previous  works.  Since  the  term  y/^XjM  is  small  (i.e.  0(6))  com¬ 
pared  to  the  other  coefficients,  Eq.(15)  is  separated  into  two  parts.  The 
linear  and  nonlinear  terms  Kz  +  F{z)  contain  some  aerodynamic  terms 
which  are  of  0(1)  and  all  of  the  terms  that  stem  from  the  nonlinear  panel. 
The  0(e)  aerodynamic  terms  are  given  by  G^z  -f  F^{z).  This  separation 
of  order  is  essential  to  the  subsequent  analysis.  We  can  rewrite  the  above 
second  order  equations  as  four  first  order  equations  in  the  state  variables 

Xj  —  2/2  ■*“  ^1)  2/3  ““  ^2)  2/4  ^2 


x{t)  =  Ai  -f  F(x)  -h  F'(a:) 


(16) 


where 


■  0  1  0  0  • 

.  — w?  0  7A  0 

0001 

— 7A  0  -(^2  0  . 

where  the  usual  normal  form  notation  is  used  as  in  Sri  Namachchivaya 
et  al.  [7]  and  the  nonlinear  coefficients  fijklm,  f^jkim  given  in  [3]  in 
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terms  of  various  system  parameters.  Global  analysis  may  be  possible  in 
the  presence  of  certain  symmetries,  which  reduce  the  dimensionality  of  the 
system  and  thus  simplify  the  analysis.  Reversible  dynamical  systems  are 
invariant  under  a  certain  spatial  transformation  accompanied  by  a  reversal 
of  time.  More  precisely,  consider  an  n-dimensional  autonomous  dynamical 
system,  x  =  f{x),  where  x  6  9?"  and  /  is  C°°.  This  dynamical  system  is 
defined  to  be  reversible  if  there  exists  a  transformation  of  the  state  variables, 
R,  such  that  R  =  R~^  and  the  equations  are  invariant  under  x  — >  Rx 
and  t  —t.  Reversibility  of  a  dynamical  system  is  entirely  dependent  on 
the  existence  of  a  transformation  R  which  satisfies  the  above  mentioned 
conditions.  For  the  panel  flutter  problem,  the  first  order  system  (given 
by  Eq.(16))  with  €  =  0,  i.e.,  the  corresponding  nondissipative  system  is 
reversible  under  the  transformation 

■  1  0  0  O' 

0-10  0 

0  0  10 

.0  0  0  -1 . 

Here  we  have  AR  +  RA  =  0,  and  RF{x)  +  F{Rx)  =  0  These  properties 
enable  us  to  reduce  the  original  system  considerably  thus  making  the  an¬ 
alytical  analysis  possible.  The  primary  task  is  to  determine  the  various 
instabilities  that  take  place  as  the  parameters  are  varied.  The  stability  of 
the  trivial  solution  can  be  completely  specified  by  examining  the  eigenval¬ 
ues  of  the  linear  operator  A.  The  equilibrium  has  a  pair  of  purely  imaginary 
eigenvalues  of  multiplicity  two  (i.e.,  1:1  resonance) 


Pi, 2  =  P3,4  = 


(17) 


when  Ac  =  and  we  only  present  the  results  pertaining  to  this  case. 

The  local  bifurcation  results  can  be  summarized  in  terms  of  two  nonlinear 
terms,  tts  and  representing  the  nonlinear  reversible  and  dissipative  un¬ 
steady  aerodynamic  terms  respectively,  and  the  three  unfolding  parameters 
Ml)  M2)  and  a.  In  the  analysis  the  effects  of  the  reversible  {^i)  and  non- 
reversible  unfolding  parameters  {a,  /12)  which  arise  from  linear  dissipative 
effects  have  been  incorporated 

Theorem  1  Non-degenerate  Case  Assuming  TT^d^a  ^  0,  there  are  zero, 
one  or  two  periodic  solutions: 


_  -  {P2dz  +  2a^TTz)  ,  2a\/D 

pc  ^  ^  db 


dfi 


dl 


^3®  T  (t  o\ 

Uc  =  -a,  Vc  = - - (18) 

«3 
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where 

D  =  d3  {1:3112  -  da/ii)  +  +  dfj 

Along  the  parabola 

B:  pI  +  4a^pi  -  0  (19) 

the  trivial  solution  loses  stability  through  a  Hopf  bifurcation  giving  rise  to 
one  or  two  periodic  solutions.  The  nontrivial  periodic  solution  undergoes  a 
saddle  node  bifurcation  along  the  line 

^  •  ^3  {'^31^2  ^3/^1)  +  (^3  +  ^3)  ”  0 

This  line  divides  the  parameter  space  into  regions  of  zero  periodic  solutions 
and  two  periodic  solutions.  Finally  the  periodic  solutions  undergo  secondary 
Hopf  bifurcation  along 

n  :  2a  (3D  +  7r3d3M2)  T  ^^3/i2^/D  T  Ua'^T:3-/D  +  4a^  +  27r|)  =  0(21) 

The  stability  of  the  bifurcating  2-torus  solutions  are  given  by  the  standard 
Hopf  formula. 
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CHAOTIC  OSCILLATIONS  OF  A  LOOSELY  SUPPORTED  TUBE  IN  A 
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M.P.  PAIDOUSSIS,  S.J.  PRICE  AND  N.W.  MUREITHI  t 
Department  of  Mechanical  Engineering,  McGill  University 
Montreal,  Quebec,  H3A  2K6,  Canada 


1.  Introduction 

At  sufficiently  high  flows,  tubes  in  tube-in-shell  heat  exchangers  (inch  steam 
generators  and  condensers)  are  subject  to  ‘fluidelastic  instability’.  This  self-excited 
flutter  phenomenon  has  caused  damages  in  the  $10®  range.  Typically,  the  tubes 
are  inverted-U  shaped  and  are  positively  supported  only  at  the  ends  of  the  U,  and 
generally  loosely  supported  elsewhere  by  baffle  plates  (TSPs)  or  flat  ‘antivibrktion 
bars’  (AVBs)  —  the  looseness  being  for  ease  of  assembly,  to  allow  thermal  expansion 
or  because  of  imperfections.  Thus,  theoretically,  a  tube  may  be  supported  at  A,  B,' 
C,. . . ,  K,  and  hence,  be  designed  against  fluidelastic  instability  for  spans  AB,  BC,  etc.' 
while  in  practice,  if  support  B  is  loose,  span  AC  may  easily  become  fluidelastically 
unstable;  the  oscillation  then  grows  till  impact  with  the  loose  support  occurs. 

It  has  been  shown  experimentally  for  so-called  ‘rotated  triangular’  tube  arrays, 
one  of  the  typical  tube  layout  geometries,  that  the  onset  of  fluidelastic  instability  is 
sensibly  the  same  whether  (i)  all  tubes  are  flexible  or  flexibly  mounted,  or  (ii)  only 
one  is,  while  the  rest  are  rigid  and  immobile.  Hence,  a  set  of  experimental-theoretical 
studies  have  been  undertaken  of  the  dynamics  of  a  flexibly  mounted,  loosely  supported 
tube  in  an  otherwise  rigid  array  in  cross-flow. 

Four  studies  have  been  conducted  at  McGill;  (a)  for  planar  motion  of  the  tube,  to 
model  impacting  with  AVBs,  revealing  a  period-doubling  route  to  chaos  [1];  (b)  a  two- 
degree-of-freedom  (2-d.o.f.)  model  of  the  motion  in  the  TSP  plane,  in  the  confines  of  a 
circular  baffle  hole  [2];  (c)  a  higher-order  model  of  a  flexible  tube  interacting  with  the 
baffle  [3,4].  Studies  (a)  and  (b)  are  theoretical,  while  (c)  is  combined  experimental- 
theoretical.  The  presentation  here  stresses  (b)  and  (c).  The  problem  has  also  been 
studied  by  others;  e.g.,  Axisa  et  al  [5]  and  Cai  k  Chen  [6]. 

2.  A  simple  2-d.o.f,  model 

In  the  simplest  possible  model,  based  on  the  observation  that  the  fluidelastic  vibration 
is  in  a  single  flexural  model  of  the  tube,  a  modal  approach  is  taken  in  which  the  motion 
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is  modelled  as  if  it  were  2-D;  i.e.,  as  if  the  tube  were  flexibly  supported  and  vibrating 
as  a  rigid-rod,  normal  to  the  tube  hole  (Figure  1).  The  equations  of  motion  then  are 


mix  ^cx  +  kx  -  +  Fxi ,  miy  +  q/  -f  =  Fy/  +  Fyi , 


(1) 


where  F^/  and  Fy/  are  the  fluid-dynamic  forces,  and  F,.-  and  Fy,-  are  the  impact  forces 
with  the  TSP. 


oos8s8p 


Flexible  cylinder  ^ 

Figure  1:  Cross-sectional  view  of  the  tube  array. 


According  to  the  Price  h  Paldoussis  model  [7],  Fx/  =  \p{UrlayDi  [Ci  sin  a  -\-Cd 
X  cos  a]  and  =  \p[UrlafD[  [Cl  cos  q  -  Cd  sin  q],  where  U,.  =  [{U  -  i)^  + 
is  the  approach  flow  velocity,  corrected  for  cylinder  motion,  U  being  the  velocity 
far  upstream;  Ur  la  is  the  approach  velocity  in  the  array,  with  a  =  T/(r  —  i£)), 
T  —  ~\/3F;  Q  =  sin“^(i//f/r)  is  the  motion-induced  angle  of  attack;  i  is  the  tube 
length  and  D  the  diameter;  Ci  and  Cd  are  empirically  determined  lift  and  drag 
coefficients,  available  in  maps  [2].  Defining  m  =  mfpD'^^  V  =  U/uJoDy  i  =  x/X), 
y  —  y/D  and  (  )'  =  d  (  )/dr,  r  =  a’of,  we  have  the  dimensionless  equations 

x'  +  ci'  +  X  =  Fxy  +  Fxi,  y"  +  cy'  -f  y  =  Fy/  +  Fyi ;  (2) 

=  {2ma})-y^  {{V  -  i'f  +  r]""  [v'Cl  +  {V  -  i’)Co]  ,  (3) 

and  similarly  for  Fyf.  In  this  quasi-steady  analysis,  it  is  supposed  that  there  is  a  time 
delay  At  between  motions  of  the  tube  and  the  full  development  of  forces  thereon,  so 
that 

Ciir)  =  Cl  (x{t  -  Ar),  y(r  -  Ar)) ,  Cd{t)  =  Cp  {x{r  -  Ar),  y(r  --  Ar))  ,  (4) 

where  Ar  =  pujDfU^  p  =  C^(l);  in  this  study,  p  =  I  always. 

The  nonlinear  forces  Fx,  and  Fy,-  in  equation  (2)  are  not  explicitly  calculated. 
Instead,  they  are  accounted  for  via  (i)  an  impact  model  for  the  radial  motion  and 
(ii)  a  Coulomb  friction  model  for  the  transverse  motion  of  the  tube  relative  to  the 
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Figure  2:  (a)  Bifurcation  diagram  for  in-flow  (x)  peak  amplitude  for  m  =  10,  6  = 
0.05,  Cr  =  0.08;  (b)  bifurcation  map  in  terms  of  V  and  e^,  showing  the  different 
motions  in  the  (x,  y)  plane  —  according  to  the  2-d.o.f.  model. 


support.  If  the  tube  velocities  before  impact  are  Ur  and  Ui  in  the  radial  and  tangential 
(to  the  hole)  directions,  and  Vr  and  Vt  those  after  impact,  then 

im  v?  =  (jm  ;  Vt  =  u,  -  Hfr{l  +  e)ur ,  v,  >  0  ,  (5) 

where  e  is  the  coefficient  of  restitution  and  /i/r  is  the  Coulomb  friction  coefficient. 

The  equations  are  integrated  numerically,  and  typical  results  are  summarized  in 
Figure  2,  where  Cj.  =  (clearance  gap)//);  these  arc  supported  by  time  traces,  PSDs, 
orbital  diagrams  and  Poincare  maps.  As  V  is  increased,  there  is  a  narrow  region  of 
weakly  chaotic  vibrations  [at  V  ^  0.35  in  Figure  2(a)];  they  are  associated  with  a 
chaotic  component  in  the  in-flow  motion  —  while  cross-flow  motion,  which  is  10-25 
times  larger,  is  predominantly  periodic.  For  higher  V",  the  system  becomes  effectively 
periodic,  undergoing  many  bifurcations  before  becoming  subject  to  generalized  chaos 
at  V  ~  1  —  but  at  lower  V  if  Cr  is  smaller  [Figure  2(b)].  The  bifurcation  V  0.6 
in  Figure  2(a)  involves  the  collapse  of  in-flow  motion  and  the  onset  of  figure-of-eight 
mainly  cross-flow  vibration.  This  is  accompanied  by  a  jump  in  the  in-flow  vibration 
frequency  —  practically  very  significant,  because  a  higher  impacting  frequency  is 
directly  related  to  higher  tube-material  wear  rates. 

Two  questions  arise:  (i)  how  close  to  reality  is  this  simple  model?  (ii)  what 
are  the  mechanisms  underlying  chaotic  oscillation?  The  answers  are  provided  via 
experiments,  a  more  refined  model,  and  analysis, 

3.  Experiments 

The  test  apparatus  is  mounted  in  the  260  mm  square  test-section  of  the  Kempf 
L  Remmers  water  tunnel.  (Figure  3).  A  single  flexibly-mounted  brass  cylinder  is 
located  in  the  midst  of  a  7-row  array,  with  8  or  9  cylinders  per  row.  The  cylinder 
diameter  D  =  12.7  mm,  with  a  smaller-diameter  extension  below  providing  the  flexible 
mounting.  At  its  upper  end,  the  test  cylinder  protudes  into  a  box-like  compartment; 
the  ‘impact  piece’  can  impact  on  a  cylindrical  ‘support  piece’,  in  air  or  water.  Different 
gaps  were  tested,  in  the  range  0.07  <  Cr  <  0.23,  where  ir  =  (gap)/D;  also,  different 
support-piece  materials.  All  tests  reported  here,  however,  involve  brass-on-brass  in¬ 
air  impacting.  The  in-air  natural  frequency  and  log  decrement  of  vibration  were 
cj  =  3S.3  rad/s  and  S  =  0.01;  the  mass  ratio  was  mj pD^  =  1.87.  Tube  motion  in 
two  orthogonal  directions  was  sensed  by  an  Optron  non-contacting  optical  motion 
follower,  providing  both  velocity  and  displacement  outputs.  Other  instrumentation 
included  a  digital  oscilloscope,  an  FFT  signal  analyzer,  an  analog  tape  recorder,  and 
an  on-line  computer. 

Typical  results  are  shown  in  Figure  4  for  V"  =  1.17  Vcj  1-47  V"c  and  1.91  Vc-  In 
agreement  with  the  simple  model,  cross-flow  motion  is  almost  periodic  and  is  not 
presented.  In  Figure  4(a),  for  V  a  little  higher  than  the  fluidclastic  instability 
threshold  (V"c),  the  motion  involves  single-sided  impacting  and  is  quasiperiodic, 
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Figure  3:  Schematic  of  the  model  in  the  water  tunnel. 


the  second  frequency  representing  the  time  interval  between  impacts;  however,  this 
time  interval  appears  to  be  random,  introducing  a  chaotic  component  in  the  response. 

For  V  =  1.24  14,  the  response  involves  double-sided  impacting  and  is  essentially 
periodic.  This  breaks  down  at  F  =  1.4314:  the  impacting  response  intermittently 
loses  stability,  breaking  down  into  complex  orbiting  motion  [see  Figure  4(b)].  The 
in-flow  motion  exhibits  bursts  of  amplitude  growth  during  the  orbiting  phase,  which 
are  apparently  random,  again  introducing  a  chaotic  component  in  the  vibration.  The 
time  interval  between  bursts  becomes  progressively  shorter  and,  for  V  =  1.6914, 
periodicity  has  vanished  completely  [see  Figure  4(c)]. 

The  experimental  bifurcation  diagram  (Figure  5)  is  in  qualitative  agreement  with 
the  2-d.o.f.  model.  In  particular,  we  have  low-F  weak  chaos  and  high-V  generalized 
chaos,  both  with  aspects  of  intermit tency.  This  intermittency  has  also  been  reported 
in  field  observations:  ‘‘quiet  phases”,  interspersed  with  “violent  vibration”. 

4.  A  higher-dimensional  model 

The  strategy  here  was  to  (i)  introduce  enough  refinement  in  the  model  to  represent  the 
physics  of  the  experimental  system,  and  thus  be  able  (ii)  to  compare  quantitatively 
with  the  experiment  and  with  the  2-d.o.f.  model.  This  was  done  by  (a)  effecting  a 
5-mode  Galerkin  approximation  of  the  cantilevered  beam  system  of  Figure  3  in  each 
direction  of  motion,  and  introducing  (b)  a  trilinear  model  for  impact,  with  Coulomb 
friction  for  sliding,  (c)  nonlinear  impact  damping  [8,9]  and  (d)  squeeze-film  damping 
in  the  tube-hole  annulus  [10].  The  i-equation  in  this  case  is 

7Pr+26p:  +  (A./Ai)^p.  =  ^  r  [(^  - +  (^ - ^')  Co) 

sin  cos  ^), 


(6) 
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Figure  4:  Typical  experimental  results  of  orbital  motion,  in-flow  time  trace  and  PSD. 


Figure  5:  Experimental  bifurcation  diagram.  LC:  limit  cycle;  SS  and  DS  single- 
and  double-sided  impacting;  FS:  figure-of-eight  (weakly  chaotic);  DS/OB:  double¬ 
sided/orbiting  (intermittently  chaotic);  CH:  generalized  chaotic. 


1,2,. , . ,  AT;  just  to  show  the  structure,  where  some  of  the  expressions  (e.g.,  for 
Ka  and  c^)  are  themselves  complex  —  see  ref.  [3]. 

Typical  agreement  with  with  experiment  is  demonstrated  in  Figure  6  and  Table  1. 
It  is  seen  that  quantitative  agreement  of  some  of  the  main  bifurcations  is  reasonable. 
Furthermore,  the  key  qualitative  aspects  of  the  experimental  response  are  captured 
by  the  model  (not  detailed  here). 

Theory  Experiment 
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Figure  6:  Typical  comparison  of  theory  (higher- AT  model)  at  V  =  1.76  K  with 
experiment  at  =  1 .62  Vc 


Table  1:  Comparison  of  theoretically  predicted  bifurcation  velocities 
(higher- iV  model)  with  experimental  measurements;  =  1.87, 

^  =  0.01 


Transition 

Vth/V, 

Error  {%) 

Hopf  bifurcation 

0.86 

1.00 

-14 

Double-sided  impacting 

1.24 

1.20 

3 

Intermittency 

1.52 

1.41 

7.8 

Chaos 

1.86 

1.70 

9.4 

P-2  motion 

2.10 

1.95 

7.2 

5.  Underlying  mechanisms  and  routes  to  chaos:  2-d.o.f.  model 

The  higher-dimensional  model  has  been  shown  to  be  fairly  reliable  in  predicting  the 
experimentally  observed  dynamics.  The  remaining  question  is:  what  is  the  predicted 
route  to  chaos? 

Chaotic  motion  near  the  onset  of  impacting  results  from  destabilization  of  the 
limit  cycle  after  the  Hopf  bifurcation.  For  this  non-analytical  model,  a  natural  starting 
point  is  to  examine  the  stability  of  the  limit  cycle  with  impacting,  by  examining 
the  Poincare  map.  Thus,  the  intersection  of  the  phase-space  trajectories  with  a 
hypersurface  53  is  considered,  where  {E  1^  =  0,  y  >  0},  and  a  map  relating  successive 
extremum  values  of  the  in-flow  displacement,  X,  are  viewed,  in  the  form 

=  V).  (7) 

Figure  7(a)  shows  this  map  for  V  =:  0.96  14;  the  fixed  point  has  an  eigenvalue  |Ap|  <  1, 
and  hence  it  is  stable.  For  V  =  1.01  K,  however,  the  in-flow  response  has  suffered 
a  subharmonic  (flip)  bifurcation,  and  Ap  =  —1.  The  in-flow  response  is  no  longer  at 
double  the  cross-flow  frequency,  though  this  2:1  relationship  appears  intermittently, 
just  before  ‘turbulent’  bursts.  The  subharmonic  subcritical  bifurcation  (unstable  limit 
cycle)  and  the  destabilization  of  the  original  limit  cycle  are  the  hallmarks  of  type  III 
intermittency  [11,  12];  see  Figure  7(b),  where  |Ap|  >  1, 

Considering  next  the  high-V  chaos,  and  pursuing  the  analysis  in  the  same  way, 
it  is  seen  in  Figure  7(c),  that  this  is  a  type  I  intermittency  [12],  arising  via  a  saddle- 
node  bifurcation  (A,.  =  +1). 

6.  Underlying  mechanisms  and  routes  to  chaos:  higher-A^  model 

In  this  case,  low-V  chaos  is  found  to  be  associated  with  the  switching  mechanism  [13], 
Without  going  into  details,  two  kinds  of  behaviour  have  been  discovered  to  exist,  again 
displayed  as  1-D  maps  [Figure  7(d,e)].  No  stable  fixed  point  exists,  but  there  is  a 
trapping  region  —  the  union  of  the  two  types  of  map  —  within  which  the  trajectories 
‘live’. 

The  transition  to  high-V  chaos  occurs,  as  for  the  2-d.o.f.  model,  by  type  I 
intermittency^  but  a  little  differently.  Here,  a  subharmonic  bifurcation  in  the  in-flow 
motion  precedes  intermittency,  which  then  occurs  via  destabilization  of  this  period-2 
motion  [Figure  7(f)]. 

7.  Conclusion 

Chaotic  regions  in  the  vibration  of  heat  e?Cchanger  tubes  have  been  determined,  and 
they  have  been  found  to  be  mainly  cissociated  with  intermittency  and/or  switching 
—  both  near  the  onset  of  impacting  and  in  a  higher  flow  range.  Some  quantitative 
comparisons  of  the  underlying  chaotic  attractors  via  fractal-dimension  and  saddle- 
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Figure  7;  The  2-d.o.f.  model:  (a)  marginally  stable  system  at  V  =  0.96  K,  and 
(b)  for  V  =  1.01  Vc  (type  III  intermittency);  (c)  type  I  intermittency  at  V  =  3.14  VJ,- 
The  higher-N  model:  (d,e)  the  two  maps  involved  in  the  switching  mechanism  at 
V'  =  1.01  V^;  (f)  type  I  intermittency  from  period-2  motion  at  K  =  2 

Throughout  this  paper.  Ve  is  the  experimental  critical  value.  Thus,  V  =  0.96V^ 
corresponds  to  1.09V^,tA  where  is  the  theoretical  critical  value;  and  so  on. 


orbit  calculations  show  good  agreement  with  observations  —  not  presented  here  for 

brevity.  Hence,  the  model  may  be  used  with  confidence  for  engineering  purposes. 
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Abstract.  An  approach  developed  to  stabilize  periodic  orbits  in  chaotic 
attractors  is  generalized  and  applied  to  non-chaotic  flap-lag  instability  in 
helicopter  rotor  blades.  Periodic  flapping  and  lead-lag  oscillations  occur  in 
rotor  blades  during  forward  flight;  the  governing  equations  are  nonlinear 
with  periodic  coefficients.  Oscillations  become  unstable  as  the  advance  ratio 
of  the  helicopter  increases.  Stabilization  may  be  achieved  by  control  of 
the  mean  pitch  angle  of  the  blade  once  per  period  according  to  a  discrete 
control  law.  The  control  law  is  applied  to  the  Poincare  map  which  governs 
samples  of  the  system  obtained  once  per  period.  The  controller  stabilizes 
but  does  not  attempt  to  change  underlying  periodic  orbits.  This  approach 
is  particularly  well-suited  to  systems  with  periodic  coefficients  (such  as 
rotorcraft)  since  the  discrete  version  of  the  system  is  time-invariant. 


1.  Introduction 

Rotorcraft  dynamics  are  dominated  by  periodic  orbits  of  varying  stability. 
For  example,  the  flap-lag  dynamics  of  helicopter  rotor  blades  can  become 
unstable  as  forward  flight  speed  is  increased  at  a  given  rotor  speed  [1].  The 
equations  governing  flap-lag  dynamics  in  forward  flight  are  nonlinear  and 
contain  strongly  time- varying  coefficients  [1]. 

Presently  helicopter  designs  incorporate  extra  components  such  as  me¬ 
chanical  lag  dampers  to  improve  stability.  “Smart”  blade  materials,  as  well 
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as  active  servoflaps,  are  currently  being  considered  for  use  in  rotorcraft  [2]. 
Control  of  rotor  blade  instability  is  complicated  by  three  factors,  however: 
(1)  the  steady  state  is  intrinsically  periodic;  (2)  coefficients  are  also  periodic; 
and  (3)  behavior  is  nonlinear.  These  complications  are  addressed  by  the  use 
of  the  Poincare  map  which  describes  the  behavior  of  samples  of  the  system 
taken  once  per  blade-passing  period.  The  behavior  of  a  periodic-coefficient, 
continuous  system  near  a  periodic  orbit  is  thus  reduced  to  the  dynamics  of 
an  equivalent  discrete,  time-invariant  system  near  a  fixed  point. 

The  use  of  a  linearized  Poincare  map  to  stabilize  periodic  orbits  was 
first  proposed  by  Ott,  Grebogi,  and  Yorke  [3]  (OGY)  for  the  purpose  of 
controlling  chaos.  Since  the  original  algorithm  was  described  it  has  been 
modified  by  several  investigators  [4,  5,  6].  and  validated  in  experiments 
[6,  7,  8].  However,  for  a  number  of  possible  reasons  [9]  benefits  of  these 
methods  have  not  been  demonstrated  in  practical  mechanical  or  aerospace 
systems. 

In  this  paper,  stabilization  of  periodic  orbits  is  investigated  in  an  aeroe- 
lastic  system  that  docs  not  exhibit  chaos:  a  helicopter  rotor  blade  in  for¬ 
ward  flight.  We  extend  the  basic  procedure  presented  by  Ott,  Grebogi,  and 
Yorke  [3]  in  the  following  ways:  (1)  The  control  law  is  optimized,  taking 
into  account  the  control  effort;  (2)  Unstable  orbits  possessing  two  complex 
unstable  eigenvalues  are  controlled;  (3)  Control  is  implemented  without 
knowledge  of  fixed  point  location;  (4)  Constraints  on  the  performance  in 
steady  state  (“trim”  constraints)  are  satisfied;  (5)  Control  strategics  to  cope 
with  (i)  lack  of  knowledge  of  state  variables  and  (ii)  delay  in  implementation 
of  control  are  used. 


2.  Rotor  blade  flap-lag  dynamics 

The  rotor  blade  model  was  developed  by  Peters  [1].  In  this  model,  a  thin 
rigid  blade  rotates  at  a  specified  speed  about  a  fixed  hub.  The  blade  is 
connected  to  the  hub  by  root  hinges  with  linear  torsional  springs.  The  gov¬ 
erning  equations  of  the  flap-lag  system  arc  derived  in  a  rotating  coordinate 
system  (Figure  la).  The  coordinate  system  is  defined  with  the  Z  axis  ori¬ 
ented  along  the  rotor  shaft.  The  X  —  Y  axes  are  rotated  about  the  Z  axis 
with  an  angular  displacement  ^  =  IIT 

The  position  of  a  single  blade  with  no  hinge  offsets  is  uniquely  deter¬ 
mined  by  three  angles:  the  flap  angle  (/?),  the  lag  angle  (C),  s.nd  the  pitch 
angle  (0).  Dimensionless  airloads  on  the  blade  in  the  flap  and  lag  direc¬ 
tions,  Fp  and  are  determined  through  quasi-steady  airfoil  theory  (see 
the  Appendix).  The  resulting  nondimensional  nonlinear  equations  for  cou- 
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Figure  1.  a)  The  rotor  blade  coordinate  system  and  generalized  coordinates  ^  (flap 
angle)  and  ^  (lag  angle).  The  pitch  angle  of  the  blade  is  6.  The  X  —  Y  axes  rotate  about 
the  Z-axis  with  angular  velocity  Q.  b)  The  magnitude  of  the  largest  eigenvalue  of  the 
Floquet  transition  matrix  plotted  vs  advance  ratio  fi.  c)  Amplitudes  of  flap  (•  stable,  o 
unstable)  and  lag  (+  stable,  x  unstable)  displacement  as  a  function  of  pi. 

pled  flap-lag  motion  may  be  written  as  [1] 

P  +  sin (3 cos  f3{l  +  (f +up(3  =  Fpr  dr  (1) 

cos^  PC  -  2  sin  /?  cos  ^0(1-1-  C)/?  -1-  oj^C  —  cosP  [  F^r  dr.  (2) 

Dots  ( )  indicate  differentiation  with  respect  to  ^  =  Clt.  The  parameters 
u}p  and  are  the  dimensionless  natural  frequencies  in  the  flap  and  lag 
directions  of  the  non-rotating  system  [1].  The  pitch  angle  is  prescribed  to 
be  0  =  ^0  +  sin  rp  +  Oc  cos  ip,  where  0o>  0c  are  input  parameters. 

The  pitch  angle  and  the  advance  ratio  /i  (the  ratio  of  forward  flight  speed  to 
rotor  tip  speed)  affect  motion  through  the  aerodynamic  forces  on  the  blade, 
which  also  depend  on  P  and  C  (see  the  Appendix).  All  other  parameters 
are  fixed  at  values  given  in  the  Appendix. 

Trimmed  solutions  of  these  equations  are  found  from  a  Newton- Raphson 
technique  applied  to  Runge-Kutta  simulations  [10].  Initial  conditions  and 
values  for  0o,  0^,  and  0c  are  found  that  (1)  provide  periodic  motion,  (2) 
suppress  the  first  harmonic  component  of  /?,  and  (3)  achieve  a  specified 
coefficient  of  thrust;  this  combination  is  known  as  moment  trim  [1]. 

As  the  advance  ratio  /j.  is  increased,  stability  of  the  trimmed  solution  is 
lost.  The  magnitude  of  the  largest  eigenvalue  of  the  Floquet  matrix  exceeds 
unity  for  /i  >  0.17  (Figure  lb).  The  amplitude  of  oscillations  also  increases 
(Figure  Ic),  but  remains  reasonably  small  even  at  large  values  of  fx.  If  these 
unstable  orbits  could  be  stabilized,  the  range  of  useful  performance  of  the 
system  could  be  significantly  increased. 
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3.  Discrete  control  methods 

The  general  approach  used  here  is  motivated  by  the  OGY  approach  to  sta> 
bilizing  unstable  periodic  orbits  in  chaotic  nonlinear  systems  [3,  6].  Several 
concepts  have  been  modified  or  generalized  to  apply  control  to  the  flap- 
lag  system.  The  control  technique  is  applicable  to  continuous  dynamical 
systems  of  the  form  x  =  In  the  flap-lag  system  the  state- vector 

X  is  the  vector  t;  is  a  control  parameter,  which  is  taken  to 

be  the  mean  blade  pitch  angle  6q.  A  discrete  Poincare  map  is  obtained 
that  describes  the  dynamics  of  the  system  sampled  once  every  period,  T: 
Xn+i  =  g(xn;  7?)*  A  periodic  orbit  in  the  continuous  system  (x(/+r)  =  x(t)) 
becomes  a  fixed  point  of  the  associated  Poincare  map  (x^^^i  =  Xn).  Also, 
periodic  coefficients  in  the  original  system  are  eliminated. 

3.1.  BACKGROUND:  OGY  CONTROL 

The  original  OGY  approach  [3]  follows  the  following  argument.  Near  a  fixed 
point,  the  Poincare  map  may  be  linearized  and  represented  by  a  matrix 
equation: 

=  A  +  h  6r]y  (3) 


where  is  the  location  in  state  space  relative  to  the  fixed  point:  = 

Xn  —  X/.  The  characteristic  matrix  A  in  this  approximation  is  the  Floquet 
transition  matrix.  The  vector  h  represents  the  effect  of  a  small  change  in 
the  parameter  t]  on  the  location  of  i  * 

Suppose  (as  in  reference  [3])  that  the  matrix  A  has  one  unstable  eigen¬ 
value  Ay.  Let  be  the  component  of  in  the  direction  of  the  unstable 
contravariant  eigenvector:  Then,  at  each  iteration  the  control 

parameter  is  perturbed  in  proportion  to  the  unstable  component:  6rin  = 
afj Stabilization  is  achieved  by  directing  onto  the  stable  manifold, 
which  occurs  if  a  =  fu). 

3.2.  GENERALIZED  DISCRETE  CONTROL  METHODS 

Several  shortcomings  exist  in  the  basic  OGY  procedure,  if  we  wish  to  apply 
it  to  a  general  non-chaotic  system.  First,  the  algorithm  requires  knowledge 
of  the  location  of  the  fixed  point.  Second,  performance  criteria  other  than 
stability  must  often  be  achieved.  Third,  instability  due  to  pairs  of  complex 
conjugate  eigenvalues  penetrating  the  unit  circle  is  not  considered.  Fourth, 
the  cost  of  the  prescribed  control  effort  may  be  excessive.  Finally,  changes  in 
the  control  parameter  may  not  be  instantaneous,  and  must  often  be  based 
on  incomplete  or  imprecise  knowledge  of  the  system. 


STABILIZATION  OF  FLAP-LAG  DYNAMICS 


3.2.1.  Control  of  the  difference  map 

To  overcome  lack  of  knowledge  of  the  fixed  point,  we  use  an  idea  presented 
in  reference  [6]  and  implement  control  based  on  the  difference  between 
consecutive  iterates  of  the  Poincare  map.  Subtraction  from  Equation  3  the 
equation  for  the  previous  iteration  of  the  map,  it  can  be  seen  that 

d„+i  =  A  d„  +  h  e„,  (4) 

where  d„  =  x„  -  x„_i  and  e„  =  Si]n  —  Srjn-i.  The  fixed  point  is  no  longer 
explicitly  included  in  the  linearized  map.  The  stability  of  the  map  in  Equa¬ 
tion  4  is  still  governed  by  the  eigenvalues  of  the  Floquet  matrix  A. 

3.2.2.  Pole  placement  and  optimal  control 

By  the  application  of  state  feedback,  the  difference  in  the  control  parameter 
from  cycle  to  cycle  (cn)  can  be  made  a  function  of  the  difference  between 
successive  iterates  of  the  Poincare  map.  Specifically,  a  linear  control  law  can 
be  expressed  as  e„  =  k^d„,  where  k  is  a  gain  vector.  The  control  problem 
is  then  reduced  to  finding  the  gain  vector  k  so  the  eigenvalues  of  {A  —  hk^) 
are  inside  the  unit  circle. 

The  choice  of  gain  proposed  by  Ott,  Grebogi,  and  Yorke  [3]  is  only  one 
of  an  infinity  of  possible  values.  It  is  the  gain  which  leads  to  the  most  stable 
controlled  system.  However,  if  control  effort  is  not  free,  it  is  probably  not 
the  best  choice  of  gain.  By  introducing  a  cost  function  J  —  d^Qd^  + 
one  can  find  a  set  of  gains  which  minimizes  a  logical  combination  of 
transient  dynamics  and  control  effort  [11].  In  this  paper  Q  =  n/  and  i?  =  1 
are  chosen  for  several  values  of  n.  The  gain  vector  k  which  minimizes  J  is 
found  from  the  matrix  Riccati  equation  [11]. 

3.2.3.  Trim 

In  rotorcraft  applications  certain  performance  or  trim  criteria  (other  than 
stability)  must  be  met.  For  example,  a  rotorcraft  should  maintain  a  specified 
thrust.  The  trim  problem  is  posed  as  follows:  select  values  for  K  parameters 
which  will  drive  an  iV- dimensional  system  to  a  steady  state  satisfying  K 
constraints.  The  chosen  performance  measure  (average  thrust,  for  example) 
depends  on  the  state  variables  of  the  system  and  on  the  control  parameters. 
Close  to  the  trimmed  condition  we  can  write  the  linear  approximation 

Pn+l  ~  Jpx^n  Jpr]  d"  t)  (5) 

where  the  vector  Pn  contains  aU  the  trim  errors  for  the  period.  Subtract¬ 
ing  the  equation  governing  the  previous  iteration  to  eliminate  the  unknown 
constant  vector  b,  and  combining  with  Equation  4,  we  obtain 


dn+l 

■  A 

0  ■ 

h  ■ 

.  Pn+l  . 

.  Jpx 

I . 

.  Pn  J  ^ 

(6) 
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where  =  x„  —  Xn-i  and  Bn  —  rjn  —  7?n-i*  The  system  is  now  represented 
compactly  in  the  same  form  as  Equation  4. 

3.3.  PRACTICAL  CONCERNS  AND  NECESSARY  ENHANCEMENTS 

Limited  measurements  and  state  estimation  In  many  situations,  not  all 
state  variables  are  accessible  for  measurement.  A  discrete  observer  is  used 
to  control  the  system  when  only  the  lead-lag  state  variables  are  measured. 
The  output  (measured)  variables  are  expressed  as  y„  ==  C’d^.  A  dynamic 
estimate  of  the  entire  state  can  be  formed  from  the  input  and  output  of  the 
true  system  [11]: 

“f"  Lj/n.  d" 

where  Ac  =  A  -  LCA  and  he  =  h  -  LCh.  If  L  is  chosen  so  that  the 
eigenvalues  of  Ac  are  all  small  magnitude,  then  the  estimate  will  converge 
rapidly  to  the  true  state. 

Actuator  dynamics  Physical  actuators  do  not  change  state  instantly.  To 
investigate  the  effects  of  a  finite  actuation  delay,  we  niodel  the  actuator  as 
a  first-order  system  with  a  specified  time  constant:  6q  =  (^o  “■  The 

commanded  pitch  position,  could  change  instantly,  however.  The  order 
of  the  system  is  increased  by  one  state  variable,  and  the  commanded  pitch 
angle  becomes  the  control  input. 

Model  and  parameter  identification  No  mathematical  model  acn  exactly 
describe  a  physical  system.  Accordingly,  we  attempt  to  stabilize  the  flap- 
lag  system  (a)  with  gains  computed  for  erroneous  parameters,  and  (b)  with 
control  laws  developed  from  models  fitted  to  simulated  noisy  data,  without 
use  of  the  equations  of  motion.  All  methods  arc  tested  in  the  presence  of 
white  noise  measurement  errors  and  random  disturbances  of  the  simulated 
system. 

4.  Results 

4.1.  CONTROL  OF  THE  IDEAL  SYSTEM  INCLUDING  TRIM 

To  stabilize  unstable  periodic  orbits,  the  eigenvalues  of  the  Floquet  matrix 
must  be  moved  within  the  unit  circle.  The  eigenvalues  of  the  Floquet  matrix 
Aj  for  the  unstable  orbit  at  //  =  0.4,  are  slightly  outside  of  the  unit  circle,  as 
illustrated  in  Figure  2.  An  optimal  gain  vector  k  is  calculated  to  minimize 
the  cost  function  J  defined  above.  The  eigenvalues  of  the  Floquet  matrix 
of  the  stabilized  system,  {A  —  hk^)  are  moved  significantly  inside  the  unit 
circle  by  this  algorithm,  as  shown  in  Figure  2. 
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Figure  2,  Eigenvalues  of  the  Floquet  matrix  at  an  advance  ratio  of  ^  =  0.4  for  (a)  the 
uncontrolled  system,  (b)  the  optimally  controlled  system  with  weighting  matrices  Q  =  7 
and  72  =  1,  and  (c)  the  optimally  controlled  system  with  Q  =  1007  and  72  =  1. 


Figure  3.  Response  of  the  controlled  flap-lag  system  to  an  initial  perturbation  (0.05 
radians  in  /?)  from  the  periodic  orbit.  Time  series  of  the  flap  {fi)  and  lag  (C)  displacements, 
the  control  parameter  (mean  pitch  angle,  ^o),  and  the  coefflcient  of  thrust,  Ct  are  shown. 


The  ability  to  control  unstable  orbits  in  the  flap-lag  system  is  demon¬ 
strated  in  simulations  of  the  full  nonlinear  system  (Figure  3).  Simulations 
are  started  near  an  unstable  periodic  orbit  and  control  is  then  applied.  The 
oscillations  gradually  approach  the  stabilized  periodic  orbit.  The  required 
deviation  in  mean  pitch  angle  has  a  maximum  value  near  0.01  and  decays 
with  time. 

4.2.  CONTROL  OF  IMPERFECT  SYSTEMS 

Noise  and  measurement  error  In  the  next  results,  random  disturbances  of 
amplitude  5%  of  the  RMS  amplitude  of  each  state  variable  are  added  to  the 
corresponding  variable  every  period.  The  results  of  a  controlled  simulation 
are  illustrated  in  Figure  4;  control  is  turned  off  after  20  periods  to  show 
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Figure  4.  Response  of  the  controlled  flap-lag  system  to  an  initial  perturbation  from  the 
periodic  orbit  and  additive  random  noise  (5^,  of  RMS  amplitude  of  each  state  variable). 
Discrete  points  from  the  lag  (()  response,  and  the  mean  pitch  angle  (^0)  are  shown. 
Control  is  turned  off  after  40  periods  (to  the  right  of  the  vertical  line). 

the  underlying  instability.  While  the  deviation  in  the  pitch  angle  decreases 
significantly  after  the  initial  perturbation,  the  control  effort  will  fail  to 
decay  to  zero. 


Observer-based  control  Control  is  implemented  with  only  knowledge  of  the 
flap  angle  and  flapping  velocity  (/?  and  P),  The  poles  of  the  observer  are 
chosen  to  be  ten  times  faster  than  the  poles  of  the  controller.  The  resulting 
performance  of  the  controller  is  shown  in  Figures  5a-c.  The  success  of  this 
control  strategy  depends  on  the  observability  of  the  system  [11]. 


Control  including  actuator  dynamics  In  the  results  so  far,  we  have  as¬ 
sumed  that  any  desired  change  in  can  be  made  instantly.  However,  any 
change  in  mean  pitch  angle  must  take  a  finite  time  to  complete.  A  controlled 
simulation  in  which  the  mean  pitch  angle  exhibits  first  order  dynamics  with 
a  time  constant  =  1.0  is  shown  in  Figures  5d-f.  The  deviations  in  mean 
pitch  angle  are  smaller  than  the  cases  above,  and  the  system  takes  slightly 
longer  to  converge,  but  remains  stable. 


Control  with  imprecise  models  The  control  strategy  is  generally  robust  to 
errors  in  model  and  parameter  estimates.  Control  is  applied  at  an  advance 
ratio  of  /z  =  0.4  using  a  control  gain  vector  estimated  for  p  =  0.3.  The 
results  are  shown  in  Figures  5g-i,  they  exhibit  rapid  convergence.  Models 
can  be  also  derived  based  on  data  from  experiment  or  simulation,  without 
the  benefit  of  equations  of  motion.  We  deliberately  misidentify  the  system 
as  two-dimensional  (2-D)  and  use  a  least-squares  fit  to  derive  an  empirical 
model  of  the  form  x^^-i  =  Axn  +  The  results  of  successful  a  control 
based  on  this  model  are  shown  in  Figures  5j-l.  Here  the  transient  is  long, 
indicating  less  effective  control. 
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Figure  5.  Lag  displacement,  mean  pitch  angle,  and  thrust  coefficient  for  different  control 
cases  with  advance  ratio  =  0.4.  a-c)  Observer-baised  control,  d-f)  Control  of  a  system 
including  actuator  dynamics,  g-i)  Control  using  gcdns  estimated  for  =  0.3.  j-1)  Control 
based  on  a  2-D  model  fitted  to  noisy  data  from  simulation. 


5,  Summary 

Unstable  periodic  orbits  in  simulations  of  flap-lag  dynamics  are  stabilized 
by  the  periodic  application  of  very  small  perturbations  of  the  blade  pitch 
angle.  Transient  effects  in  weakly  stable  periodic  orbits  can  also  be  re¬ 
duced  by  this  method.  Detailed  knowledge  of  the  equations  of  motion  is 
not  required  to  implement  control,  so  long  as  the  stability  properties  of 
the  underlying  motion  can  be  estimated.  The  control  law  used  to  stabilize 
these  orbits  may  also  be  optimized  with  respect  to  different  performance 
or  cost  functions.  The  control  strategy  is  applicable  even  if  some  states 
are  not  measurable,  even  if  control  can  not  be  applied  instantly,  or  even  if 
the  model  is  only  approximate.  The  general  approach  is  particularly  use¬ 
ful  for  nonlinear  systems  with  periodic  coefficients.  As  active  blade  control 
becomes  feasible,  this  general  approach  may  be  practical  for  improving  the 
performance  and  simplifying  the  design  of  rotorcraft. 


.  J.M.  SCHMITT  ET  AL. 
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A.  Aerodynamic  forces 


The  dimensionless  aerodynamic  forces  in  Equations  1  and  2  are  [1] 

Fp  =  ±l[Ufsm  e  -  UtUpicose+  ^)]  (8) 

2 

=  ±^[U^{cose-  -  U,Uts\n  6  -  (9) 

where  Ut  and  Up  are  the  dimensionless  velocities  tangent  and  perpendic* 
ular  to  the  plane  of  rotation  of  the  rotor  blades.  The  force  expressions 
are  negative  if  reversed  flow  is  present,  i.e.  if  Ut  cos  6  +  UpslnO  <  0.  The 
dimensionless  velocities  are 


Ut  =  {1  +  Qr  cosP  +  ^sin('i/^  +  C)  (1^) 

=  rP  +  XcosP  +  /isin/3cos(V^  +  C).  (11) 

The  inflow  A  is  related  to  the  coefficient  of  thrust  by  simple  momentum 
theory:  cj  =  2Xy/fiF+^  (for  zero  climb  rate).  The  coefflcient  of  thrust  is 
also  equal  to  the  integrated  vertical  force: 

cj  =  f  cos/3  f  Fpdrdx!^  (12) 

27r7  Jo  Jo 


where  the  slope  of  the  lift  curve  a  =  27r,  the  rotor  solidity  a  =  0.05,  the 
Lock  number  7  =  5,  and  the  coefficient  of  drag  =  0.01.  Frequencies  are 
taken  as  up  =  0.15  and  U(^  =  1.4,  The  advance  ratio  fi  is  varied. 
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Pendelluft  is  a  gas  flow  phenomenon  occurring  in  parallel  respiratory  units.  When  the 
parallel  respiratory  units  are  forded  by  a  periodic  pressure,  the  flow  in  them  becomes 
asynchronous.  This  phenomenon  plays  an  important  role  in  mixing  and  transport  of  air 
especially  during  high-frequency  ventilation.  Understanding  of  this  phenomenon  was 
based  n  a  mechanical  model  proposed  by  Otis  et  al.  (1956).  In  that  model  the  respiratory 
units  are  modeled  as  electric  circuits  with  lumped  parameters.  They  found  that  unequal 
resistances  and  compliances  in  the  parallel  respiratory  units  could  give  rise  to  pendelluft. 
Ultman  et  al.  (1988)  and  High,  Ultman,  and  Karl  (1991)  observed  that,  for  high 
frequency  ventilation,  the  inertance  should  be  included.  They  thus  expanded  the  Otis  R- 
C  model  to  the  R-I-C  model  of  analogous  electric  circuits. 

The  analogous  electric  circuits  are  easy  to  analyze.  However,  they  lose  the  direct 
connection  between  the  physiological  parameters  and  the  parameters  governing  the 
pendelluft  flow  such  as  the  inertance,  the  resistance,  and  the  compliance.  Furthermore,  if 
nonlinearity  in  the  system  is  not  ignorable,  the  ease  of  analyzing  the  analogous  electric 
circuits  is  completely  lost.  There  are  several  sources  of  nonlinearity.  One  example  is 
the  nonlinear  relationship  between  the  pressure  (AP)  and  the  volume  (V) 

AP  =  Kel  V  +  + 

where  Kel,  Ki,  and  K2  are  constant  coefficients. 

The  direct  formulation  of  the  mathematical  equations  based  on  the  mechanical  model  of 
Figure  1  has  the  following  advantages.  First  of  all,  when  nonlinearity  is  ignored,  the 
derived  equations  can  be  solved  as  easily  as  the  R-I-C  circuits.  Second,  the  parameters 
governing  the  pendelluft  flow  can  be  directly  calculated  from  the  physiological 
parameters  such  as  the  length  and  the  cross-sectional  area  of  the  airways.  Third,  when 
the  nonlinearity  in  the  system  cannot  be  ignored,  the  dynamics  of  the  pendelluft  flow  can 
be  analyzed  using  nonlinear  dynamics  theory.  To  demonstrate  the  consequence  of  the 
nonlinearity,  we  show  that  pendelluft  can  occur  even  in  perfectly  symmetric  bifurcations. 


FIGURE  1.  A  mechanical  model  for  a  single  airway  bifurcation.  Aq,  ^1.^2 
cross-sectional  areas  of  the  parent  and  the  two  daughter  branches  and  Lq.Li,  L2  are  the 
corresponding  lengths.  and  are  the  pressures  at  the  inlet  and  the  bifurcation 
respectively.  Pi  and  P2  are  the  pressures  in  the  two  reserv'oirs. 
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1.  Introduction 

This  device  was  developed  as  a  teaching  tool  to  introduce  the  concepts  of  chaos 
to  biology  and  physiology  students.  Our  purpose  was  to  make  a  simple  mechamcal  teaching 
device  to  generate  data  in  the  lecture  hall,  classroom  and  laboratory  settings  in  order  to 
demonstrate  the  characteristics  of  random,  chaotic  and  periodic  behavior.  We  knew  of  the 
“dripping  water  faucet”  developed  by  Shaw  (1984)  and  we  have  used  it  as  a  model  system 
for  transmitter  release  (Kriebel,  et  al ,  1990).  Moon  (1992)  has  developed  vibrating  dewces 
that  project  a  laser  beam  onto  a  wall  which  dramatically  show  transitions  from  periodic  to 
chaotic  motions  and  he  describes  other  chaotic  teaching  devices  appropriate  for  advanced 
students.  Lorenz  (1993)  discusses  a  water  wheel  which  he  had  proposed  earlier  which 
resembles  a  Ferris  Wheel  with  leaky  buckets  filled  from  an  overhead  stream  of  water  which 
changes  its  dynamics  as  a  function  of  flow  rate  and  generates  continuous  data.  We  modified 
this  concept  to  make  a  wheel  which  produces  sets  of  discrete  data  as  sequences  of  stop 
angles.  One  wheel  of  our  device  is  used  as  a  power  wheel  and  a  paddle  wheel  is  used  to 
dissipate  energy  such  that  the  turning  motion  is  controlled  by  the  single  parameter  of  water 
depth  on  the  paddle  wheel.  We  developed  this  water  wheel  so  that  students  would  develop 
an  understanding  of  chaos  theory  for  an  appreciation  of  a  nonlinear  dynamic  relevant  to 
biological  and  physiological  systems.  Even  though  Sir  D’Arcy  Thompson  wrote  On  Growth 
and  Form  over  80  years  ago  showing  that  form  and  structure  of  organisms  resulted  from 
dynamical  processes  governed  by  simple  rules,  there  has  been  little  infusion  of  nonlinear 
dynamics  or  chaos  theory  into  the  general  biological  curricula.  As  a  result  there  are  no 
introductory  texts  or  experimental  devices  available  for  our  students.  Nevertheless,  the 
importance  of  nonlinear  dynamics  to  biology  was  reintroduced  by  May  (1976)  who  used 
the  logistic  equation  to  explain  population  dynaimcs.  Chaos  theory  has  also  been  applied 
to  describe  heart  beat  dynamics  (Glass  and  Mackey,  1988)  and  brain  function  (Mpitsos,  et 
al,  1988;  Freeman,  1991).  Concepts  such  as  “sensitivity  to  initial  conditions”  and  transitions 
from  periodic  to  aperiodic  motions  are  not  taught,  but  are  essential  in  understanding  the 
complexities  and  dynamical  interactions  found  in  biological  and  physiological  systems. 

A  cornerstone  of  physiology  is  homeostasis  as  described  by  Claude  Bernard 
(translation  by  Hoff,  1974)  and  Walter  Cannon  (1932).  Homeostasis  (better  term  is 
homeodynamics)  is  based  on  steady  state  behavior  and  dynamic  processes  that  regulate  &e 
numerous,  interactive  systems.  Biology  is  currently  driven  by  molecular  biological  studies 
which  are  essentially  descriptive.  For  example,  enzymatic  actions  are  described  with 
equilibrium  constants  which  force  the  idea  that  cellular  processes  are  also  in  equilibria  and 


not  in  dynamical  change.  This  notion  is  exemplified  by  the  1996  Claude  Bernard  Lecture 
of  the  American  Physiological  Society  presented  by  Stanley  G.  Schultz  (1996)  which  has 
the  title  ''Homeostasis,  Humpty  Diimpt}\  and  Integrative  Biology>'\  Schultz  states  that 
"Cannon  *s  perceptive  distinction  between  steady  states,  characteristic  of  living  systems,  and 
thermodynamic  equilibria,  which  are  anathema  to  life,  is  not  fully  appreciated  today;  it  is 
this  distinction  that  lies  at  the  heart  of  the  present  synthesis  of  "reductive"  and 
"integrative"  approaches  ".  Schultz  also  quotes  Schroedinger  (1967)  from  What  is  Life 
"We  must  therefore  not  be  discouraged  by  the  difficulty  of  interpreting  life  by  the  ordinary 
laws  of  physics.  For  that  is  to  be  expected  from  the  knowledge  we  have  gained  of  the 
structure  of  living  matter.  We  must  be  prepared  to  find  a  new  type  of  physical  law 
prevailing  in  it".  Physiolog}’  must  be  rediscovered  because  molecular  biology  "is  not 
quantitative’"  (Maddox,  1994)  and  does  not  provide  a  method  to  study  integrative  systems 
and  dynamics.  Physicists  have  provided  an  approach  to  dealing  with  problems  of 
complexities  including  dynamical  features  inherent  in  coupled  biological  and  physiological 
systems.  For  example,  Lorenz  (1963)  showed  that  a  forced  dissipative  convection  system 
can  be  modeled  numerically  with  three  coupled  non-linear  equations. 

Our  water  wheel  exhibits  either  periodic  or  chaotic  sequences  of  stop  angles  as 
resistance  to  turning  changes.  The  device  consists  of  a  drive  wheel  with  four  quadrants 
which  is  connected  to  a  paddle  wheel  by  an  axle  that  turns  in  pillow^  bearings.  An  overhead 
nozzle  above  the  axle  fills  one  of  the  four  compartments  of  the  drive  wfreel  and  the 
asymmetric  weight  causes  the  drive  wheel  to  turn  the  paddle  wheel.  The  paddle  wheel 
dissipates  the  rotational  energ\'  causing  the  wheel  to  slow  and  eventually  stop.  The 
discontinuous  motion  of  the  device  permits  data  to  be  collected  as  a  series  of  stop  angles.  A 
series  of  50  stop  angles  provides  enough  data  for  analysis  which  is  unlike  the  Lorenz 
Chaotic  Wheel  which  operates  on  a  continuous  basis.  The  depth  of  water  on  the  paddle 
wheel  is  the  major  parameter  which  controls  the  pattern  of  sequential  turns.  High  water 
levels  yield  stable  periodic  oscillations  which  are  always  attained  regardless  of  starting 
position  for  each  level  of  w^ater  on  the  paddle  wheel.  As  the  water  level  is  reduced,  the 
rotation  angle  increases  until  the  device  turns  past  45  degrees  and  escapes  into  a  chaotic 
series  of  stop  angles.  At  different  water  levels  return  maps  show  the  deterministic  nature  of 
seemingly  irregular  sequences  of  stop  angles.  Return  maps  were  simply  constructed  by 
plotting  (ordinate)  vs  0„  (abscissa).  These  attractors  are  similar  to  those  generated  by 
the  logistic  equation  (May,  1976)  and  drop  interv'als  from  a  leak>'  faucet  (Shaw,  1984)  in  that 
data  is  discontinuous.  Our  water  wheel  illustrates  some  basic  principles  of  chaos  in  that  the 
single  parameter  of  paddle  wheel  resistance  determines  whether  the  motion  is  periodic  or 
chaotic.  Several  states  exist  between  the  simple  oscillating  pendulum  motion  and  chaotic 
motion.  Chaotic  sequences  produce  characteristic  attractors  for  each  water  level  and  there 
is  good  short  term  predictability  for  three  to  five  turns.  However,  sets  of  sequential  stop 
angles  starting  from  the  “same”  angle  deviated  after  the  fourth  to  seventh  turn  which 
demonstrate  “sensitivity  to  initial  conditions”.  Yet,  all  stop  angles  fell  onto  the  attractor. 
We  have  found  that  the  spectral  density'  of  sequences  of  stop  angles  w'as  uniform  for  these 
cases.  The  machine  becomes  a  ‘S\heel  of  fortune”  when  spun  by  hand  with  no  water  in  the 
paddle  wheel  bath  and  the  stop  angle  return  maps  indicate  that  the  turning  motion  is 
probably  random.  The  “Periodic  to  Chaotic  Water  Wheels”  have  proven  to  be  excellent  for 
illustrating  basic  concepts  of  chaos  theory  and  how'  motion  of  a  machine  can  be  dramatically 
changed  from  periodic  to  chaotic  behavior  with  a  slight  change  in  one  controlling  parameter. 


2.  Methods 


2.1.  DESCRIPTION  OF  MACHINE 

This  device  is  constructed  of  plexiglass  and  consists  of  a  drive  wheel  and  a  paddle  wheel 
mounted  onto  an  axle  which  turns  in  Delrin^  pillow  bearings  (Fig.  1  A).  One  pillow  bearing 
is  slotted  so  that  axle  friction  can  be  adjusted  with  a  screw.  Static  friction  is  needed  to 
prevent  the  device  from  rocking  after  a  turn  and  to  establish  a  breakaway  turning  torque. 
The  bearings  are  mounted  onto  the  walls  of  a  plexiglass  tank  which  has  a  center  partition  to 
divide  the  tank  into  a  paddle  wheel  bath  and  a  spill  chamber  for  the  drive  wheel  (Fig,  IB). 

2.2  RECORDING  DATA 

The  drive  wheel  is  divided  into  four  equal  compartments  such  that  turning  angles  need  be 
recorded  from  only  one  quadrant.  The  angle  between  vertical  and  any  one  of  the  four 
compartment  partitions  gives  the  stop  angle.  The  frequency  of  tummg  is  slow  enough  (3-4 
turns  per  minute)  so  that  stop  angles  can  be  observed,  recorded  and  predictions  made.  Stop 
eingles  can  also  be  recorded  electronically  with  a  serrated  disk  mounted  onto  the  axle  which 
turns  through  three  photo  diodes. 


Figure  1.  A.  Perspective  view  of  Periodic  to  Chaos  Machine  shows  the  drive  wheel  and 
paddle  wheel.  Stop  angles  from  1  to  90  degrees  are  read  from  a  protractor  between  vertical 
and  a  drive  wheel  compartment  divider  in  quadrant  one. 

B.  Side  view  of  Periodic  to  Chaos  Machine  shows  paddle  wheel  bath  and  raceway  at  top 
of  wheel.  Relative  deep  water  in  the  paddle  wheel  bath  yields  periodic  oscillations  whereas 
shallow  water  produces  chaotic  series  of  turns.  (After  Holsapple  and  Knebel,  1990) 


2.3.  WATER  FLOW  RATE,  TURN  AND  STOP  RATES 

Water  from  an  overhead  nozzle  fills  one  compartment  and  the  weight  asymmetry  turns  the 
device.  The  static  resistance  of  the  bearings  provides  a  breakaway  turning  torque  which  is 
similar  for  all  angles.  The  churning  action  of  the  paddle  wheel  combined  with  the  bearing 
friction  stops  the  device  after  each  turn.  The  flow  rate  from  the  nozzle  is  such  that  the  device 
stops  completely  before  the  breakaway  torque  is  reached. 

2.4.  CONTROL  OF  TURNING  DYNAMICS 

The  types  of  angular  turning  motions  are  controlled  by  the  depth  of  water  in  the  paddle 
wheel  bath  which  in  turn  controls  energ\'  dissipation.  Deep  water  results  in  periodic 
oscillations  which  increase  in  magnitude  as  the  water  level  is  lowered  until  a  turn  rotates 
past  45  degrees  at  which  depth  the  stop  angle  sequences  produce  a  chaotic  pattern. 

2.5.  SIZE  OF  MACHINE  (scaling) 

Wheels  of  9,  12, 15, 19, 24  and  60  inch  diameters  yield  similar  dynamics.  The  size  of  the 
drive  wheel  hub,  the  volume  of  the  drive  wheel  compartments  and  the  surface  area  and 
number  (24  to  72)  of  the  paddle  wheel  vanes  were  approximated  from  dimensional  analysis 
so  that  each  machine  produced  either  chaotic  or  periodic  turning  functions  depending  on 
level  of  water  on  the  paddle  wheel.  The  dynamics  are  robust  because  9  inch  student  water 
wheels  (weight  -  4  pounds;  maximum  water  load  - 1  pound)  produce  return  maps  like  two 
foot  diameter  museum  wheels  and  a  60  inch  wheel  (w'eight  -  250  pounds;  maximum  water 
load  -  120  pounds)  installed  in  the  Hatfield  Marine  Science  Center  in  Newport,  Oregon. 

The  dynamics  are  relatively  insensitive  to  wheel  weight.  For  example,  two  9" 
diameter  machines  constructed  with  either  1/16"  or  1/8"  plexiglass  performed  similarly. 
Two  pounds  of  weight  were  added  to  the  rims  of  a  24"  wheel  (10%  increase  in  weight)  with 
no  noticeable  change  in  motion. 

2.6.  STALL  POSITIONS 

At  45  degrees  (+1)  the  machine  stalls  with  water  spilling  over  Uvo  partitions  of  the  drive 
wheel.  At  90  degrees  (±1)  the  overhead  stream  of  water  splits  around  a  drive  wheel  chamber 
partition  also  causing  a  stall.  Stall  positions  occur  every  50  or  so  turns  and  a  tap  on  the  tank 
restarts  the  sequence.  For  continuous  turning  suitable  for  museum  exhibits,  8  pie  shaped 
escape  compartments  were  added  to  the  rear  of  the  drive  wheel  which  fill  at  the  stall  ^gles 
to  restart  the  turning  sequence.  The  escape  compartments  do  not  change  the  dynamics. 

2.7.  TOLERANCE 

The  stop  angles  produced  by  a  given  start  angle  in  each  of  the  four  chambers  of  the  drive 
wheel  were  compared.  Except  near  transition  regions  well  balanced  wheels  show  less  than 
2%  variability  in  stop  angles  between  chambers  and  periodic  oscillations  are  essentially  the 
same  for  each  quadrant. 


2.8.  ANALYSIS  OF  TURNING 


In  the  general  case  a  data  vector  consists  of  a  series  of  stop  angles,  (0„,  G^+i,  0n+2>  *••)  where 
0Q  is  the  stop  angle  at  step  (n).  In  the  simplest  case  a  low  dimensional  attractor  was  found 
with  a  two  component  vector  utilizing  a  delay  of  one  step  so  that  plots  were  constructed 
from  pairs  of  consecutive  stop  angles  (0^,0n+i)  yielding  a  return  map.  In  periodic  oscillatory 
motion  the  machine  steps  between  two  angles  producing  clouds  of  points  on  the  return  map. 
In  the  aperiodic  regimes  we  found  linear  clouds  of  points  and  other  patterns.  By  carefully 
adjusting  the  water  level  a  period  three  state  was  observed  near  the  transition  point  between 
periodic  and  chaotic  behavior. 

During  periodic  oscillations,  the  device  stabilized  to  two  stop  angles  after  a  few 
turns  regardless  of  starting  angle.  In  contrast,  during  chaotic  turning,  stop  angle  sequences 
starting  from  the  apparently  same  initial  starting  angle  deviated  after  3-7  turns  showing  the 
property  of  “sensitivity  to  initial  conditions”. 

2.9.  USING  THE  MACHINE  AS  A  “WHEEL  OF  FORTUNE” 

Sequences  of  stop  angles  which  appear  to  be  random  were  produced  with  an  empty  paddle 
wheel  bath  compartment  when  the  wheel  was  spun  by  hand.  The  spin  was  done  with  enou^ 
force  to  produce  two  revolutions  while  still  attempting  to  make  all  spins  with  the  same  force. 

3.  Results 

3.1  RETURN  MAPS  FROM  15  INCH  WHEEL  WATER  DRIVEN 

Data  presented  in  the  plots  shown  here  were  taken  with  an  angle  detector  and  transcribed 
to  computer  plots.  These  data  and  plots  are  essentially  the  same  as  those  taken  from  other 
sized  wheels.  The  data  are  slightly  inconsistent  at  the  region  of  transition  (as  determined  by 
the  depth  of  water  on  paddle  wheel)  from  clock  to  chaos  as  expected  due  to  the  sensitivity 
of  the  process.  On  either  side  of  the  transition,  however,  data  sets  were  similar. 

At  a  depth  of  15  cm  on  the  paddle  vdieel  the  machine  oscillated  between  32  and  58 
degrees  illustrating  period  two  behavior  (Fig.  2A).  At  14  cm  the  swings  expanded  an 
additional  5  degrees  but  the  centers  remained  about  the  same  as  at  the  depth  of  15  cm 
showing  the  beginning  of  a  transition  state.  At  12  cm  many  swings  were  at  the  original  32 
and  58  degree  locations  but  an  attractor  expanded  and  contracted  between  the  two  initial 
clusters  (Fig.  2B).  The  next  data  set  at  a  depth  of  8  cm  shows  a  limited  two  line  chaotic 
attractor  (Fig.  2C).  Decreasing  the  depth  to  6  cm  caused  the  attractors  to  expand  such  that 
essentially  all  angles  were  visited  (Fig.  2D).  A  striking  attractor  was  uncovered  at  a  precise 
depth  of  4  cm  which  shows  “multivalued”  attractors  at  approximately  37  and  57  degrees 
(Fig.  3A).  This  multivalued  aspect  probably  reflects  slight  asymmetries  in  the  4 
compartments  of  the  drive  wheel.  Note,  however,  that  a  primary  feature  is  still  the  two 
straight  lines  of  the  attractor. 


Figure.  2.  Return  maps  of  sequential  stop  angles  at  different  water  depths  on  paddle  wheel. 
A:  15  cm.  Wheel  periodically  oscillated  between  58  and  32  degrees. 

B:  12  cm.  Wheel  periodically  oscillated  with  expanding  and  contracting  stop  angles. 

C:  8  cm.  Wheel  turned  chaotically  such  that  small  angles  were  not  reached  which  produced 
a  restricted  two  line  attractor. 

D:  6  cm.  Wheel  turned  chaotically  such  that  all  stop  angles  w^ere  obtained  to  produce  a  two 
line  attractor  which  included  all  angles. 


tp’  /  degree  cp’  /  degree 


<P  /  degree  cp  /  degree 


Figure  3:  (continuation  of  Fig.  2).  Return  maps  of  sequential  stop  angles  at  different  water 
depths  on  paddle  wheel;  and,  one  example  of  hand  spinning  (D). 

A:  4  cm.  Four  part  chaotic  attractor.  Edges  of  the  two  central,  C-shaped  parts  are 
multivalued  and  reflect  asymmetries  in  the  4  compartments  of  the  power  wheel. 

B:  1  cm.  A  three  line  attractor. 

C:  0  cm.  Water  driven.  Note  that  a  complicated  attractor  appears  to  be  developing. 

D:  0  cm.  Force  driven  by  hand  was  “constant”  and  enough  to  produce  at  least  two  turns.  No 
obvious  attractor  is  present. 


The  center  region  of  the  attractor  in  Figure  3  A  was  lost  by  reducing  the  depth  to  3  cm  and 
the  data  produced  a  two  lined  attractor  similar  to  Figure  2D.  A  three  line  attractor  was 
produced  at  1  cm  depth  (Fig.  3d).  For  completeness,  a  plot  (Fig.  3C)  is  shown  with  no 
water  brake  to  demonstrate  the  operation  of  the  wheel  with  only  bearing  friction.  In  the  last 
case  there  appears  to  be  an  attractor  developing  but  the  data  set  is  insufficient. 

3.2.  RETURN  MAP  OF  15  INCH  WHEEL  SPUN  BY  HAND 

Wheels  were  spun  by  hand  with  no  water  brake  to  observe  if  either  hand  spins  produced 
patterns  or  if  there  was  a  preferred  stop  angle  due  to  a  bearing  asymmetry.  The  “same” 
estimated  force  was  applied  for  each  spin  and  it  w^as  great  enough  to  produce  two 
revolutions.  Return  maps  of  50  to  1000  spins  showed  no  apparent  patterns  and  the  points 
appear  to  evenly  cover  the  fields  produced  with  either  9  or  15  inch  wheels  (Fig.  3D). 

3.3.  MODEL 

The  wheel  has  been  the  subject  of  a  modeling  effort  and  will  be  the  subject  of  a  later  paper. 
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1.  Introduction 

An  array  of  cylinders  placed  in  a  fluid  flowing  perpendicular  to  their  long 
axis  has  been  known  to  perform  large  amplitude  oscillations  when  the  flow 
velocity  is  increased  past  a  critical  value.  Many  researchers  have  studied 
this  problem  and  considerable  understanding  has  been  gained  [1,  2,  3,  4, 
5,  6,  7,  8,  11,  12].  [9]  provides  an  extensive  review  of  aU  the  models  of 
fluid  elastic  instability  for  cylinder  arrays  in  cross  flow.  The  goal  of  this 
study  [13,  14]  has  been  to  investigate  low- dimensional  nonlinear  models  for 
fluid-structure  dynamics  of  a  row  of  cylinders  in  cross  flow. 

The  principal  results  of  this  experimental-theoretical  study  are,  i)  ex¬ 
perimental  evidence  shows  that  the  dynamic  instability  of  the  tube  row 
is  a  sub-critical  Hopf  bifurcation,  ii)  the  critical  flow  velocity  decreases  as 
the  number  of  flexible  cylinders  increases,  iii)  for  a  range  of  flow  velocities, 
more  than  one  stable  mode  (limit  cycle)  co-exists,  iv)  the  linear  model  ex¬ 
hibits  coupled  helical  wave  solutions  in  the  tube  dynamics  and  v)  one  of  the 
several  nonlinear  models  of  the  tube  dynamics  studied  shows  a  sub-critical 
Hopf  bifurcation  with  a  secondary  bifurcation  to  a  torus  or  quasi-periodic 
oscillation.  The  theory  of  center  manifolds  and  normal  forms  is  used  to 
analyze  the  bifurcations  in  the  system. 
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2.  Description  of  Experiments 

The  wind  tunnel  used  in  this  study  is  a  standard  blower  type,  low  turbulence 
air  tunnel  powered  by  an  AC  motor.  Figure  1  shows  an  isometric  view  of 
the  test  section.  Details  of  the  experimental  set-up  and  test  section  can 
be  found  in  [13].  The  cylinder  row,  consisting  of  nine  cylinders,  has  seven 
oscillating  cylinders  and  a  fixed  cylinder  at  each  end.  The  pitch  to  diameter 
ratio  (P/D,  where  P  is  the  distance  between  adjacent  cylinder  axes  and  D 
is  the  diameter  of  each  cylinder)  is  1.35.  Each  oscillating  cylinder  has  two 


Ball-and-SocVet  Joint 


Figure  1.  Sketch  of  the  test  section.  The  air  flow  between  the  cylinders  provides  the 
coupling  between  the  cylinders;  no  structural  coupling  exists. 

degrees-of-freedom,  in-line  and  transverse  to  the  flow  and  is  supported  by 
a  steel  rod.  The  natural  frequency  of  the  cylinders  in  the  in-line  direction 
(/y)  is  7,4  Hz  and  6.8  Hz  in  the  transverse  direction  (/x).  The  damping 
ratio  in  stiU  air  was  found  to  be  close  to  0.013  in  both  directions. 

In  our  experiments,  we  quantify  only  the  response  of  the  central  cylinder. 
We  define  amplUxide  as  the  maximum  radial  displacement  of  the  central 
cylinder  from  the  equilibrium  position.  (Note  that  alloi  the  seven  cylinders 
can  oscillate  in  any  direction  in  the  x  —  y  plane).  We  use  Ur  =  U/ fyD  as 
the  non-dimensional  form  of  the  gap  flow  velocity  Z7,  and  D  is  the  diameter 
of  the  cylinders. 

Figure  2  shows  evidence  for  a  sub-critical  H op f  bifurcation  at  the  critical 
flow  velocity  Ucr  ^115.  The  method  used  to  estimate  the  amplitude  of  the 
unstable  limit  cycle  (see  [14]  for  details)  can  be  roughly  justified  by  the 
existence  of  a  two  dimensional  center  manifold. 

The  variation  in  the  critical  reduced  flow  velocity  with  the  number  of 
oscillating  cylinders  is  shown  in  Figure  3a.  As  the  number  of  oscillating 
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Bifurcation  Diagram  for  the  Central  Cylinder 


Figure  2.  Bifurcation  diagram.  The  amplitude  of  the  oscillations  of  the  central  cylinder 
in  a  row  of  seven  vibrating  tubes  is  shown  versus  the  reduced  flow  velocity  {Ur)>  A 
sub-critical  Hopf  bifurcation  occurs  as  the  reduced  flow  velocity  is  increased  past  the 
critical  value  of  approximately  115.  This  bifurcation  diagram  is  obtained  experimentally. 


(a)  (b) 


Figure  S,  a)  The  variation  of  the  critical  reduced  flow  velocity  {Ucr)  with  the  number 
of  oscillating  cylinders  (N)  is  shown.  For  the  experimental  curve,  the  value  of  Ucr  for 
a  single  oscillating  cylinder  could  not  be  obtained  as  it  is  beyond  the  maximum  flow 
velocity  of  the  experimental  set-up.  The  difference  in  the  Ucr  between  the  experiments 
and  the  model  is  large  for  all  except  N  =  7,  This  is  because  the  cross-coupling  fluid  forces 
which  were  not  determined  experimentally,  were  fit  for  the  Ucr  observed  in  the  N  =  7 
case,  b)  Schematic  illustration  of  the  stable  modes  of  limit  cycle  oscillations.  For  some 
range  of  the  flow  velocity,  more  than  one  of  these  stable  modes  co-exist. 


cylinders  increases,  the  critical  flow  velocity  decreases.  The  value  of  the 
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critical  reduced  gap  flow  velocity  for  a  single  oscillating  cylinder  is  greater 
than  230  (8.5  ni/s  upstream,  the  maximum  flow  velocity  of  the  experimental 
set’Up).  This  suggests  that  the  coupling  between  the  cylinders  drastically 
reduces  the  critical  flow  velocity. 

For  Ur  >  92,  perturbations  to  the  buffeting  oscillations  result  in  stable 
large  amplitude  modal  oscillations  of  the  cylinder  row.  Figure  3b  is  a  sketch 
of  all  the  modes  observed  through  a  video  camera.  For  a  range  of  reduced 
flow  velocities,  more  than  one  stable  limit  cycle  co-exist.  The  bnear  model 
of  the  system  presented  in  Section  3  shows  these  modes  to  be  similar  to 
helical  waves  on  a  string. 

3.  Theoretical  Model  and  Analytical  Results 

The  equations  of  motion  of  the  cylinder,  with  respect  to  a  frame  fixed 
at  its  equilibrium  position,  is  given  by 


(1) 


where  the  terms  on  the  left-hand  side  are  the  structural  inertia,  damping 
and  stiffness  terms  per  unit  length  of  the  cylinder  and  /„  on  the  right-hand 
side  is  a  vector  containing  the  fluid  forces  per  unit  length  on  the  cylinder 
in  the  x  and  y  directions.  The  displacements  of  the  cylinder  are  denoted 
by  Xn  and  In  this  model  we  ignore  motion-independent  fluid  forces,  the 
negligible  fluid  inertial  terms  and  assume  nearest  neighboring  coupling. 

Using  symmetry  conditions  and  linearizing  the  fluid  forces  about  the 
cylinder  equilibrium  positions  we  get, 


(T  I  I  in  Xn+l 

fi'  J  \  Vn-Vn  +  l 

O’  11  1 

^  J  V 


(2) 

The  single-primed  quantities,  r')  are  the  fluid-damping  co¬ 
efficients  and  the  double-primed  quantities,  r")  are  the  fluid¬ 

stiffness  coefficients.  The  direct  coupling  coefficients  (a",  o',  /3",  /?')  were 
measured  by  using  the  ARMA  process  (Auto  Regressive  Moving  Average) 
of  the  system  identification.  The  cross  coupling  coefficients  (r",  r',  a",  a') 
were  determined  through  heuristic  fits  based  on  instability  mechanisms  (see 
[13]  for  details).  The  translational  invariance  of  the  motion-dependent  fluid 
forces  is  inherent  in  our  model. 

We  consider  a  traveling  w^ave  solution  to  Equations  1  and  2  of  the  for 


I  Xn  1  __  I  I 

\  Vn  /  -  \  a,  / 


(3) 
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where,  q  =  2-kkP  ;  k  is  the  wave  number  (i.e.  is  the  wave  length),  a; 
is  the  angular  frequency  and  P  (pitch)  is  the  periodicity  associated  with 
the  structure.  In  the  above  traveling  wave  solution,  the  e”*"*  characterizes 
the  temporal  behavior  of  the  solution  for  the  initial  data  given  by  e*®”.  The 
quantity  q  is  the  phase  difference  between  adjacent  cylinders  and  hence 
characterizes  the  spatial  distribution  of  the  cylinders  at  any  instant  of  time. 
The  dispersion  relation  for  the  finite  cylinder  row  system  is  obtained  by 


Figure  4-  The  least  stable  mode  is  shown  for  Ur  =  115.  The  central  cylinder  oscillates 
only  in  the  transverse  direction  and  motions  of  the  cylinders  to  the  left  and  the  right  of  the 
central  cylinder  have  a  reflection  symmetry  about  the  y—z  plane  of  the  central  cylinder.  In 
part  (a)  the  cylinders  to  the  left  rotate  in  the  anti-clockwise  direction  about  the  -1-x-axis 
and  those  to  the  right  rotate  in  the  clockwise  direction.  The  helical  pattern  is  in  the 
counter-clockwise  direction  about  the  -fx-axis.  Part  (b)  shows  the  2-D  representation. 


substituting  equation  3  into  the  governing  equations  1  and  applying  fixed 
end  boundary  conditions.  For  a  particular  to,  the  wave  numbers  ±g  result 
in  two  waves  traveling  in  opposite  directions.  The  superposition  of  the  two 
traveling  waves  results  in  a  standing  wave. 

As  the  periodicity  of  the  structure  is  in  x-direction,  it  is  difficult  to 
interpret  the  deflection  of  the  cylinders  in  the  x-direction.  They  axe  easier 
to  interpret  if  the  x-directional  motion  of  each  cylinder  is  represented  along 
the  2-axis.  This  representation  renders  the  depiction  of  the  modes  to  be 
similar  to  that  of  a  string  vibrating  in  the  two  transverse  directions,  y 
and  2.  For  the  standing  wave,  the  cylinder  row  at  any  instant  in  time  is  a 
helix  that  circles  around  the  -f  x-axis  in  the  counter-clockwise  direction.  A 
simple  calculation  shows  that  the  helical  pattern  of  the  standing  wave  is  due 
to  the  phase  difference  between  the  two  constituent  traveling  waves.  This 
phase  difference  depends  on  the  coefficients  t"  and  a"  which  are  in-turn 
determined  by  the  coupled-mode  flutter  instability. 

Figure  4  shows  a  helical  mode  for  Uf  =  115.  The  central  cylinder  in 
this  mode  oscillates  only  in  the  transverse  direction  and  this  mode  is  very 
similar  to  mode-A  of  Figure  3b  obtained  experimentally. 
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4.  Nonlinear  Bifurcation  Analysis 

Our  ultimate  goal  is  to  understand  what  the  nature  of  the  nonlinear  forces 
are  that  lead  to  a  sub-critical  dynamic  instability.  These  instabilities  are 
very  dangerous  in  practice.  The  sub-criticaJ  phenomenon  however  depends 
on  the  nonlinear  nature  of  the  fluid  coupling  forces.  In  the  absence  of  dy¬ 
namic  measurements  of  the  nonlinear  part  of  the  fluid  forces,  we  posit  two 
plausible  nonlinear  models,  the  second  model  motivated  by  the  Taylor  ex¬ 
pansion  of  the  relative  velocity.  In  these  models  we  consider  just  two  tubes; 
one  constrained  to  vibrate  transverse  to  the  flow,  and  the  other  constrained 
to  vibrate  in  the  flow  direction.  We  represent  the  dynamics  of  this  system 
by  the  following  equations: 

Model-1 


where,  A{Ur)  =  ^K^c/r)  -c(c;r)  ]  matrix  governing  the  linearized  equa¬ 

tions,  K  is  the  non-symmetric  stiffness  matrix,  C  is  the  damping  matrix 
and  Ur  is  the  parameter  in  the  system.  The  various  elements  of  the  stiffness 
and  damping  matrices  were  obtained  from  the  linear  model  of  section  3. 
The  coefficients  C,j,  C/,  and  fi{Ur)  in  these  models  are  unknowns 
to  be  determined.  Note  that  Ucr  is  the  critical  flow  velocity  for  flutter  in¬ 
stability  when  two  of  the  eigenvalues  of  A  cross  the  imaginary  axis,  i.e., 
zero  real  parts.  At  critical  speed  Ucry  the  motion  of  the  linearized  system 
approaches  the  sub-space  spanned  by  the  eigenvectors  corresponding  to 
those  eigenvalues  with  zero  real  part.  This  subspace  is  invariant  under  flow 
generated  by  the  linearized  equations.  The  center  manifold  theorem  (see 
for  e.g.  [10,  15])  ensures  that  for  the  full  nonlinear  equations  there  exists  a 
subspace  (center  manifold)  which  is  tangential  to  the  subspace  spanned  by 
the  eigenvectors,  at  the  equilibrium  point.  The  flow  close  to  the  equilibrium 
point  approaches  the  center  manifold  asymptotically.  The  symbolic  compu¬ 
tation  for  the  center  manifold  was  performed  using  power  series  expansions. 
Near-identity  transformations  of  increasing  order  were  used  to  reduce  the 
flow  on  the  center  manifold  to  a  normal  (canonical)  form. 
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Figure  5.  (a)  Bifurcation  diagram  for  model-1.  A  secondary  bifurcation  at  i/r  ~  95 

results  in  a  torus,  (b)  The  Poincare  map  of  the  system  (model-1)  for  95  <  I/r  <  120 
shows  the  presence  of  quasi-periodic  motion 


The  relationships  between  the  coefficients  that  govern  the  Hopf  bifur¬ 
cation  were  studied  using  the  normal  form  of  the  flow  on  the  center  mani¬ 
fold.  These  relationships  were  then  used  to  choose  the  unknown  coefficients 
in  the  equations  4  and  5.  These  two  systems  of  equations  were  studied 


Figure  6.  Bifurcation  diagram  for  model-2. 

through  numerical  simulation.  Figures  5  and  6  show  the  bifurcations  in 
these  models.  The  amplitude  of  the  limit  cycles  in  the  bifurcation  diagram 
was  obtained  by  using  Newton’s  root  finding  method  on  the  Poincare  map 
with  the  Poincare  section  at  y  —  0.  The  stability  of  the  limit  cycles  were 
obtained  from  the  eigenvalues  of  the  Jacobian  evaluated  at  the  limit  cycle. 
Figure  5a  shows  a  sub-critical  Hopf  bifurcation  with  secondary  bifurcation 
to  a  torus.  The  quasi-periodic  motion  on  the  torus  is  shown  in  the  Poincare 
map  of  figure  5b. 
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5.  Conclusions 

This  study  has  shown  that  experimental  dynamic  instabilities  in  tubes  in 
cross  flow  can  exhibit  sub-critical  limit  cycle  osciUations  (Hopf  bifurcation). 
These  sub-critical  Hopf  bifurcations  are  dangerous  in  practice  because  large 
amplitude  oscillations  can  be  induced  at  much  lower  flow  velocities  than 
those  predicted  by  classical  linear  models  for  fluid-structure  instability.  The 
nature  of  these  sub-critical  instabilities  depends  on  the  nonlinear  fluid  and 
structural  forces.  We  have  used  an  ad-hoc  nonlinear  model  to  show  the  pos¬ 
sible  complexities  in  the  secondary  bifurcations  as  a  function  of  flow  veloc¬ 
ity.  This  study  has  demonstrated  the  need  to  obtain  better  measurements 
of  dynamic  fluid  structure  forces  in  order  to  provide  realistic  predictive 
models  of  nonlinear  fluid-structure  instabilities. 
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IX.  SPATIO-TEMPORAL  CHAOS 


Experimental  evidence  for  spatial  complexity  in  a  periodic  elastic  structure  is 
presented  in  the  paper  by  Hikihara  and  Okamoto.  A  theoretical  paper  by  Salenger  and 
Vakakis  discusses  chaos  in  a  periodically  supported  elastic  structure. 

A  useful  model  for  examining  spatio-temporal  chaos  in  coupled  map  lattices  is 


presented  in  the  paper  by  Grigoriev. 
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Abstract  In  this  paper  the  spatio-temporal  vibration  in  a  coupled  magneto-elastic 
beam  system  is  discussed  experimentally  and  numerically.  The  periodical  forcing  at  the 
end  of  the  beam  system  induces  the  several  types  of  vibrations  to  the  magneto-elastic 
beam  through  the  coupling  beams.  It  is  caused  by  the  nonlinearity  which  depends  on 
the  potential  well  of  each  magneto-elastic  beam  and  the  wave  propagation  passing 
throu^  the  coupling  beams.  The  temporal  vibration  of  the  magneto-clastic  beam  is 
explained  with  relations  to  the  spatial  state  transition  based  on  the  experimental  results. 


1.  Introduction 

Recently  the  dynamics  of  the  highly  coupled  systems  have  been  widely  studied  in  many 
fields  in  order  to  understand  the  emergent  phenomenon  in  the  complex  systems  [1].  The 
coupled  map  lattice  (CML)  is  considered  to  be  one  of  the  gpod  models  that  are  able  to 
describe  the  distributed  systems  by  discretizing  the  space  in  finite  periodical  cells  [2,3]- 
These  coupled  oscillators  show  the  remarkable  feature  that  the  populations  of  coupled 
pendulum  can  synchronize  to  a  common  firequency  [4].  Moreover,  the  spatio-temporal 
chaos  has  also  been  found  in  the  lattice  [3,5].  On  the  other  hand,  the  periodically 
coupled  lattice  structure  can  also  be  seen  in  usual  mechanical  structures;  in  airplane, 
ship,  train,  and  the  electrical  distributed  systems;  power  line,  linear  electrical  machine, 
etc.  Therefore,  the  CML  is  considered  to  be  an  substantial  model  to  study  the  dynamics 
both  in  the  mechanical  structures  and  in  distributed  systems. 

In  our  laboratory,  one  of  the  authors  has  studied  the  dynamics  of  the  magneto¬ 
elastic  beam  system  with  delayed  feedback  control  [6,7].  Through  the  studies  the  time 
delay  input  has  an  ability  to  make  the  system  stabilize  in  a  new  stable  orbit  which  does 
not  exist  in  the  original  system  caused  by  the  increase  of  the  system  dimension.  In  the 
distributed  systems  the  vibration  induced  at  an  end  cell  reaches  to  the  next  with  a  time 
delay,  travels  through  the  coupled  lattice  and  reflects  at  another  end.  These  types  of 
traveling  wave  in  the  coupled  elastic  system  have  already  been  reported  by  Davies  [8], 
Davies  and  Moon  [9].  The  wave  shows  the  characteristics  of  the  solitary  wave  that  is 
usually  discussed  in  the  nonlinear  distributed  system  [10]. 
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On  the  other  hand,  the  pendulum  which  is  a  cell  of  the  coupled  lattice  shows 
the  variety  of  vibrations;  harmonics,  qua  si -periodicity  and  chaos.  These  temporal 
vibrations  are  caused  by  the  wave  propagation  passing  through  the  coupling  beams.  The 
wave  which  propagates  through  the  system  shows  the  multi-reflections  at  both  ends. 
Therefore,  each  magneto -clastic  beam  is  governed  by  the  dynamics  excited  by  a 
multiple  reflected  waves  with  time  delay.  On  this  standpoint,  the  spatio-temporal 
dynamics  of  the  coupled  mageto-elastic  beam  system  (CMK)  is  experimentally  and 
numerically  discussed  in  this  paper. 


2.  Experimental  System  and  Setup  Condition 

The  CMES  is  composed  of  the  magneto-elastic  beam  (tmek  beam)  and  the  coupling 
beams.  Each  beam  is  the  thin  ferrite  beam  that  has  0.3  mm  thickness.  The  detail 
length  and  width  of  the  beams  are  shown  in  Fig.  1.  The  density  of  the  beam  is  7.1 
g/cm^.  The  natural  frequency,  the  damping  coefficient  and  the  spring  constant  of  the 
truck  beam  are  22.6  Hz,  0.375,  8.32  N/m  and  10.0  Hz,  0.149  and  2.19  N/m  for  the 
coupling  beam.  In  the  coupled  system,  eight  truck  beams  are  linked  by  the  coupling 
beam.  A  tmek  beam  and  the  coupling  beams  are  joined  by  plastic  screws.  Therefore, 
the  system  has  the  continuous  elastic  structure. 
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Fig.  1  Coupled  magneto-elastic  beam  system. 
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The  truck  beam  is  sinusoidally  driven  at  the  one  end  by  an  electromagnetic 
shaker  through  the  coupling  beam.  At  the  bottom  of  every  truck  beam  two  permanent 
magnets  are  placed  to  make  the  double  well-shaped  potential.  The  upper  polarities  of 
the  magnets  are  set  at  the  North.  Therefore  the  truck  beams  have  two  stable  positions 
over  the  front  magnet  and  the  rear.  The  single  beam  system  is  famous  as  "Moon’s 
beam,"  in  which  the  chaotic  vibration  appears  under  the  sinusoidal  driving  force  [11]. 
The  magnetic  flux  densities  of  the  magnets  are  0.0954  T  at  the  surface.  Therefore  the 
system  also  has  the  discrete  magnetic  structure. 

The  strain  gauges  are  attached  on  both  surfaces  of  each  truck  beam  to  measure 
the  vibration  of  the  beams  by  the  bridge  method.  The  gauges  are  connected  to  the 
bridge  circuit  with  two  standard  resistors,  which  are  composed  of  the  same  strain 
gauges.  The  outputs  of  the  bridge  circuits  are  led  to  the  multi-channel  strain  amplifier, 
respectively.  The  eight  simultaneous  vibration  signals  are  stored  by  a  personal 
computer  at  every  sampling  time  (see  Fig.  2).  Therefore  the  sampling  point  is 
synchronize  to  the  period  of  the  space  structure.  The  Poincare  points  can  also  be 
obtained  by  sampling  the  temporal  data  at  every  period  of  the  driving  force.  As  the 
results,  the  vibration  in  the  CMES  can  be  measured  spatially  and  temporally  at  the 
same  time. 


3.  Experimental  Results  and  Discussion 
3.1.  IMPACT  PROPAGATION 

At  first  we  will  discuss  about  the  impact  propagation.  When  an  impact  force  is  given 
to  one  end  of  the  CMES,  the  vibration  propagates  to  another  end  with  keeping  a 
constant  speed.  Fig.  3  shows  the  spatio-temporal  contour  of  the  wave  propagation. 
The  darkly  hatched  region  implies  that  the  beam  is  forced  to  the  backward  and  Ae  white 
region  to  the  forward.  The  vibration  of  the  coupling  beam  between  the  truck  beams  is 
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not  measured.  Therefore  the  wave  form  of  the  coupling  beam  is  intercalated  based  on 
the  vibration  of  the  truck  beam.  The  traveling  wave  reflects  with  keeping  the  phase  at 
the  free  end  :  beam  #8.  The  wave  propagates  forth  and  back  at  the  speed  around  18.2 
m/s  over  1.0  second  without  dissipation.  Fig.  4  shows  the  3D  plot  of  the  wave 
propagation.  The  propagation  gives  truck  beams  the  delayed  impulsive  excitations 
repetitively. 


Time  I(1/200)s€c] 


Fig.  3.  Impact  wave  propagation. 


Time  [(1/200)sec] 


Fig.  4.  3D  plot  of  impact  wave  propagation. 

3.2.  QUASI-PERIODIC  WAVE  PROPAGATION 

In  the  system,  there  are  many  natural  frequencies  caused  by  the  coupling  structure.  It 
gives  the  CMES  the  possibility  of  quasi -periodic  vibrations.  Fig.  5  shows  the  spatio- 
temporal  contour  of  the  typical  experimental  results  of  the  quasi -periodic  wave 
propagation.  The  quasi-periodic  wave  propagation  implies  the  propagation  which  gives 
the  quasi-periodic  temporal  vibration  to  each  truck  beam.  In  these  states,  the  quasi- 
periodic  disturbance  superposes  on  the  temporal  fundamental  wave  propagation. 
Therefore  the  spatio-temporal  pattern  of  the  contour  changes  gradually. 
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Time  [(1/200)sec] 


(a)  Fundamental  quasi-period ic  wave  (0.9  V,  12.0  Hz) 


Time  [(1/200)sec] 

(b)  Fourth  quasi-period  ic  wave  (2.28  V,  19.0  Hz) 
Fig.  5.  Experimental  quasi-period  ic  wave  propagation. 
3.3.  CHAOTIC  WAVE  PROPAGATION 


The  single  truck  beam  and  the  permanent  magnet  structure  is  well  known  as  ”  Moon’s 
beam,"  which  can  show  the  temporal  chaotic  dynamics.  In  the  CMES,  the  single  cell 
also  has  the  possibility  to  show  the  temporal  chaotic  vibration.  Fig.  6  shows  the 
spatio-temporal  contour  of  typical  cases  of  the  chaotic  wave  propagation.  In  the  chaotic 
wave  propagation,  the  contour  shows  that  the  states  are  completely  chaotic  temporarily 
and  spatially.  The  estimation  depends  on  the  spectrum  analysis,  Poincare  map,  and  the 
bifurcation  diagram  as  for  the  time.  However,  there  is  no  exact  way  to  estimate  for  the 
space  except  the  spatial  wave  form  and  the  delay  map  (correlation).  Because  the 
spatially  sampled  points  are  limited  in  our  experimental  system.  In  Figs.  6(b)  and  (c) 
the  chaotic  vibration  superposes  on  the  temporal  forth  periodic  wave  propagation.  In 
the  case  the  intermittent  type  chaotic  vibration  appears.  The  intermittent  chaos  is  also 
reported  in  CML  by  Crutchfield  and  Kaneko  [2].  However,  the  mechanism  of  the 
intermittency  cannot  be  explained  in  these  experiments. 
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(a)  Fundamental  chaotic  wave  propagation  (1.8  V,  19.0  Hz) 


Time  [(1/^00)sec] 

Forth  chaotic  wave  propagation  [periodic  wave]  (  1.95  V,  20.0  Hz) 


Time  [(1/200) sec] 

.  (c)  Forth  chaotic  wave  propagation  [intermittency]  (  1.95  V,  20.0  Hz) 
Fig.  6  Experimental  chaotic  wave  propagation. 
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4.  Numerical  Simulation 

The  single  cell  of  magneto-elastic  beam  has  already  been  studied  [11,12].  The 
mathematical  model  is  given  by  a  double  well  potential  Duffing’s  equation  [13].  The 
CMES  has  the  coupled  structure  of  the  beam.  Therefore  the  numerical  model  is 
considered  to  be  : 


dt 


=yi 


-2yiy;  -a^Xi 

-2y2(>'i  -^'/+i)-«2(-*i  -^i.l)-^2(^i 


0  50  100  150  200 

Time 

(a)  Traveling  wave  (  cu  =  2.0  and  Xq  -  2,0) 


0  50  100  150  200 

Time 


(1) 


(b)  Chaotic  wave  propagation  (  cu=  5.0  and  Xq  «=  2.0) 

Fig.  7.  Numerical  results  (  y  i  =  0.0126 ,  y2  -  0.0050  ,  =  Of2  ~  “1  and  =  /S2  ~  1) 


T.  Hikihara,  Y.  Okamoto  and  Y.  Ueda 


where  Xq  -  XqCOS cot,  Xq  -  X^cosincot,  Xg  =  X^  and  Xg  =  X^.  The  numerical 

integration  is  performed  by  Runge-Kutta  algorithm.  Fig.  7  shows  the  spatio-temporal 
contour  of  the  numerical  results.  As  shown  in  the  figure,  depending  on  the  driving 
frequency  and  the  amplitude,  the  spatio-temporal  pattern  changes  drastically.  In  Fig. 
7(a)  the  wave  propagates  without  reflection.  On  the  other  hand,  in  Fig.  7(b)  the 
temporal  and  spatial  chaotic  wave  propagation  appears.  Fig.  8  shows  the  3D  plot  of  the 
wave  propagation  corresponding  to  Fig.  7.  In  Fig.  8(b),  the  collision  of  the  soliton 
like  wave  can  be  observed. 


Time 


(a)  Traveling  wave  =  2.0  and  Xq  «  2.0) 


Time 


(b)  Chaotic  wave  propagation  (  =  5. 0  and  Xq  =  2.0  ) 

Fig.  8.  3D  plot  of  simulated  wave  (  y  ^  =  0.0126  , 

Y2  =  0.0050  ,  =  a2  =  -1  and  ^  =  1) 
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5.  Concluding  Remarks 

In  this  pa^r  we  have  discussed  about  the  temporal  and  spatial  dynamics  of  a  CMES. 
The  behavior  of  the  continuous  elastic  structure  was  discussed  based  on  the  discretized 
spatial  wave.  Through  the  experiments,  the  periodical,  quasi-periodic  and  chaotic  wave 
shows  the  typical  feature  of  the  spatio-temporal  contour  pattern  which  was  observed  in 
CML  which  is  composed  of  large  number  of  pendulum.  The  bifurcation  of  a  periodical 
wave  to  others  has  a  great  dependence  on  the  propagation  and  the  reflection  of  the 
waves.  As  for  the  CMES,  a  mathematical  model  was  proposed.  The  simulated  results 
show  the  similar  wave  propagation  to  the  experiment.  Especially  the  soliton  like  wave 
propagation  can  be  seen  in  the  chaotic  wave  propagation.  These  discussions  are  limited 
in  the  phenomenological  considerations.  However,  we  believe  they  give  us  some  clues 
to  study  the  occurrence  of  the  bifurcation  of  the  spatio-temporal  wave. 
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1.  Introduction 

In  this  work  we  provide  analytical  computations  of  discreteness  effects  in  the  solitary 
and  standing  wave  motions,  and  the  chaotic  envelope  of  a  forced  string  supported  by  an 
infinite  periodic  array  of  springs  with  a  softening  cubic  nonlinearity.  To  overcome  the 
difficulty  encountered  in  dealing  with  the  singularities  inherent  in  this  system,  a 
nonsmooth  transformation,  first  developed  by  Pilipchuk  [1,2],  is  applied  to  the  spatial 
variable.  The  method,  also  detailed  in  [3],  was  first  applied  to  this  problem  in  [4]  for  the 
unforced  case,  and  in  [5],  to  compute  solitary  waves  for  a  system  with  hardening  cubic 
and  vibro-impact  supports  and  forcing. 

This  work  is  a  further  extension  of  [5],  providing  a  more  general  method  for 
computing  standing  wave  solutions  in  systems  with  symmetric,  conservative,  supports. 
The  application  of  a  nonsmooth  transformation  to  the  original  equation  of  motion  results 
in  a  set  of  smooth  nonlinear  boundary  value  problems  (NBVPs),  which  is  analyzed 
using  regular  perturbation  techniques  and  harmonic  balance.  As  the  system  is  solved  at 
each  order,  integration  constants  remain.  The  equations  governing  these  ’constants’  are 
then  solved  after  imposing  the  condition  that  their  solutions  must  remain  bounded  in 
space.  Finally  the  analytic  solutions  are  compared  to  numerical  integrations  of  the 
original  equations  of  motion. 


2.  Analysis 

2. 1 .  NONSMOOTH  TRANSFORMATION  OF  GOVERNING  EQUATION 

The  system  under  consideration  consists  of  a  linear  string  of  infinite  spatial  extent, 
supported  by  an  infinite  periodic  array  of  nonlinear  elasticities,  and  forced  by  a 
distributed  external  excitation.  The  governing  equation  of  motion  is  given  by; 


(1) 


where  ii  =  ii{y  /  E,y,r)  denotes  the  transverse  displacement,  p  and  T  the  (uniform) 
density  and  tension  of  the  string,  f(ii)  the  nonlinear  characteristics  of  the  stiffness,  and 
q^qiy  /  E,y,t)  the  external  distributed  load.  The  external  force  and  response  are 

assumed  to  possess  ’fast*  and  ’slow’  spatial  scales,  defined  by  the  small  parameter 
0  <  e  «  1  that  governs  the  distance  between  adjacent  stiffnesses.  Moreover,  we  assume 
that  q  is  periodic  with  respect  to  the  'fast'  scale  (y  /  e)  ,  with  normalized  period  FI  =  4  . 

We  seek  solutions  of  (1)  that  are  periodic  with  respect  to  the  ’fast’  spatial  variable 
(y/e).  To  this  end  we  employ  the  following  nonsmooth  transformations  of  the  ’fast’ 
spatial  variable, 


V  V  \ 

e  EE 

X(-)  =  (-) sin-' (sin(^^)).  e(^)  =  t'(-) 
E  K  2  E  E  E 


(2) 


where  prime  denotes  differentiation  with  respect  to  the  argument.  First,  the  'fast'  spatial 
scale  in  (1)  is  transformed  according  to  (2);  then,  the  infinite  summation  of  singular 
terms  on  the  left-hand  of  (1)  is  expressed  in  terms  of  the  nonsmoolh  variables  as  follows: 


(3) 


Finally,  the  transverse  displacement  and  the  external  excitation  are  expressed  in  terms  of 
the  nonsmooth  variables  as  [4]: 

li  =  f/(T,_v,f)  +  V(x,y,r)e,  q  =  +  F{x,}\t)e  (4) 


The  dependent  variables  U  and  V  are  functions  of  the  nonsmooth  variable  xe[-l,l] 
and  of  the  original  variables  y  and  t  ;  in  essence,  we  replace  the  'fast'  spatial  scale  with 
the  new  set  of  nonsmooth  variables  {x,e} . 

Following  the  aforementioned  steps  and  using  the  chain  rule  of  differentiation,  the 
equation  of  motion  is  transformed  to  the  following  form. 
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=  sgn('c)T"(/?yr  +/^x')  +  Q(x,y,t)+  P(x,y,t)x' 


(5) 


where  ={\l2)[f{U +V)  + f{V -V)l  // =(l/2)[/((/+V)-/(t/-V)]. 

Noting  that  x't"  =  0  [4]  eliminating  the  remaining  singular  terms,  and  then  setting 
separately  terms  proportional  and  not  proportional  to  x'  equal  to  zero,  equation  (5)  is 
decomposed  into  the  following  set  of  coupled  nonlinear  nonhomogeneous  boundary 
value  problems  (NBVPs)  [4]: 
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(6a) 

(6b) 

(6c) 

(6d) 


with  the  new  independent  variable  t  restricted  in  the  range  -1  <  x  <  1 .  The  boundary 
conditions  (6c, d)  arise  from  'smoothening  conditions'  that  guarantee  differentiability  of 
the  first  and  second  derivatives  with  respect  to  x  of  the  components  U  and  V.  Hence,  the 
problem  of  computing  periodic  solutions  with  respect  to  the  'fast'  spatial  scale  is  reduced 
to  solving  the  NBVPs  (6a-d).  This  later  set  of  equations  does  not  possess  singular  terms 
(in  contrast  to  the  original  equation  (1)  ),  and,  more  significantly,  can  be  analyzed  by 
regular  perturbation  theory.  This  is  due  to  the  fact  that  the  new  set  of  nonsmooth 
independent  variables  {T,e}  is  bounded  in  the  interval  [-1,1] ,  and  is  periodic  with 
respect  to  the  'fast'  scale  (y/e);  this  eliminates  secular  terms  nonnally  encountered  in 

standard  methods  of  nonlinear  dynamics,  where  the  independent  variable  is  unbounded 
and  non  periodic. 

The  solutions  of  (6)  are  expressed  in  the  form: 


f/(T,y.f)  =  ^  e*f/*(T,y./).  V(x.y,t)  =  '^  zW^ix.yj)  (7) 

k=0  k=0 

where  all  variables  other  than  e  «  1  are  assumed  to  be  of  0(1).  Substituting  (7)  into  (6) 
and  matching  coefficients  of  respective  powers  of  £ ,  we  obtain  successive 
approximations  to  the  solutions. 

Terms  of  and  in  expansion  (2),  up  to  o(e“) ,  were  determined  in  [5]  as: 


Uo{T:.y,t)  =  Bo(y,t),  Vo(t,v,0  =  0,  iy,(T.  v,f)  =  0.  V,(-c,.v.O  =  0 
1 

U2C^,y,t)  =  -^f(Bo(yJ))  +  W(y)coswf  [-^+ 
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where  the  constafrls  of  integration,  Bq  and  B2 ,  arc  solutions  of  the  following  PDE's: 
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In  [5]  a  system  with  hardening  cubic  supports  was  analyzed,  and  we  were  able  to 
compute  a  solitary  wave  solution  explicitly  to  In  this  work  we  find  the  solitary, 

standing,  and  chaotic  wave  solutions  for  a  system  with  softening  cubic  spring  supports, 
f(u)  =  a^u  -  ;  Oj  ,a3  >  0 , 


2.2.  SOLITARY  WAVE  SOLUTION 

We  first  focus  on  the  solitary  and  standing  wave  solutions,  which  are  forced  with  the 
following  external  excitation,  chosen  for  the  sake  of  simplicity, 

//(>)cos^*^^jcoso)r  (10) 

time-periodic  solutions  of  (9)  are  sought  using  the  method  of  harmonic  balance: 

Bo(y.t  )  =  '^Ay(  y)cos( pat ),  B2(y,i)  =  y)cos(  pwt) 

p  p 


(11) 


The  leading  harmonics  in  (11)  are  considered  by  matching  coefficients  proportional  to 
cos  (at .  The  leading  coefficients  Ai(y)  and  C|(>’)are  then  governed  by  the  following 
normalized  ordinary  differential  equations, 

A,1z)--4i(z)  +  p>\,-\z)  =  0  (12a) 

C{\z)  -  C,(z)  +  3mA,2(z)C,(z)  =  F(z)  (12b) 

where  the  following  normalizations  apply: 

^l(.v)  =  A ( v)  =  Cilz),  z  =  [- 

F(z)  s  F[A,(z)./li'(z).  Alz)  ]=-{^a,oAr(z)^a3oAr(z)  V(z)  -7^7  *  (13) 
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and  primes  denote  differentiation  with  respect  to  z.  In  writing  the  above  expressions,  the 
frequency  co  satisfies  the  inequality  co^  <  aj  /  p . 

The  solitary  wave  solution  to  (12a)  is  given  by  i4i(z)  =  ^|2/  \i  seek  z  .  To  solve  for 
C|,  first  note  that  (j)i  =  i4j'(z)  =»  ^^{z)-sech  z  tank  z  is  a  homogenous  solution  to 
(I2b).  The  second  homogenous  solution  may  be  computed  by  solving  the  differential 
equation  satisfied  by  the  Wronskian  of  the  two  linearly  independent  solutions  [6].  This 

was  performed  in  [7]  yielding  (j>2  =  (-  9 cosh  z  +  cosh  3z  +  12z sinh  z)sech^z  /  8 . 

The  particular  solution  of  (9b)  is  found  using  variation  of  parameters  and  combined 
with  the  homogenous  solutions  to  yield  a  final  solution  in  the  following  form  [6], 

2  2 

c,(z)  =  [V,  -  jF(^)<t)2(4)4]<t),(z)  +  [V2  +  J  F(^)<l),(^)4]<t)2(z)  (14) 

0  0 

where  Vj  =  0  in  order  to  eliminate  a  time  shift  in  the  solution.  In  order  to  guarantee 
boundedness  of  (14)  we  set, 


V2=-J/^(4)<1'i(^K  (15) 

0 

Using  computer  algebra  we  were  able  to  evaluate  the  integrals  in  (14)  explicitly,  and  the 
resulting  analytical  solutions  for  «(y/e,y,f  =  0)  and  9«/3y(y/e,y,r  =  0) ,  up  to 

are  shown  in  Figure  1. 


Figure  1.  The  solitary  standing  solution  u(y/£,y,f  =  0)  and  0w/0y(y/€.y,f  =  0)for  the  system  with 
parameters:  p  =  7  =  I ,  o)  =.8  .  e  =  I ,  and  external  forcing  envelope  H{y)  =  s^ch  y  . 


2.3.  PERIODIC  STANDING  WAVE  SOLUTION 

The  periodic  standing  wave  solutions  of  (12)  are  analyzed  similarly  to  the  localized 
wave  solution.  Care  needs  to  be  taken  though  in  defining  the  properties  of  the  general 
solutions  .  <t>i(z)  i  2ind  4)2(2)  in  order  to  reach  appropriate  conditions  for  Vj  and 

V2  in  (14)  for  a  bounded  solution  Ci(2) .  For  initial  conditions,  Ai(0)  = and 
Ai'{0)  -  0 ,  i4i(z)  is  even,  periodic,  and  C**  about  z  =  0  .  Noting  that  (12a)  represents  a 
conservative  system,  the  period  r  of  y4j(z)  may  be  calculated  by  taking  advantage  of 
the  existence  of  a  first  integral  of  motion.  The  first  homogenous  solution  4)j(z)  =  i4((z) 
of  (12b)  is  then  a  continuous,  odd,  periodic  function  with  period  F.  Finally,  the  second 
homogenous  solution  to  (12b)  is  both  even  and  C**  about  z  =  0.  Thus  it  may  be 
concluded  that  <))i(0)  =  0  and  4>2(^)  ~  ^  •  I^etails  of  the  above  are  provided  in  [7]. 

Once  two  homogenous  solutions  of  (12b)  are  determined,  the  overall  solution  is 
given  by  (14).  To  guarantee  that  Ci(2)  is  bounded  we  impose  the  requirement  that 

Ci(z)  be  a  periodic  function.  This  same  requirement  was  imposed  in  [8]  for  a  similar 
system  solved  through  elliptic  integrals.  Noting  that  the  equation  (12b)  is  invariant  with 
respect  to  a  shift  in  space  length  F ,  if  the  following  conditions  are  met: 

q(0)  =  q(F)  (16a) 

Ci'(0)  =  C,'{F)=:0  (16b) 

then  Ci(z)  will  be  periodic  with  period  F.  The  first  derivative  was  set  to  zero  to  be 
consistent  with  the  initial  conditions  of  /t|(2) . 

It  can  be  shown  that  (16a)  is  automatically  satisfied  regardless  of  the  choice  of  Vj 
and  V2  [7].  To  meet  condition  (16b),  differentiate  (14)  to  obtain: 


(17) 


z  z 

C{(z)  =  [V,  -  Jf(^)(l>2(^)^]<l);(0  +  [V2  +  jF(^)().,(^)J^]<t)2(^) 

0  0 

Imposing  (16b)  on  (17),  we  compute  the  constants  Vj  and  V2  as  follows: 

r 

v,=0,V2=|^|f(^)<1.2(^)4  (18) 

3.  Numerical  Solution 

For  the  verification  of  the  analytical  results,  a  numerical  evaluation  of  the  original 
equation  (1)  was  performed  incorporating  the  discrete  nature  of  the  supports.  To 
simplify  the  numerical  problem,  the  original  PDE  was  reduced  to  an  ODE  by  assuming 
solutions  with  a  first  harmonic  time  response: 

Tu'iy)  +  co2p«(y)  -  2f[u[y)]  S  8(7  - 1  -  21:)  =  (19) 

where  w(y,0  =  Ci{y)cosa>t ,  q{y,t)  =  qiy)cos(ot  ,and  /  represents  the  first  harmonic 
component  of  the  nonlinear  support  function  /  . 

All  numerical  integrations  were  performed  using  the  Mathematica  function  DSolve. 
Initial  conditions  were  chosen  to  match  the  initial  conditions  of  the  analytical  solutions 

up  to  The  discrete  supports  were  modeled  numerically  as  a  series  of  finite  step 

functions  with  a  width  of  I  and  a  height  of  ±  /“^ ,  each  separated  by  a  distance  of  2e  . 
For  the  general  scaling  used,  numerical  solutions  showed  a  reasonable  convergence  for 
/  <  10"^ ,  and  I  was  set  to  /  =  lO"^ . 


Figure  2.  Comparison  between  analytical  (solid)  and  numerical  (dashed)  solitary  standing  solutions. 


Figure  2  shows  a  comparison  between  the  analytical  and  numerical  solutions  for  the 
solitary  wave  solution  with  the  following  parameters:  p  =  7  =  1 ,  co  =.8  ,  £  =  1 ,  and 
external  forcing  envelope  H{y)  =  seek  y  .  The  two  solutions  appear  to  match  almost 
identically  for  displacement  w(y /e,y,f  =  0),  and  possesses  just  a  few  slight 
discrepancies  for  8u/3y(y/e,y,r  =  0).  For  larger  values  of  y  the  two  solutions  begin  to 
diverge  with  the  numerical  solution  showing  signs  of  periodicity,  and  the  analytic 
solution  remaining  true  to  its  solitary  wave  form.  Including  higher  terms  of  the  analytic 
solution  in  the  initial  condition  of  the  numerical  integration  should  extend  the  spatial 
range  in  which  the  solutions  match. 


Figure  3.  Comparison  between  analytical  (solid)  and  numerical  (dashed)  periodic  standing  wave  solutions 
with  first  order  initial  condition  Aq  =  8  (a)  and  /Aq  =  IJZ  (b). 


Periodic  solutions  were  evaluated  with  the  same  physical  parameters  and  zero 
external  excitation  (the  method  is  easily  extended  to  periodic  solutions  with  forcing  of 
form  (10)  ),  Figure  3  shows  the  matching  between  analytical  and  numerical  solutions 
for  i4o  =  .8  and  1.2  .  Again  the  analytic  and  numeric  solutions  match  in  u{y/t,yj  =  0) 

and  du/dy{y/e,y,t  =  0)  for  both  the  ’fast’  and  'slow*  spatial  scales. 


4.  Chaotic  Solution 


Applying  a  forcing  of  the  form, 


F  cos  Qy  cos(Ot 


(20) 


the  ODE  governing  the  first  order  solution  becomes, 

i4i(z)  +  =  F  cos  Qy  (21) 

This  equation  represents  well  known  forced  Duffing  oscillator,  which  readily  admits 
chaotic  solutions  for  certain  parameters.  This  equation  may  be  integrated  numerically  to 
yield  the  slow-spatial  chaotic  envelope  for  the  discrete  system.  Integrating  (12b),  while 
guaranteeing  a  bounded  solution,  proved  to  be  a  task  beyond  our  capabilities  as  one  of 
the  coefficients  of  this  equation  was  the  aperiodic  solution  to  the  first  order  equation. 
This  was  unfortunate  as  the  discreteness  effects  of  the  system  are  computed  in  the 
higher  order  terms.  A  comparison  between  the  numerical  integration  of  the  system 
before  (see  Section  3)  and  after  applying  NSTT  is  shown  in  Figure  4.  As  with  the 
solitary  wave  solution,  the  agreement  between  the  solutions  would  likely  be  extended 
for  large  y  with  the  matching  of  higher  order  terms  in  the  initial  conditions  of  the 
numerical  integration. 


Figure  4.  Comparison  of  chaotic  solution  to  discrete  system  before  (a)  and  after  (b)  NSTT  is  applied.  The 
system  parameters  are  p  =  T  =  1 ,  co  =.8 .  e  =.l ,  F  =  .1,  with  first  order  initial  condition  Aq  =.8 , 


5.  Discussion 


In  this  work  we  analyzed  the  slow  and  fast  scale  spatial  distribution  of  a  discretely 
supported  string.  The  method  of  nonsmooth  transformation  was  applied  to  the  original 
equation  of  motion.  This  application  essentially  placed  the  singularities  of  the  original 
equation  within  the  nonsmooth  variables  of  a  system  of  smooth  NBVP’s.  These  NBVP’s 

are  then  analyzed  through  a  regular  perturbation  scheme  up  to  This  is  enabled 

by  the  fact  that  the  set  of  nonsmooth  independent  variables  {x.e}  used  in  the  analysis  is 
bounded  in  the  interval  [-1,1],  and  is  periodic  with  respect  to  the  ’fast’  scale  (y/e); 

thus  eliminating  secular  terms  normally  encountered  in  standard  methods  of  nonlinear 
dynamics  [5]. 

The  constants  of  integration  of  this  analysis  are  found  to  be  governed  by  another  set 
of  nonlinear  PDE’s,  whose  analysis  is  somewhat  simplified  by  retaining  only  the  first 
harmonic  in  a  harmonic  time  expansion.  For  the  general  excitation  specified  in  the 
above  analysis,  these  equations  may  be  solved  directly  in  terms  of  functionals.  Specific 
properties  of  these  functionals  are  then  used  to  guarantee  that  the  solution  to  each 
integration  constant  remains  bounded  for  -oo  <  y  <  « .  The  examples  given  involve  a 

softening  cubic  support;  however,  the  same  methods  may  be  applied  to  a  more  general 
type  of  support,  so  long  as  it  is  symmetric  and  conservative  in  nature. 

The  nearly  perfect  matching  between  the  numerical  and  analytical  solutions  indicate 
the  applicability  of  the  nonsmooth  transformations  to  problems  involving  periodic 
discontinuities.  Unfortunately,  for  this  system  the  discontinuities  lie  at  higher  order,  and 
due  to  the  complexity  of  solving  for  the  constants  of  integration,  the  generality  of  the 
problem  which  we  are  able  to  solve  is  limited  by  the  mathematical  tools  which  are 
currently  available. 
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Abstract.  An  optimal  control  approach  is  used  to  develop  a  localized  linear 
control  scheme  for  Coupled  Map  Lattices.  The  optimal  arrangement  of  the 
control  sites  is  shown  to  depend  on  the  symmetry  properties  of  the  system 
and  the  controlled  state,  while  the  minimal  density  of  controllers  depends  on 
the  strength  of  noise  present  in  the  system.  The  method  allows  stabilization 
of  a  variety  of  steady  and  periodic  states  for  arbitrary  values  of  system 
parameters,  which  is  essential  for  tracking  problems. 


Systematic  application  of  control  theory  methods  [1]  to  coupled  map  lat¬ 
tices  (CML)  demonstrating  chaotic  behavior  seems  very  promising.  There 
is  a  number  of  reasons  for  this.  On  the  one  hand,  due  to  the  explicit  spa- 
tiotemporal  structure,  the  behavior  of  CML’s  is  substantially  richer  than 
that  of  the  low-dimensional  chaotic  systems,  although  many  analytic  tools 
developed  for  the  latter  can  still  be  successfully  applied.  On  the  other  hand, 
CML’s  are  highly  symmetric.  This  property,  important  in  practical  appli¬ 
cations,  is  usually  missing  in  the  theory  of  low-dimensional  chaos. 

The  results  obtained  for  the  model  systems  described  by  a  CML  ran 
prove  highly  beneficial  for  the  study  of  high-dimensional  chaotic  [2,  3,  4] 
and,  in  particular,  spatiotemporally  chaotic  systems  [5],  with  applications 
to  turbulence  [6],  instabilities  in  plasma  [7],  multi-mode  lasers  [8]  and  chem¬ 
ical  reaction  systems  [9]  and  many  other  practical  problems. 

Below  we  will  try  to  uncover  the  requirements  on  the  control  scheme 
imposed  by  different  properties  of  the  system  studied  and  the  state  to  be 
stabilized.  We  will  see,  that  one  of  the  easiest  ways  to  control  an  unsta¬ 
ble  reference  state  is  to  apply  local  feedback  through  controllers  placed  at 
certain  lattice  sites  (we  will  call  them  pinnings,  following  Qu  and  Hu  [5]). 
In  particular,  we  will  obtain  the  limitations  on  the  minimal  number  and 
density  of  controllers  and  on  their  possible  arrangement. 
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Consider  the  following  general  coupled  map  lattice: 

=  /((I  -  2e)z|  +  e(z-_i  +  z‘+i)),  (1) 

with  i  =  and  periodic  boundary  conditions  =  z\^  or  in 

vector  notation: 

=  F(z^).  (2) 

To  be  specific,  we  choose  the  local  map  /  as  a  nonlinear  function  with 
parameter  a, 

/(z)  =  az(l  -  z),  (3) 

but  emphasize,  that  the  only  result  affected  by  this  particular  choice  is  the 
set  of  existing  periodic  trajectories. 

Our  particular  CML  has  a  homogeneous  steady  state  z  =  1  —  1/a, 
which  is  unstable  for  a  >  3.0  and  a  variety  of  unstable  time-periodic  states 
embedded  in  the  chaotic  attractor.  The  period-r  trajectory  can  be  found 
as  a  steady  state  solution  of  the  r-th  iterate  of  the  map  (1): 

4*  =  ^^),  *  =  (4) 

It  can  be  easily  shown,  that  due  to  the  translational  symmetry  of  the 
CML  it  is  impossible  to  stabilize  any  unstable  trajectory  by  using  the  inter¬ 
nal  pzirameters  of  the  lattice  system  (a  and  c  in  our  case).  We  can  how'ever 
modify  the  evolution  equation  (1)  by  adding  a  perturbation  (j(u),  vanishing 
when  no  control  is  applied  (u  =  0) : 

z*+i  =  F(z‘)-f  G(u‘).  (5) 

Linearizing  the  modified  equation  around  the  period-r  periodic  orbit 
z^,z^,-*’,z’’,z^,---  we  obtain 


x*+^  =  >l‘x‘  -f  B*u‘,  (6) 

where  we  denoted  the  displacement  from  the  reference  trajectory  x*  =  z— z‘. 
The  Jacobian  matrix  =  djFi{z^)  can  be  represented  as  the  product 
—  D^E  of  the  constant  coupling  matrix 

Eij  =  (1  —  2€)Sij  +  +  Sij-i)  (7) 

and  the  state-dependent  matrix 

4  =  /'((l  -  +  4l)) 


(8) 
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The  matrix  =  djGi{Q)  defines  how  the  control  is  applied.  If  we  choose 

to  apply  control  locally  (at  the  fixed  pinning  sites  i^),  B  could  be  rewritten 

in  the  form 

Bij  =  S{j  -  m)5{i  -  ijn),  (9) 

m 

that  depends  only  on  how  the  pinning  sites  are  placed  throughout  the 
lattice.  The  components  Um  of  the  control  vector  u  then  define  the  strength 
of  control  applied  at  site  im,  rn  =  1,  -  ■  ■  ,M. 

Below  (unless  otherwise  noted)  we  consider  the  case  of  the  steady  state 
solution  z  of  (1),  which  yields  constant  matrices  A  and  B.  In  the  simplest 
case  of  synchronous  linear  feedback  u*  =  —Kx.^  equation  (6)  reduces  to 

=  {A-BK)xK  (10) 

The  state  x  =  0  can  be  made  stable  by  a  suitable  choice  of  the  feedback 
gain  matrix  K,  if  matrices  A  and  B  satisfy  certain  conditions  (discussed 
below).  The  problem  has  infinitely  many  solutions,  so  in  order  to  make  the 
choice  of  K  unique,  we  have  to  impose  additional  constraints. 

Pole  placement  techniques  based  on  Ackermann’s  method  [10]  are  inap¬ 
plicable  to  the  problem  of  controlling  spatially  extended  systems,  because 
they  are  numerically  unstable  [11]  and  break  down  rapidly  for  problems  of 
order  greater  than  10. 

Instead  we  use  the  method  of  the  linear-quadratic  (LQ)  control  theory 
[1],  applicable  to  unstable  periodic  trajectories  as  well  as  steady  states. 
This  method  is  not  only  numerically  stable,  but  also  allows  one  to  opti¬ 
mize  the  control  algorithm  to  increase  convergence  speed,  and  at  the  same 
time  minimize  the  strength  of  control.  The  optimal  solution  is  obtained  by 
minimizing  the  cost  functional 

00 

F(x°)  =  ^(x‘^Qx*  +  u*^i?u*),  (11) 

t=o 

where  Q  and  R  are  the  weight  matrices,  that  can  be  chosen  as  any  positive- 
definite  square  matrices. 

The  minimum  of  (11)  is  reached  when 

K  =  (R  +  B^PB)-WPA,  (12) 

where  P  is  the  solution  to  the  discrete-time  algebraic  Ricatti  equation 

P  =  iQ  +  A^PA)  -  A'^P^BiR  +  B'^PBy^B^PA,  (13) 

which  exists  and  is  unique,  if  A  and  B  satisfy  the  controllability  condition 
rank(C7)  =  L.  The  controllability  matrix  C  is  defined  via 

C  =  {B  AB  ■■■  A^-'^B). 


(14) 
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Figure  1.  Periodic  array  of  single  pinning  sites:  critical  coupling  ter  as  a  function  of 
pairameter  a.  The  dots  represent  the  numerical  results  from  figure  2  of  Reference  [5],  with 
c  rescaled  by  a  factor  of  two  to  make  it  compatible  with  our  definition. 


For  periodic  trajectories  all  the  matrices  become  time-dependent  and  eq. 
(13)  is  replaced  by  a  system  of  r  iteratively  coupled  equations. 

The  controllability  condition  ensures,  that  the  unstable  steady  (or  pe¬ 
riodic)  trajectory  of  the  system  can  be  stabilized  for  the  whole  range  of 
internal  system  parameters,  where  that  trajectory  exists,  using  the  same 
control  arrangement.  For  instance,  one  can  easily  verify,  that  the  matrix  B 
calculated  for  a  periodic  array  of  single  pinning  sites  im  =  io  +  (^  “  \)L/M 
does  not  satisfy  the  controllability  condition  and  therefore  spatially  homo¬ 
geneous  states  are  not  controllable.  Such  states  could  be  stabilized  however 
in  a  restricted  area  of  the  parameter  space  (fig.  1),  requiring  a  prohibitively 
high  density  of  controllers  [12]: 


arccos 


(i -  )] 

V  2e{a-2))\ 


-1 


(15) 


The  numerical  results  of  Hu  and  Qu  [5]  support  this  conclusion  completely. 

It  is  possible  to  extend  the  limits  of  the  proposed  control  scheme  quite 
substantially  by  choosing  a  different  matrix  B,  i.e.  by  placing  the  pinning 
sites  differently.  Doing  so  will  enable  us  to  control  the  system  anywhere 
in  the  parameter  space  (a,e)  at  the  same  time  using  a  smaller  density  of 
controllers. 

First  one  has  to  determine  the  dimensionality  of  the  matrix  B,  in  other 
words  determine  the  minimal  number  of  parameters  required  to  control  the 
CML  (1)  of  an  arbitrary  length.  It  can  be  shown  [13],  that  the  minimal  num¬ 
ber  of  parameters  required  to  control  a  system  with  degenerate  Jacobian  is 
equal  to  the  dimension  of  the  largest  irreducible  representation  contained  in 
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the  decomposition  of  the  state  space  representation  of  the  symmetry  group 
of  the  linearized  equation  (6). 

The  coupling  matrix  (7)  has  parity  symmetry  as  well  as  translational 
symmetry,  reduced  by  the  periodic  boundary  condition,  reflecting  the  sym¬ 
metries  of  the  original  lattice.  Since  the  reference  state  z  in  general  has 
a  lower  symmetry,  the  symmetry  group  of  (6)  is  isomorphic  to  one  of  the 
subgroups  of  Civ  determined  by  the  symmetry  of  (8). 

Civ  has  only  1-  and  2-dimensional  irreducible  representations,  so  the 
minimal  number  of  control  parameters  yielding  a  controllable  system  for 
an  arbitrary  unstable  periodic  orbit  (UPO)  in  our  case  is  M  —  2,  mean¬ 
ing  at  least  two  pinning  sites  are  required.  One  can  easily  verify,  that  the 
controllability  condition  is  indeed  satisfied  with  an  i  x  2  matrix 


Bij  =  6{j  -  l)<5(i  -  ii)  -f  5{j  -  2)S{i  -  ia)  (16) 

for  a  variety  of  reference  states  z  and  for  a  number  of  arrangements 
e.g.  12  =  ii  -1- 1.  We  choose  ii  =  1  and  i2  =  L  below. 

Another  complication  is  noise,  limiting  our  ability  to  locally  control 
arbitrarily  large  systems  with  local  interactions,  using  the  minimal  number 
of  controllers.  Rather  simple  arguments  show  [12],  that  there  exist  a  number 
of  independent  theoretical  bounds  on  the  size  of  the  controllable  system  in 
the  presence  of  noise,  such  as 


^max 


i(2) 


_log^ 

^max 

21og(g) 
log(c)  “  ^max 


(17) 


where  cr  denotes  the  strength  of  noise  and  Xmax  is  the  maximal  Lyapunov 
exponent.  Similar  constraints  were  obtained  by  Aranson,  Golomb  and  Som- 
polinsky  for  the  lattices  with  asymmetric  coupling  [14]. 

Numerical  simulations  show,  that  the  CML  (1)  of  a  moderate  size  L 
can  indeed  be  stabilized  by  the  LQ  method  using  the  minimal  number  of 
controllers  (two)  in  a  wide  range  of  parameters  a  and  e  (see  fig.  3(a)  for 
an  example  of  control  of  the  unstable  steady  uniform  state).  The  maximal 
length  Lmax{(^)  of  the  system  can  be  obtained  by  choosing  the  fixed  point 
as  the  initial  condition  and  monitoring  the  evolution  of  the  system  in  the 
presence  of  noise  under  control  (12),  calculated  by  solving  eq.  (13)  with  e.g. 
Q  =  Jixi  and  R  =  ImxM-  This  length  is  quite  large  for  moderate  noise 
level  (fig.  2)  and  agrees  with  the  estimate  (17)  rather  well. 

The  problem  of  controlling  a  large  1-dimensional  system  with  the  length 
L  >  Lmai(o'),  exceeding  the  maximum  allowed  for  a  given  noise  level,  can 
be  easily  reduced  to  the  problem  of  controlling  a  number  of  smaller  sys¬ 
tems  with  the  length  Lp  <  Lmax{(^)  [12].  We  partition  the  entire  lattice 
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Figure  2.  The  largest  length  of  the  lattice  which  can  be  controlled  with  two  pinning 
sites:  theoretical  estimates  (solid  lines)  and  numerical  results  (dots)  obtained  with  the 
uniformly  distributed  noise  of  amplitude  (t  =  10“^^  as  functions  of  coupling  c  for  a  =  4.0. 


into  M  =  LjLp  subdomains  ^nd  con¬ 

trol  it  with  an  array  of  pinning  sites  =  (m  -  \)Lp  -f  1,  1^2  =  rnLp, 
m  =  1,  •  •  •  M,  positioned  periodically  at  the  boundaries  of  subdomains. 
The  stabilization  can  be  achieved  by  adjusting  the  feedback  gain 


^»ml  ^  - 1  >  ^«ml  >  ^«ml  + 1  ) 

—  l)Lp+:  ’ 


i=l 


t=l 


u 


lm2 


»  ^im2  ’  ^iml  )  “I  ’  ^im2  ’  ^Xm2  +  1  ) 


+  2 


(18) 


tr=i 


t=i 


to  nonlinearly  decouple  adjacent  subdomains  (first  two  terms).  Here  6{x) 
is  a  step-function.  One  can  easily  see,  that  in  order  to  calculate  the  pertur¬ 
bations  itj^,  and  one  needs  to  know  the  state  of  the  system  only  in 
the  immediate  vicinity  (up  to  Lp  sites  away)  of  the  respective  controllers. 
Eqs.  (17)  give  the  minimal  density  of  pinning  sites. 

We  demonstrate  this  approach  by  stabilizing  a  number  of  UPO’s  of  the 
CML,  defined  by  equations  (1,3)  with  a  =  4.0  and  c  =  0.33.  In  paxticu- 
lar,  we  studied  the  steady  homogeneous  state  (SlTl),  the  time-period-2 
homogeneous  (S1T2),  and  the  time-period-3,  space-period-8  (S8T3)  orbits. 
L  =  128  sites  were  divided  into  M  =  16  subdomains  of  length  Lp  =  8,  each 
controlled  by  two  pinning  sites.  The  results  presented  in  figs.  3(b)  and  4 
show  the  evolution  of  the  system  from  the  initial  condition,  chosen  to  be 
a  collection  of  random  numbers  in  the  interval  [0,1],  with  the  nonlinear 
decoupling  control  (18). 
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Figure  3.  Stabilizing  uniform  steady  state  (SlTl):  (a)  lattice  with  the  length  L  =  8  is 
controlled  by  two  controllers  placed  at  the  sites  ii  =  1  and  12  =  8;  (b)  lattice  with  the 
length  L  =  128  is  controlled  by  am  array  of  double  pinning  sites,  placed  at  the  boundaries 
of  subdomains  with  length  Lp  =  8.  The  state  of  the  system  is  plotted  at  each  10^-th  step. 


To  summarize,  we  have  shown,  that  symmetries  of  the  controlled  system 
impose  a  number  of  specific  constraints  on  the  control  scheme,  rendering  the 
control  more  difficult.  In  particular,  it  is  not  possible  to  control  the  system 
perturbing  its  internal  paraimeters,  such  as  coupling  e  and  local  stretching 
factor  a.  The  dynamics  of  the  system  should  be  modified  to  eflFectively  break 
the  symmetry,  enabling  the  control  of  symmetric  unstable  trajectories. 

This  can  be  achieved  by  placing  an  array  of  controllers  throughout  the 
lattice.  The  versatility  and  efficiency  of  the  control  scheme  can  be  improved 
significantly,  if  one  uses  double  pinnings  instead  of  single  ones.  The  UPO’s 
become  controllable  for  any  values  of  the  internal  system  parameters  and 
the  minimal  density  of  pinning  sites  is  reduced  substantially.  It  is  shown, 
that  the  maximal  distance  between  pinnings  depends  on  the  strength  of 
noise  in  the  system  and  can  be  estimated  analytically. 

Tracking  the  UPO’s  in  the  phase  space  and/or  switching  between  dif¬ 
ferent  orbits  is  accomplished  by  readjusting  the  feedback  gain  K,  without 
changing  the  placement  of  controllers.  This  stresses  the  importance  of  the 
optimal  choice  of  the  control  matrix  B  for  systems  with  symmetries. 

And  finally,  we  may  suggest,  that  the  dynamics  of  extended  spatiotem- 
porally  chaotic  systems  with  local  interactions  can  generically  be  controlled 
in  such  a  way,  that  the  information  about  the  state  of  the  system  is  col¬ 
lected  and  applied  locally.  The  size  of  this  local  region  though  may  depend 
on  the  strength  of  noise  as  well  as  the  strength  of  interactions  in  the  system. 

The  author  thanks  Profs.  H.  G.  Schuster,  M.  C.  Cross  and  J.  C.  Doyle 
for  many  fruitful  discussions.  This  work  was  partially  supported  by  the 
NSF  through  grant  no.  DMR-9013984. 
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Figure  4^  Stabilizing  periodic  trajectories:  lattice  with  the  length  L  =  128  is  controlled 
by  an  array  of  double  pinning  sites,  placed  at  the  boundaries  of  subdomains  with  length 
Lp  =  8.  (a)  period-2  UPO  (S1T2),  2  consecutive  states  of  the  system  are  plotted  after 
skipping  each  lO'*  steps;  (b)  period-3  UPO  (S8T3),  3  consecutive  states  of  the  system  are 
plotted  after  skipping  each  10^  steps. 
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